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Fluorescence Triggered by Radioactive β Decay in Optimized Hyperbolic Cavities
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Luminescence arising from β decay of radiotracers has attracted much interest recently as a viable in
vivo imaging technique. The emitted Cerenkov radiation can be directly detected by high-sensitivity cam-
eras or used to excite highly efficient fluorescent dyes. Here we investigate the enhancement of visible and
infrared emission driven by β decay of radioisotopes in the presence of a hyperbolic nanocavity. By means
of a transfer-matrix approach, we obtain quasianalytic expressions for the fluorescence-enhancement fac-
tor at the dielectric core of the metalodielectric cavity, and report a 100-fold amplification in periodic
structures. A particle-swarm optimization of the layered shell geometry reveals that enhancement of up
to 10 000-fold is possible because of the hybridization and spectral overlap of whispering-gallery and
localized-plasmon modes. Our findings may find application in nuclear-optical medical imaging, as they
provide a strategy for the use of highly energetic gamma rays, Cerenkov luminescence, and visible and
near-infrared fluorescence through the same nanotracer.
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I. INTRODUCTION

Cerenkov luminescence [1] (CL), the electromagnetic
(EM) radiation by superluminal charged particles in a
given medium, has attracted much research attention lately
in the context of medical imaging [2]. It was not until 2009
that this phenomenon was identified as naturally occurring
in the decay of radionuclides (such as 18F or 124I) used in
positron-emission tomography [3,4], a clinical technique
instrumental for, among other applications, cancer diag-
nosis. This discovery opened the way to the use of radio-
tracers for bimodal imaging [5]: combining the Cerenkov
photons emitted by β particles traveling through tissue
and the gamma rays (on the order of approximately 100
keV) generated as a result of positron-electron annihila-
tion in the vicinity of the radioisotope. This nuclear-optical
approach can outperform conventional positron-emission-
tomography scanning in various aspects as it requires
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shorter acquisition times and allows higher spatial res-
olution [6]. Importantly, in contrast to nuclear imaging,
CL can also be tuned and modulated because of recent
advances in nanotechnology [7].

The classical EM description of CL is based on the
Frank-Tamm equation [8], which yields a power spectrum
of the form P(ω) ∝ ω for a homogeneous, nondispersive
host medium (such as human tissue). Thus, P(ω) is max-
imum in the UV region and decays monotonically in the
visible range with decreasing frequency. Moreover, β par-
ticles in tissue meet the superluminal velocity threshold
only within up to a few millimeters from the decaying
radioisotopes. These spectral and spatial factors make CL
extremely faint, orders of magnitude lower than ambient
light [9]. This intrinsic low radiance is the main obsta-
cle hindering the widespread implementation of CL-based
medical imaging techniques.

Recently, nanophotonics science and technology have
enabled unprecedented control over the spectral [10]
and spatial [11] characteristics of Cerenkov radiation.

2331-7019/20/14(2)/024084(9) 024084-1 © 2020 American Physical Society

https://orcid.org/0000-0003-3980-966X
https://orcid.org/0000-0002-0205-8455
https://orcid.org/0000-0002-5282-9385
https://orcid.org/0000-0002-8082-395X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.14.024084&domain=pdf&date_stamp=2020-08-27
http://dx.doi.org/10.1103/PhysRevApplied.14.024084


J. ABAD-ARREDONDO et al. PHYS. REV. APPLIED 14, 024084 (2020)

Theoretical and experimental reports have investigated
metamaterial [12–14] and plasmonic [15–17] structures.
However, the extended character of these devices pre-
vents their application for clinical purposes. One of the
most promising avenues for overcoming the limitations
of CL for medical imaging consists in the combination
of radiotracers and fluorescent agents with a large Stokes
shift. In this scheme, known as secondary-Cerenkov-
induced-fluorescence imaging (SCIFI) [18,19], quantum
dots or dye molecules are attached to radiotracers. The
former are excited by the near field of the CL gen-
erated in the radioactive decay of the latter, but their
emission occurs in the visible and near-infrared regions,
within the so-called biological transparency window [9].
Remarkably, this approach also allows minimization of
the impact of two of the main constraints of conven-
tional fluorescence imaging, the limited penetration depth
and the tissue autofluorescence inherent to the external
illumination [6,7].

