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Transformation-Optics Description of Nonlocal Effects in Plasmonic Nanostructures
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We develop an insightful transformation-optics approach to investigate the impact that nonlocality has
on the optical properties of plasmonic nanostructures. The light-harvesting performance of a dimer of
touching nanowires is studied by using the hydrodynamical Drude model, which reveals nonlocal
resonances not predicted by previous local calculations. Our method clarifies the interplay between
radiative and nonlocal effects in this nanoparticle configuration, which enables us to elucidate the
optimum size that maximizes its absorption and field enhancement capabilities.
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The boost experienced by plasmonics research [1] dur-
ing the past decade has been motivated by the ability of
surface plasmon polaritons (SPPs) to collect and concen-
trate light into subwavelength volumes with extreme effi-
ciency. The exploitation of this distinctive SPP attribute in
smaller length scales has driven the continuous improve-
ment of nanofabrication and characterization techniques.
This miniaturization trend is currently approaching the
limit in which the spatial extent of the oscillating electro-
magnetic (EM) fields is comparable to the Coulomb
screening length in noble metals (6. ~ 0.1 nm for Ag
[2]). From a theoretical perspective, the exploration of
EM phenomena in this subnanometer regime requires the
implementation of nonlocal, spatially dispersive, permit-
tivities that take into account the effect of electron-electron
interactions in the dielectric response of metallic
nanostructures.

Nonlocal effects in the optical properties of metals have
attracted much theoretical interest in the past [3]. More
recently, they have been revisited in the context of nano-
particle plasmon resonances using modern computational
techniques [4-6]. However, except for a few simple ge-
ometries [7,8], an analytical treatment of this fundamental
problem is still lacking. In this Letter, we fill this gap and
shed light into the impact that spatial dispersion has on
plasmonic devices. We present a transformation-optics
(TO) approach, inspired by previous (local) studies [9],
that incorporates nonlocality into the description of the
interaction of light with singular nanoparticle geometries.
Specifically, we investigate how the prominent field en-
hancement capabilities reported for a dimer of touching
nanowires are modified once the spatially dispersive char-
acter of the metal permittivity is considered. Finally, we
explore the interplay between radiative losses and non-
locality in this structure and provide an optimum size for
which its light-harvesting capabilities are maximized.

Figure 1(a) depicts the system under study, a pair of
touching nanowires of radius R illuminated by a plane
wave polarized along the dimer axis. The metal permittivity
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is modeled by using the so-called hydrodynamical Drude
model [10], which yields e(w) = €, [1 — w(r:)—-%—l'y)] and
€. (K, w) = €,[1 — W%—lekﬁ] for transverse and lon-
gitudinal EM fields, respectively. The usual Drude con-
stants are obtained from the fitting to experimental data
for silver [11], whereas 8, which measures the degree of

g?/R

FIG. 1 (color online). Panel (a) shows the problem under
study: the nonlocal description of the interaction of light with
a dimer of touching metal nanowires. Panel (b) depicts the
geometry resulting from the inversion of the original structure.
The shaded areas in both panels represent the decay length of the
longitudinal plasmons excited in the system. Blue solid lines
show artistic plots of the electrostatic potential describing prop-
agating SPPs in both frames.
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nonlocality, is set as a free parameter for the moment. The
dark ring in Fig. 1(a) represents the decay length of the
longitudinal plasmons into the metal, &, whose optical
excitation is possible due to spatial dispersion. This magni-
tude reflects the nonvanishing extension of the surface
charges induced in the nanowires by the incident light.
For frequencies well below wp, § = a%, which shows ex-

plicitly the link between the surface charge thickness and
the hydrodynamical parameter (3.

