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Theory of Negative-Refractive-Index Response of Double-Fishnet Structures
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A theory is presented of the negative refractive index observed in the so-called double-fishnet
structures. We find that the electrical response of these structures is dominated by the cutoff frequency
of the hole waveguide whereas the resonant magnetic response is due to the excitation of gap surface
plasmon polaritons propagating along the dielectric slab. Associated with this origin, we show how the
negative refractive index in these metamaterials presents strong dispersion with the parallel momentum of

the incident light.
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The phenomenon of extraordinary optical transmission
(EOT) through periodic two-dimensional hole arrays
(2DHA) drilled in metallic films has sparked considerable
interest since the pioneering experiments [1]. It is now
widely accepted that surface plasmon polaritons (SPPs)
play a key role in the EOT phenomenon. Recently,
Zhang and co-workers [2,3] have proposed and demon-
strated a negative index metamaterial [4] working at near
infrared frequencies with a design very similar to the
structure showing EOT. This metamaterial is composed
by a two-dimensional (2D) array of holes penetrating
completely in a metal-dielectric-metal film stack. This
double-fishnet (DF) structure has received a lot of attention
for its negative refractive index (NRI) at visible [5] and
near infrared frequencies [6,7]. Very recent studies have
shown that this NRI metamaterial design also operates in
the microwave frequency regime [8,9]. Metamaterials pre-
senting NRI are expected to lead to important applications,
with the perfect lens [10] a notable example.

In this Letter we present a theoretical study of the trans-
mission properties of both 2DHA and DF structures. We
demonstrate that the cutoff frequency of the hole wave-
guide marks the separation between positive and negative
values for the effective electric permittivity. We also show
that the negative magnetic permeability in the DF structure
is due to the excitation of gap surface plasmon polaritons,
leading to a high sensitivity of these magnetic resonances
with the angle of incidence. Schematic pictures of the two
systems under study (2DHA and DF) are shown in the
insets of Figs. 1(a) and 2(a), respectively. The 2DHA
structure is an infinite square array (period d) of rectangu-
lar holes of sides a, and a,, perforated on a freestanding
metallic film of thickness #;. A DF structure can be de-
scribed as three films (metal-dielectric-metal) drilled with
a square array of rectangular holes, with 4, and s, being
the thickness of the metallic films and the dielectric layer,
respectively. To further simplify the analysis without loos-
ing generality, the dielectric between the two metal films is
chosen to be vacuum or air. The geometrical parameters are

0031-9007/08/101(10)/103902(4)

103902-1

PACS numbers: 42.25.Bs, 73.20.Mf, 78.20.Ci

a,=033d, h,=0.05d, h;=005d, and h; =
2h,, + hy = 0.15d. The long edge of holes a, will vary
between 0.33d and 0.98d. These values are representative
of those used in the experimental samples showing NRI
[6]. In our study, we analyze two very distinct frequency
regimes. First, we consider that the metal behaves as a
perfect electrical conductor (PEC), which is a very good
approximation for metals at microwave or terahertz fre-
quencies. When analyzing this limit, we will use d as the
unit length. We also present results for silver at optical and
near infrared frequencies. In this case, we take the dielec-
tric function of silver from [11] and we choose d =
600 nm. The structures are illuminated by a p-polarized
plane wave (i.e., the in-plane component of the incident E
field pointing along the short edge of the holes). In order to
analyze 2DHA and DF structures made of PEC material,
we apply a theoretical formalism that is based on a modal
expansion of the electromagnetic (EM) fields in the differ-
ent spatial regions [12,13]. When analyzing perforated
silver films at optical frequencies, we use instead the finite
difference time domain (FDTD) method [14], which is
virtually exact provided that a small enough mesh size is
chosen to account for the rapid variations of the EM fields.