In this article, we apply metamaterial and plasmonic
ideas to SCIFI by designing spherical hyperbolic nanocav-
ities [20] for enhanced fluorescence triggered by traveling
β particles. These nanostructures consist of a dielec-
tric core embedding a fluorescent emitter and surrounded
by alternating nanometer-thick metal and dielectric lay-
ers, the spherical analog of indefinite bulk metamaterials
[10,21]. We consider molecules with an intrinsic quan-
tum yield of 100% (whose radiative efficiency cannot be
increased) and negligible Stokes shift (unsuitable for con-
ventional SCIFI). By means of a transfer-matrix approach
based on a vector-spherical-harmonic expansion of the EM
fields [22,23], we investigate the fluorescence spectrum of
these nanostructures. We consider first perfectly periodic
geometries, finding that an amplification of approximately
100 times can be attained in these cavities (compared
with dielectric cavities of the same size) in two different
spectral ranges. Next we use the quasianalytic charac-
ter of our approach to perform a particle-swarm opti-
mization (PSO) [24] of the metallodielectric shell. This
procedure gives rise to geometries with highly asymmet-
ric layer distributions, in which whispering-gallery and
localized-plasmon resonances hybridize and overlap spec-
trally to yield fluorescence-enhancement factors approach-
ing 104 at operating frequencies in the near-infrared
region.

II. THEORETICAL APPROACH

We introduce first the fluorescence-enhancement factor,
fE, the magnitude of which we use to assess the perfor-
mance of our cavity designs. In steady-state conditions, it
is defined as the fluorescent count rate per emitter within
the nanostructure, normalized to a reference configuration
(usually in free space) [25]. In the weak-excitation regime

(a) (b)

FIG. 1. (a) The hyperbolic nanocavities studied: a silica core
is surrounded by spherical silver (black) and silica (gray) layers.
The positron emission (red) of radioisotopes (yellow) attached at
the outer surface of the structure triggers the fluorescence (violet)
of an emitter placed at its center. (b) Fluorescence-enhancement
spectra of purely SiO2 nanospheres of various sizes normalized
to free space. These are taken as a reference for the assessment
of the performance of the metallodielectric hyperbolic cavities.

(below fluorescence saturation), it can be expressed as

fE =
( |E|

|E0|
)2

× φ

φ0
. (1)

The first term in Eq. (1) accounts for the gain in the exci-
tation (or absorption) efficiency. It is given by the ratio
between the electric field intensity at the position of the
fluorescent molecule in the presence and the absence of
the nanocavity (we assume a random orientation of the
emitter). In our case, the EM source triggering CL and flu-
orescence is β particles from radioactive decay, and we
take lossless dielectric nanospheres (of the same size as
the nanocavities) as a reference. Silica nanoparticles are
widely used in medical imaging research [5]. The sec-
ond term reflects the loss in the fluorescence quantum
yield. We consider emitters with an intrinsic radiative effi-
ciency of 100%, which implies that φ/φ0 = φ < 1. By our
ignoring the Stokes shift, the fluorescence and absorption
bands overlap, which allows us to evaluate the excitation
efficiency and quantum-yield loss at the same frequency.
Despite its simplicity, Eq. (1) has made possible an accu-
rate description of the fluorescent control [26] enabled by
plasmonic nanoantenna geometries [27,28].

Figure 1(a) shows the cavity geometry studied, for
which we obtain the solutions of Maxwell’s equations
required to evaluate Eq. (1). The structure comprises a sil-
ica core (n = 1.5) or radius Rin = 11 nm surrounded by a
number of alternating silver (with permittivity taken from
Ref. [29]) and silica layers. A fluorescent molecule, whose
radiative emission is modeled through an EM point-dipole
source, is placed at the center of the cavity. Radionuclides
are attached at the outer surface of the structure, of radius
Rtot. Their β decay and associated CL are described by
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means of a single-positron line current tangential to the
cavity surface and located 3 nm from it. We set the positron
kinetic energy to 50 keV, well below the CL threshold in
water (261 keV), in our calculations.