Through a conformal inversion of the form z/ = 2—2, our
TO treatment of the problem maps the touching nanowires
into the metal-vacuum-metal geometry shown in Fig. 1(b).
Note that the operation also converts the incident fields into
a dipole source at the intermediate layer. Whereas e7(w) is
preserved under the transformation, the k& dependence of
€; (k, w) makes it sensitive to the inversion. Assuming that
the nonlocal length scale is much smaller than the spatial
range in which ”"i—i varies significantly, the general relation
between the transformed (primed) longitudinal permittiv-
ity and its original (unprimed) counterpart reads

/
e (K, ) = eL( dz

k’, w), ()

which shows that the only consequence of the mapping is a
wave-vector stretching weighted by I‘Z—Zz/ |. For our inver-
sion, Eq. (1) yields a longitudinal permittivity with
B)=p ';’ I, which provides the surface charge thick-
ness a y' dependence as sketched in Fig. 1(b).

Maxwell’s equations can be solved in the transformed
frame under two assumptions. First, we restrict our atten-
tion to nanostructure sizes smaller than the incoming
wavelength, which enables us to work within the near-field
approximation. Importantly, our approach goes beyond the
quasistatic limit by describing radiation losses through the
radiative reaction concept [12]. The second premise sup-
poses that §’(y’) varies in space much more slowly than the
oscillating EM fields. This makes possible the use of
the so-called eikonal (WKB) approximation to describe
the propagation of SPP modes along the transformed metal
surfaces away from the dipole source. The inclusion of the
longitudinal plasmon contribution to the EM fields requires
an additional continuity condition at the system bounda-
ries. The appropriate condition for our problem is the
continuity of the normal electric field. It arises from the
smooth distribution that induced charges acquire in spa-
tially dispersive metal surfaces [5,8]. Note that our ap-
proach omits electron tunneling effects, which could
have some influence in the plasmonic response of metal
nanoparticles as well [13,14].

Our TO method yields quasianalytical expressions for
the electrostatic potential at each region of the transformed
geometry, which can be then mapped into the original
frame by using ¢(z) = ¢'(z/(z)). Thus, the electric field
enhancement at the nanowires surface as a function of

the azimuthal angle 6 (see the inset in Fig. 2) can be
expressed as

E,  —mal@)f(w) [. . a) . a(0)
E_o = m[smﬁ sinh > + icosf cosh—]

% [e {i fﬂ d@’a(ﬁ')} Le {i fZ# do'a(6") }]
xpl= | ——= Xpi= — 1,
p 2 Jo 1+ cosé’ p 2 Jo 1+ cosb

(2)
where
er(w) — 1
a(f) =In | ———— | 3)
ET(O)) Y(0)—1 + 1
gives the SPP tangential wave vector in the
near-field approximation and v(0) =

Y1+ 4@} — 0?)/B2?(O)JR(1 + cosh)? is the ratio
between the normal and tangential wave-vector compo-
nents for the longitudinal plasmons. In the limit 8 — 0,
v(0) diverges, and the local result is recovered [15]. Note
though that, in general, «(#) and y(#) must be solved
recursively.

The plasmonic behavior of a dimer of nonlocal touching
nanowires is qualitatively different from the local predic-
tion. In the local approximation, there is a continuous
spectrum, and modes propagate towards the touching point
but can never reach it. In the nonlocal case, the modes can
sneak past the touching point and circulate round and
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FIG. 2 (color online). Field enhancement in the vicinity of the
touching point of two 10 nm radii Ag nanowires at w = 0.5wgp
and different degrees of nonlocality 8/Ap: 10~# (blue line), 103
(green line)—this is a realistic value for Ag—and 1072 (red).
Solid (dotted) lines show transformation-optics (numerical) re-
sults. The gray line plots E,/E, under the local description. The
inset displays |E,/Ey| at 8 = 180° as a function of the incident
frequency, w/wgp and 8/Ap. The white dashed line indicates the
operating frequency in the main panel.
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round the structure. This circulation leads to quantization
of the modes and to a discrete spectrum. The amplitude
modulation associated to this quantization is reflected in
Eq. (2) through f(@) = (1 + €#@)~! where p(w) = 1 X

i ‘fi/fo(f;? is the phase accumulated by the SPPs in one
loop around the nanowires. Finally, the radiative reaction

term

77.2

no)= |1+ T (RE) [ Lite) 2l - 1}
“4)

where ay = a(f = 0) and Li, is the dilogarithm function,
describes the interaction between the scattered fields and
the nanowires dipole moment itself [12].