First, we revisit the transmission properties of a 2DHA
made of rectangular holes. Figure 1(a) renders the corre-
sponding normal incidence transmittance spectra as a func-
tion of wavelength (A) and a, for the PEC case. For small
holes, two transmission peaks (leading to 100% transmis-
sion), whose spectral locations appear close to d, emerge in
the spectrum. These two resonances correspond to the
symmetric and antisymmetric combinations of the two
surface EM modes associated with the two interfaces of
the structure [12]. Note that, as the metal behaves as a PEC,
these modes are not real SPPs but geometry-induced sur-
face EM modes, the so-called spoof SPPs, as reported in
[15]. As ay is increased, the extremely narrow peak asso-
ciated with the antisymmetric combination remains unal-
tered at A = d, but the symmetric one hybridizes strongly
with a new resonance appearing at Ac = 2a,, the cutoff
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FIG. 1 (color online). (a) Transmittance versus both a, and A
for a 2DHA perforated on a PEC film, with geometrical parame-
ters a, = 0.33d and h; = 0.15d. Inset contains a schematic
picture of the 2DHA. (b) Re[e.] as a function of A and a,.
Solid line: Cutoff wavelength, A = 2ay. Dashed line: A that
satisfies the condition Re[€.4(A)] = 0. In the inset, the corre-
sponding FDTD results for silver 2DHA with the same parame-
ters as in (a) and d = 600 nm are displayed.

wavelength of the fundamental mode (TE,; mode) of the
hole waveguide. This resonance appears already in single
rectangular holes [16,17] and can be understood as a
Fabry-Perot resonance in which the propagation constant
inside the hole is zero. From now on, we name cutoff
resonance to this hybridized mode that is a combination
of the symmetric surface EM mode and the Fabry-Perot
resonance. From the knowledge of the zero-order trans-
mission and reflection coefficients, it is possible to retrieve
biunivocally the effective optical parameters [18]. The
method described in Ref. [18] is reliable provided the
zero-order diffracted beams are the only ones propagating
in both the reflection and transmission regions (for normal
incidence this implies A > d). The real part of the effective
permittivity, €.y, of the 2DHA structure is shown in
Fig. 1(b). Dashed lines and solid lines indicate the wave-
length in which Re[€.;] = 0 and the cutoff wavelength,
respectively. Note that except in the region A = d, there is
a close correspondence between these two wavelengths. In
the effective medium approximation (A >> d), a holey
semi-infinite PEC is characterized by a Re[e.] that
changes from negative (A < A.) to positive values (A >
Ac), and by a ¢ that remains constant and positive [15].
Figure 1(b) shows that the relation between A- and the
condition Re[ €. ] = 0 also holds for a very thin PEC film
and for A slightly larger than d. Moreover, this link is
maintained when moving to frequencies in the optical
regime, as shown in the inset of Fig. 1(b). Here the spectral
locations of both the cutoff wavelength of the hole wave-
guide (black line) and the condition Re[e€ ] = 0 (green
dashed line) are rendered as a function of ay, for the same
geometrical parameters as in Fig. 1(a), and d = 600 nm.

The fact that, both in the PEC and optical regimes, the
dielectric response of a holey metal film is mainly con-
trolled by the cutoff wavelength of the hole waveguide is
the first important result of this Letter. Notice, however,
that for a silver 2DHA in the limit ay, — d, the condition
Re[ €.¢:] = 0 is linked to the cutoff wavelength calculated
with the FDTD method [14] for waveguides forming a 2D
periodic array [blue dashed line in the inset of Fig. 1(b)]. In
this limit, the cutoff deviates from the one of an isolated
waveguide, due to the cross talk between waveguides
through the vertical metal walls.