Using the spherical symmetry of the system, we can
develop a quasianalytic approach based on an EM-field
expansion in terms of vector spherical harmonics [30].
A detailed description of the calculations can be found
in Supplemental Material [31], and here we outline only
their main aspects. The first step of the method consists
in expressing the electric field within the spherical layer
(labeled as n) as

Eα,n(r) =
∑
l,m

[
Aα,l,m(n)Jα,l,m(kn, r)

+ Bα,l,m(n)Hα,l,m(kn, r)
]
, (2)

where α stands for the TE or TM mode, and l and m stand
for the usual angular-momentum indices. Jα,l,m and Hα,l,m
are the vector spherical harmonics, whose radial depen-
dence is given by spherical Bessel and Hankel functions of
the first kind. This wave-function choice sets the direction
of power-flow propagation in the positive radial direction.

The second step of the approach introduces a set
of boundary matrices expressing the EM continuity
conditions and relating the electric field amplitudes
in two adjacent layers [Aα,l,m(n + 1)Bα,l,m(n + 1)]� =
T+

α,l(n)[Aα,l,m(n)Bα,l,m(n)]�, which allows us to link fields
at the nanocavity center (n = 1) and outside (n = N + 2)
through the ordered product

Mα,l = T+
α,l(N + 1)T+

α,l(N ) . . . T+
α,l(2)T+

α,l(1). (3)

The shell of the hyperbolic nanocavities is formed by N
metallodielectric layers. Once we have built this ordered-
product transfer matrix, we can express the field enhance-
ment, the radiative Purcell factor (PR), and the total Purcell
factor (PT) [26] as

|E|
|E0| =

∣∣〈M0
E,1〉11

∣∣∣∣〈ME,1〉11
∣∣ , (4)

PR =
∣∣∣∣∣
detME,1

detM0
E,1

∣∣∣∣∣
2 ∣∣∣∣∣

〈M0
E,1〉11

〈ME,1〉11

∣∣∣∣∣
2

, (5)

PT = Re
(

1 − 〈ME,1〉12

〈ME,1〉11

)
/Re

(
1 − 〈M0

E,1〉12

〈M0
E,1〉11

)
, (6)

where 〈M〉ij denotes the element in the ith row and j th
column of M. Only TE modes with l = 1 contribute to the
EM fields in Eq. (2); see Ref. [31]. Once we have these

expressions, we can easily evaluate Eq. (1) as the product
of Eq. (4) squared and φ = PR/PT, obtained from Eqs. (5)
and (6).

The zero subscript and superscripts in Eqs. (4)–(6)
denote reference quantities. As anticipated, we normalize
our results to fluorescence-enhancement factors in SiO2
spheres. This way, we avoid a rather unfeasible system,
a free-standing fluorescent agent and a distant β particle
traveling in free space. Figure 1(b) shows the fluorescence-
enhancement spectra for silica spheres of different Rtot
(between 11 and 250 nm) now normalized to free space.
We observe that 0.4 < fE < 1 for subwavelength spheres,
whereas moderate (fE � 2) fluorescence maxima emerge
in larger structures due to the excitation of Mie resonances
[32]. The small deviations from the freestanding config-
uration allow us to safely take these lossless dielectric
particles as the reference system in our assessment of our
hyperbolic nanocavity designs.

III. PERIODIC NANOCAVITIES

We apply the theoretical framework introduced in
the previous section to investigate periodic cavities,
studied recently in the context of low-threshold las-
ing [33] and second-harmonic generation [34]. If the
shell period, the distance between consecutive lay-
ers of the same material (2d = Rn+2 − Rn), is much
smaller than the operating wavelength, a metamaterial
description of the structure [20] is possible. Borrow-
ing the expressions for their bulk, planar counterpart
[21], we can write εr = εAgεSiO2/[(1 − η)εAg + ηεSiO2]
and εt = ηεAg + (1 − η)εSiO2 for the radial and tangential
permittivity components, respectively, of the metallodi-
elecric shell around the SiO2 core (η denotes the silver
filling fraction). We focus our attention on geometries
in which the Ag and SiO2 layers have exactly the same
thickness, so η = 0.5 and d = Rn+1 − Rn. At frequencies
below 3.8 eV, the silver plasma frequency [29], Re(εrεt) =
Re(εAg)εSiO2 < 0, which reflects the hyperbolic character
of the cavities.