Figure 2 plots the field enhancement evaluated at w =
0.5wgp (Where wgp = 0.94wp = 3.67 eV is the Ag sur-
face plasmon frequency) close to the contact point between
two 10 nm radii nanowires. Different degrees of nonlocal-
ity (colors), measured by the ratio 8/c = 8/Ap (where
Ap = ¢/ wp), are compared to the local result (gray). Solid
lines correspond to the prediction from Eq. (2), whereas
dotted lines render finite element COMSOL simulations [5]
implementing the hydrodynamical permittivities above.
Figure 2 shows that spatial dispersion in €; (K, ) dimin-
ishes the ability of SPP modes to concentrate EM energy at
the structure singularity, frustrating the drastic reduction
that their group velocity and effective wavelength
experience within the local description. However, our theo-
retical results demonstrate that, for realistic conditions
& = 1073\, (green line), field enhancements as large as
2 orders of magnitude are obtained.

Figure 2 not only indicates that, as mentioned above,
EM fields do not vanish in their propagation towards the
dimer singularity but also reveals that | g—; | is maximum at

that position. The inset displays (in log scale) the absolute
value of the field enhancement at § = 180° as a function of
the incident frequency and log(8/Ap). It shows that the
structure yields enhancement maxima larger than 10°.
Importantly, the frequency at which these take place de-
pends on 8/Ap, which shows that they are related to non-
locality. Note that, although not shown, |§—;| = (0 at the

touching point for § = 1078\, in agreement with the
local description.

In order to gain physical insight into the origin of the
field enhancement maxima above, we look for their finger-
print in the absorption cross section. For this magnitude,
our TO approach yields

(27R)*w { 1
=———""Re
i

T = e .—Liz[e%]+2ao[f<w)—1]}. 5)

Figure 3(a) displays the absorption spectra for the R =
10 nm nanowire dimers considered in Fig. 2. Solid lines
plot the cross sections obtained from Eq. (5), and dots
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FIG. 3 (color online). (a) Theoretical (solid lines) and numeri-
cal (dots) absorption spectra for 10 nm radii nonlocal nanowires,
together with the cross section obtained within the local
approximation (gray dashed line). o, for a local (nonlocal,
& = 1072 \,) single nanowire is also plotted as a solid (dashed)
black line. (b) Real part of the phase accumulated by the
circulating surface plasmon modes in one loop around the nano-
wires. (c) Field enhancement close to the touching point at the
three lowest nonlocal resonances for § = 1073\, (value appro-
priate for silver).

render numerical results. As in the field enhancement
calculations, the agreement between theory and simula-
tions is remarkable. For comparison, o, for a local dimer
(gray line) and local (solid black line) and nonlocal (6 =
1072\, dashed line) single nanowires are also shown.
Whereas spatial dispersion only blueshifts the dipolar
resonance of isolated nanowires, its impact on the touching
geometry is much more significant. Nonlocality gives rise
to a set of absorption peaks whose position coincides with
the field enhancement maxima in Fig. 2. The number of
these nonlocal resonances diminishes with increasing 3, as
they shift to higher frequencies in a similar manner as the
dipolar peak in the single nanowire spectrum. Importantly,
Fig. 3(a) shows that the broadband response of touching
dimers is lost at frequencies below the lowest nonlocal
resonance.