The rest of this Letter is devoted to analyzing the optical
properties of the DF structure. The inset of Fig. 2(a)
renders the normal incidence transmission spectra for the
PEC case. The two transmission peaks previously de-
scribed for a 2DHA also appear in the DF structure.
Figure 2(a) shows the spectral location of the condition
Ref €] = O (green dashed line) and the regions in which
Re[ ;] (red vertical lines) and Re[n.4] (black horizontal
lines) are negative. Notice that the cutoff resonance wave-
length also controls Re[€.;] in the case of a PEC-DF
structure, as shown in Fig. 2(a). On the other hand, the
presence of a second metal layer and a dielectric gap
results in the emergence of additional resonant features
(transmission peak and dip) in the transmission spectra.
Associated with this new resonant behavior, Re[ ttqs]
presents negative values [see Fig. 2(a)]. As expected, the
effective refractive index is negative when both Re[ €]
and Re[ u ] are negative. This condition is only satisfied
when a, < 0.58d (for this set of geometrical parameters).
For larger holes, as the magnetic resonance appears at a
shorter wavelength than the cutoff peak, the regions of
Re[ u.s] appear where Re[ e.4] is positive, leading to posi-
tive values for Re[ngg].

The behavior of the effective optical parameters is very
similar for a silver-DF structure. Figure 2(b) shows the
same quantities as in Fig. 2(a) but now for a DF structure
made of silver with the same geometrical parameters as in
Fig. 2(a), and d = 600 nm. As in the PEC case, the link
between the condition Re[ €] = 0 and the cutoff wave-
length is clearly observed. Moreover, a band of negative
Re[ pefr] presenting a smooth linear dependence with a,
also appears. The disappearance of this band for small a, is
due to absorption (calculations for a lossless silver show
regions of negative Re[ p.f] for small a,). Absorption also
explains why, as a difference with a PEC-DF, the region of
negative Re[ngy] is larger than the one in which both
Ref €] and Ref e are negative [19]. Notice however
that the figure of merit (FOM), defined as the modulus of
the ratio between the real and imaginary parts of ng, is
maximum inside the region in which both Re[u.] and
Re| €] are negative.

The physical origin of the magnetic resonance described
above clearly emerges when looking at the corresponding
E field patterns. In Fig. 3 we plot the E-field amplitudes for
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FIG. 2 (color online). (a) The evolution of the spectral loca-
tions of both the cutoff wavelength (black line) and the condition
Ref[e.s] =0 (green dashed line). The regions of negative
Re[ w5 ] (red vertical lines) and Re[n ] (black horizontal lines)
are also displayed as a function of a, for the PEC-DF case.
Inset: Transmittance versus both a, and A for a PEC-DF struc-
ture with the geometrical parameters as in Fig. 1. Solid curve
renders A = 2a, line. (b) As in (a), but for a silver-DF structure
with d = 600 nm. A contour plot of the FOM is rendered in this
panel, for the regions where Re[n. 4] < 0.

the DF structure evaluated at an xy plane between the two
metal films [Figs. 3(a) and 3(b)] and at an xz plane that cuts
the holes through their centers [Figs. 3(c) and 3(d)].
Figures 3(a) and 3(c) correspond to the PEC-DF case
whereas Figs. 3(b) and 3(d) present the results for silver
DF. In these calculations, the long edge of the holes is fixed
at a, = 0.5d and the E fields are evaluated at the wave-
length of the magnetic resonance. In the two frequency
ranges analyzed (PEC and optical regimes), the E field is
mainly concentrated in the gap region between the metallic
films and also has a strong standing wave character in the x
direction. The E-field intensity maxima are along the
ridges of the holes, suggesting that in both cases two
SPP-like modes that counterpropagate in the x direction
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FIG. 3 (color online). (a),(b) The electric field amplitudes at
the magnetic resonance evaluated in the xy plane just in the
middle of the dielectric slab (z = 0.075d). (c),(d) Show these
amplitudes in an xz plane (y = 0.25d). The geometrical parame-
ters are as in Fig. 2 with a, = 0.5d. (a),(c) Correspond to the
PEC case whereas (b),(d) are for the silver-DF structure with
d = 600 nm. White lines mark the positions of the holes.