Figure 2 provides a comprehensive perspective on the
spectral characteristics of hyperbolic cavities with η = 0.5
and different dimensions. The size of the structures is given
by Rtot = Rin + Nd, where Rin = 11 nm is the silica-core
radius and N is the number of layers forming the shell.
The columns indicate N ranging from 1 (left) to 7 (right),
whereas each row displays a different magnitude (from top
to bottom): field enhancement, |E|/|E0|, radiative Purcell
factor, PR, quantum yield, φ, and fluorescence enhance-
ment, fE . The EM response of core-shell nanoparticles [35]
(N = 1) is the weakest. Only below 30 nm (see the insets,
left column) does the silver thickness become compara-
ble to the skin depth, and the effect of localized plasmonic
resonances becomes apparent in all panels slightly above
3 eV. These are excited by the evanescent tail of the
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FIG. 2. Field-enhancement, radiative-Purcell-factor, quantum-yield and fluorescence-enhancement maps versus frequency, ω, and
cavity size, Rtot, are shown from top to bottom for core-shell cavities (N = 1) and hyperbolic cavities with N = 3, 5, and 7
metallodielectric layered shells (from left to right).

positron fields, rather than freely propagating Cerenkov
radiation. Because of plasmon hybridization effects, the
peaks associated with these confined modes undergo a red
shift with decreasing thickness [36]. Even in this regime,
fE < 50 due to the strong impact of optical absorption on
εAg, which severely reduces the effective quantum yields
in the visible range.

The panels in the three rightmost columns in Fig. 2
demonstrate that the performance of hyperbolic cavities
is qualitatively different from that of core-shell nanopar-
ticles. They also reveal that their spectral properties are
remarkably similar for all N . Two field-enhancement
and radiative-Purcell-factor maxima are apparent in the
upper rows, which are sharper and stronger for PR and
larger N . The high-frequency one (ω ≈ 2.7 eV) fades
away for Rtot > 50 nm, whereas the low-frequency one
(ω ≈ 1.8 eV) is clearly visible up to much larger struc-
tures, and shifts in a nonmonotonic fashion as the size
of the cavity increases. We anticipate that these two
spectral features originate from optical resonances of dif-
ferent nature. Between them, the quantum-yield maps
develop a broad maximum (φ ≈ 0.6), a direct conse-
quence of the lower impact of metal absorption, and
therefore lower PT in this region. The fE contour plots
show that, as expected from the upper maps, the fluo-
rescence spectrum of periodic shell cavities is governed
by the high-frequency resonance for Rtot ≤ 50 nm and by

low-frequency resonance for 50 nm < Rtot ≤ 120 nm. For
larger cavity sizes, much lower fluorescence-enhancement
factors are obtained.

To gain further insight into the nature of the optical res-
onances sustained by the periodic cavities in Fig. 2, we
display in Figs. 3(a) and 3(b) electric-field-amplitude color
maps (on a log scale) for the maxima in the fluorescence-
enhancement spectrum for N = 7 and Rtot = 60 nm (7-
nm-thick layers) at ω = 1.8 eV [Fig. 3(a)] and ω = 2.7 eV
[Fig. 3(b)]. To facilitate the comparison, we set log2 |E| =
3.5 at the core of the cavity, in which both resonant fields
are rather uniform. Through the spatial distribution of
|E|, we can infer the character of the two resonances.
At ω = 1.8 eV, the electric field is strongly amplified
within the first (and second) innermost silica layers. In
contrast, the amplitude maxima are located at the inner
and outer boundaries of the innermost metallic layer at
ω = 2.7 eV. This enables us to identify the former as
a dielectric whispering-gallery mode [33], and the latter
as a localized-surface-plasmon mode [36]. Importantly,
this interpretation of both resonances is also in agree-
ment with the evolution of the field enhancement and
radiative-Purcell-factor peaks with increasing Rtot in Fig. 2.