Figure 3(b) renders the real part of ¢(w) for the three
nonlocal dimers in Fig. 3(a). The spectral position of the
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FIG. 4 (color online). Upper panel: Absorption cross section
normalized to the structure area for Ag (8 = 3.6 X 10 3¢)
nanowires of different radius. Color solid lines plot o,/R>
evaluated from Eq. (5), and the dashed black line renders the
electrostatic local result for all R. The inset shows the absorption
efficiency versus the incident frequency and nanowires radius.
Lower panel: Absolute value of the field enhancement at the
touching point as a function of w/wgp and R. Solid (dashed)
lines in the inset render theoretical (numerical) |E,/E,| at the
two lowest enhancement maxima for R = 50 nm: 0.55wgp (yel-
low) and 0.72wgp (green).

cross section maxima coincide with the condition ¢(w) =
27N (where N is an integer number). This demonstrates
that they originate from the constructive superposition
of the SPP modes circulating around the nanowires.
Figure 3(c) plots the field enhancement versus 6 evaluated
at the three lowest absorption maxima for a value of 6
appropriate to silver, 8 = 1073, [green line in Fig. 3(a)].
In analogy with separated local nanowires [16], the integer
N above can be related to the number of nodes that the SPP
fields present near the singularity.

Finally, we use our TO approach to explore the interplay
between radiative losses and nonlocality in touching Ag
nanowires. Although these effects have different origins,
their impact on the optical response of the nanostructure is

measured by its physical size. Nonlocality is important for
small structures, radiative effects for large ones. Both
reduce the enhancement of fields. In accordance with the
literature [10], we take B = 3.6 X 107 3¢, which corre-
sponds to 6 = 0.16 nm (note the good agreement with
6 above). The upper panel of Fig. 4 renders the absorption
spectra normalized to R? for various nanowire sizes (color
solid lines). Within the electrostatic local approximation
[15], ous/R? (black dashed line) coincides for all the
structures. The comparison between Eq. (5) and the elec-
trostatic local prediction clarifies how nonlocality and
radiation losses modify the optical properties of the sys-
tem. For small sizes (R = 2 nm), radiation is negligible,
but the weight of spatial dispersion (measured by the factor
8/R) is high. This leads to a single narrow maximum in
O s/ R? that resembles the behavior of individual nano-
wires [see Fig. 3(a)]. For larger sizes, the spectra are
lowered due to radiative reaction, while the impact of
nonlocality is diminished. Thus, the dimers interact less
efficiently with the incoming light but within a broader
frequency window. In the inset, the absorption efficiency
(0 4ps/4R) is rendered as a function of w/wgp and the
nanowire radius. It shows that the light collection perform-
ance of the structure is optimized for nanowire radii be-
tween 5 and 50 nm, where the compromise between
radiative and nonlocal effects is most convenient.

The lower panel of Fig. 4 renders |§_';| at the touching

point as a function of the incident frequency and R.
Importantly, whereas the shrinking of the structure always
improves its ability to concentrate light in the local de-
scription [12], the inclusion of nonlocal effects truncates
this trend. Figure 4 indicates that the lowest nonlocal
resonance governs the field enhancement behavior of the
system. It also shows that the balance between radiation
losses and nonlocal effects leads to maximum field en-
hancements for R between 25 and 80 nm. For such nano-
wire sizes, |§—;| = 300 at resonance, yielding intensity
factors as large as 10°. This demonstrates that Ag touching
nanowires feature prominent light-harvesting capabilities
despite the adverse consequences that radiation and non-
local effects have on them. The inset in Fig. 4 plots
theoretical (numerical) I%I in the vicinity of the dimer

singularity evaluated at the two lowest resonances for
R =50 nm. It proves the accuracy of our theory for
~100 nm radii nanowires and validates our analysis of
the dependence of their optical properties on the nano-
structure size.

In conclusion, we have presented an elegant
transformation-optics approach that makes possible the
quasianalytical study of nonlocal effects in the plasmonic
properties of metal nanoparticles. We have focused on
dimers of touching nanowires, showing that spatial disper-
sion leads to the formation of nonlocal resonances in this
geometry. These are caused by the circulation of surface
plasmon modes around the nanowires, which trespass the
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structure singularity and alter significantly its optical re-
sponse. Finally, we have investigated radiative and non-
local effects in realistic Ag dimers, demonstrating the
robustness of their prominent light-harvesting capabilities
and providing an optimum size for the nanostructure.
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