are involved in the formation of the resonance. A dielectric
gap placed between two metallic films supports the propa-
gation of SP modes that are usually called gap SPPs [20].
For two nonperforated silver films of thickness #,, =
30 nm and separated by a 30 nm vacuum gap (geometrical
parameters of the silver-DF structure), the spectral location
of the gap-SPP mode that could be excited by a normal
incident plane wave can be calculated by evaluating the
gap-SPP dispersion relation at k, = 27/d. This calcula-
tion leads to A, = 1050 nm = 1.75d, that nicely coin-
cides with the limit a, — 0 of the magnetic resonance
leading to negative n.g displayed in Fig. 2(b). Folding of
the gap-SPP dispersion relation at k, = 47/d originates
the small NRI region located at A = 1.3d for small a,
observed in Fig. 2(b). When the metal is a PEC, gap surface
EM modes that are very similar to the gap-SPP modes in
the optical regime are created due to the presence of a hole
array drilled in the PEC films, even though nonperforated
PEC films do not support the propagation of gap-SPP
modes. The dispersion relation of these geometry-induced
gap-SPP modes lies very close to the light line, explaining
why the magnetic resonance band for a PEC-DF appears
very close to A = d [see Fig. 2(a)]. The connection be-
tween the resonant magnetic response and the excitation of
gap-SPP modes is highlighted for the PEC case in Fig. 3(c).
The electric field is pointing at opposite directions at the
two sides of the dielectric slab, generating a displacement
current that resembles that of the one created by a magnetic
dipole parallel to the y direction. This is the standard
explanation of the magnetic behavior in DF structures, as
described in Ref. [4]. The second important result of this
Letter is, however, the existence of a link between the
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FIG. 4 (color online). Transmittance as a function of both
incident wave number (ky) and parallel momentum (k,) for
a, = a, = 0.33d (a) and a, = 2a, = 0.66d (b). White dashed
lines show the spectral locations of the gap-SPP modes in the
holey structure. Insets: Corresponding dispersion relations for
the gap-SPP modes in DF structures made of silver with d =
600 nm.

resonant magnetic response of a DF structure with the
excitation of gap-SPP modes, both in the PEC and optical
regimes.

If gap-SPP modes are involved in the resonant magnetic
response, it is expected that this response will be very
sensitive to the angle of incidence. This is demonstrated
in the main panels of Fig. 4 that renders contour plots of the
transmittance versus wave number (k, = 27/A) and par-
allel momentum (k,) for two different PEC-DF structures.
In Fig. 4(a), a,, = 0.33d whereas Fig. 4(b) shows the case
a, = 0.66d. The spectral locations of the transmission
resonances due to the excitation of gap-SPP-like modes
(leading to negative ) are underlined with white dashed
lines. Because of the folding of the dispersion curves of the
gap-SPP-like modes inside the first Brillouin zone, there
are three branches that present resonant magnetic response.
For small holes, these curves highly disperse with k, (angle
of incidence), specially the lower branch. As a, is in-
creased [see Fig. 4(b)], the hybridization of the gap-SPP-
like modes with the cutoff resonance decreases the disper-
sion of the gap-SPP-like modes with k,. Insets in Fig. 4
show the corresponding results for the silver-DF structures.
The locations of the optical gap-SPP modes (and their
associated NRI) also disperse with parallel momentum,
although this dispersion is less pronounced than the one

found in the PEC case. The fact that, both in the PEC and
optical limits, the resonant magnetic response (and the
corresponding NRI) in a DF structure disperses with the
angle of incidence is the third main finding of our work.

In conclusion, we have presented a complete theory of
the NRI response of double-fishnet structures by analyzing
two very distinct frequency regimes. Our results show that
these structures can be interpreted as holey plasmonic
metamaterials. Their electric permittivity is governed by
the cutoff frequency of the hole waveguide. Negative val-
ues of the magnetic permeability are associated with the
excitation of gap-SPP modes in the dielectric film. We
expect that this clear identification of the common physical
mechanisms behind the NRI response in the PEC and
optical regimes will lead to improvements in the design
of NRI metamaterials.
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