The contour plots in Figs. 3(a) and 3(b) are obtained
by means of numerical simulations performed with the
finite-element solver of Maxwell’s equations implemented
in COMSOL MULTIPHYSICS. Figure 3(c) demonstrates
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(a) (b)

(c)

FIG. 3. Electric-field-amplitude maps for the two fE peaks,
ω = 1.8 eV (a) and ω = 2.7 eV (b), in the spectrum of a seven-
layer hyperbolic cavity with Rtot = 60 nm. The layer boundaries
are shown as white lines. (c) The solid blue line and the violet
circles plot the fluorescence-enhancement spectra for an emit-
ter placed at the center of the silica core. The former represents
transfer-matrix results and the latter represent fully numerical
simulations. Orange squares and dark-blue triangles plot numeri-
cal fluorescence-enhancement spectra obtained by the spatial and
orientational averaging of the fluorescent molecule up to 3 and 6
nm from the cavity center.

the excellent agreement between the fluorescence-
enhancement spectra (for the same nanocavity geometry)
calculated with this computational tool (violet circles) and
with our quasianalytic transfer-matrix approach (solid blue
line). Up to here, we assume that the fluorescent dye
is placed exactly at the center of the nanostucture. We
assess the robustness of our findings against variations in
the emitter position through the spectra shown by orange
squares and dark-blue triangles in Fig. 3(c). These two sets
of data are obtained through the spatial and orientational
averaging of fE numerical calculations up to 3 nm (squares)
and 6 nm (triangles) from the core center. As expected, the
whispering-gallery-like mode at 1.8 eV [Fig. 3(a)] is insen-
sitive to this averaging. In contrast, the evanescent charac-
ter of the plasmon modes at higher frequencies translates
into a strong alteration of the fluorescence-enhancement
spectrum. Thus, by displacement of the emitter away from
the cavity center, the broad fE maximum at 2.7 eV [Fig.
3(b)] is fragmented into sharper features. This indicates

that, similarly to other cavity geometries [37], dark local-
ized plasmon resonances with higher angular momenta
(more tightly confined to the silica-silver interface at the
external boundary of the cavity core) are excited this way.

Two practical aspects regarding the implementation of
the cavity geometry in Fig. 3 are analyzed in Supplemen-
tal Material [31]. On the one hand, the robustness of the
design against metallic losses is assessed. We show that
silver structures, which would require an external coat-
ing to increase their biocompatibility [38,39], significantly
outperform gold ones. On the other hand, the character-
ization of the devices by means of electron-energy-loss
microscopy [40] is explored. We conclude that it would
not be a suitable tool for this purpose, as it is extremely
sensitive to dark EM modes that do not contribute to the fE
spectrum.

IV. OPTIMIZED NANOCAVITIES

Taking advantage of the quasianalytic character of our
transfer-matrix approach, we investigate next the opti-
mization of hyperbolic cavity geometries. Specifically, we
seek the highest fluorescence-enhancement factor achiev-
able at a given optimization (or operation) frequency, ωopt,
through the appropriate tuning of the various thicknesses
in the multilayer shell. Thus, we set an N -dimensional
(where N is the number of layers) problem, which we
tackle through interfacing a PSO algorithm [41,42] with
our transfer-matrix framework. Very briefly, PSO is a
stochastic population-based method that improves candi-
date solutions in an iterative manner. The optimization
occurs through the guided sampling of the parameter
space by each individual solution candidate by means of
simple dynamical equations. The method has attracted
much attention lately due to its versatility and rela-
tively easy implementation in areas such as biomedicine,
antenna design, and electromagnetism [43]. See Supple-
mental Material [31] for more technical details on the PSO
algorithm we use in our investigation.

Figure 4(a) presents the outcome of the geometry
optimization of seven-layered hyperbolic cavities (Rin =
11 nm in all designs). It displays fE spectra as a func-
tion of the optimization frequency. We extend the fre-
quency window down to 0.5 eV, where the performance
of perfectly periodic shells is very poor; see Fig. 2.
The dotted black line plots the condition ω = ωopt, along
which the fluorescence-enhancement spectrum develops
its main peak. This feature governs the cavity perfor-
mance for all ωopt values, in contrast with periodic geome-
tries, where two different peaks (of different nature) are
found. The dashed white lines plot the frequencies of
the relevant optical resonances sustained by the PSO-
designed cavities. These are obtained through the condi-
tion 〈ME1〉11 = 0, which yields the nonzero TE solutions
(well behaved at the cavity center) of the homogeneous
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(a)

(b)

FIG. 4. (a) PSO fluorescence-enhancement spectra as a func-
tion of the optimization frequency for a seven-layer nanocav-
ity (Rin = 11 nm). The dotted black line plots the condition
ω = ωopt, and dashed white lines plot the frequencies of the
various optical resonances sustained by the nanostructures. (b)
fE spectra for PSO-designed cavities with seven (blue), five
(orange), and three (violet) metallodielectric layers and three
different values of ωopt, 0.75, 1.42, and 2.08 eV, indicated by
the horizontal black arrows in (a). Dotted lines represent the
fluorescence-enhancement factor along the line ω = ωopt and for
different N .

transfer-matrix equation. This equation is formally equiv-
alent to the scattering resonant condition in the Mie for-
malism [32]; see Supplemental Material [31] for more
details. Figure 4(a) reveals that the fE maximum in PSO-
designed cavities emerges from the spectral overlap and
hybridization of various optical resonances. At high ωopt,
this mechanism is not very efficient, and we identify the
fE peak as the localized-surface-plasmon resonance in
Fig. 3(b). For lower optimization frequencies, and in the
region ω < ωopt, other whispering-gallery-like resonances
become apparent. The PSO algorithm results in a redshift
of these modes through the cavity geometry and forces
them to coalesce into the main fE peak at ω = ωopt.

To evaluate the efficiency of the resonance hybridiza-
tion and spectral overlapping done by the PSO algorithm,
Fig. 4(b) shows fluorescence-enhancement spectra at three
different values of ωopt: 0.75, 1.42, and 2.08 eV. These
are indicated by horizontal black arrows in Fig. 4(a).
Blue lines correspond to seven-layered cavities [as in Fig.
4(a)], and violet and orange lines correspond to three- and
five-layered cavities, respectively. We observe that spec-
tra for different values of ωopt do not overlap, due to the
inherent single-peaked character. However, the maxima
become stronger and narrower as the optimization fre-
quency is reduced. This trend is similar for all values of
N , but the height contrast is much larger for seven-layered
cavities than for three-layered cavities. Notice that two
distinct features, resembling Fig. 3(c), are apparent for
N = 5 and N = 7 at ωopt = 2.08 eV. Dotted lines plot the
fluorescence-enhancement factor evaluated at ω = ωopt,
demonstrating that the maximum fluorescence enhance-
ment attainable at a given N not only increases but also
undergoes a red shift with increasing number of layers.
These observations are in accordance with our interpreta-
tion of the effect of the PSO algorithm on the cavity design,
as the number of resonances that can be merged becomes
larger with lower ωopt and higher N .

Once we analyze the spectral properties of the PSO-
designed cavities, we explore next their geometric char-
acteristics as well as the spatial distribution of the resonant
EM fields that they sustain. Figures 5(a)–5(c) display the
electric field amplitude evaluated at ω = ωopt for the N =
7 cavities obtained for the optimization frequencies in Fig.
4(b): 0.75, 1.42, and 2.08 eV. |E| is on a log scale and
normalized to the same value at the core center in Figs.
5(a)–5(c). We observe remarkable differences between the
three designs. The relative thickness of the Ag layers
increases significantly with larger ωopt, while the over-
all cavity size is strongly reduced. Figures 5(a)–5(c) are
scaled so that horizontal white bars are 100 nm long in
all cases. This trend in structural geometry is accompanied
by a gradual modification of the optical resonance behind
the fE maxima. The electric field is almost completely con-
fined at the second SiO2 layer in Fig. 5(a), while it spreads
over all the dielectric regions in Fig. 5(b). In contrast,
the electric field map in Fig. 5(c) penetrates considerably
within the silver layers, and presents an intense evanescent
tail spilling out of the cavity. This phenomenology indi-
cates that, as we had anticipated, the hybridized optical
resonances supported by these PSO-designed cavities have
mainly a whispering-gallery-like character at 0.75 eV, and
a localized-surface-plasmon nature at 2.08 eV.

We present next a more-general view on the evolution
of the geometric parameters of the cavity with increas-
ing ωopt (for a different number of layers). Figure 5(d)
shows that the nanostructures shrink monotonically as
ωopt increases. At high frequencies, Rtot is the same for
all values of N , as localized-plasmon modes are rather
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(a) (b) (c)

(d)

(e)

(f)

FIG. 5. (a)–(c) Resonant-electric-field amplitude (on a log
scale) for N = 7 PSO-designed cavities at three different oper-
ating frequencies: 0.75 eV (a), 1.42 eV (b), and 2.08 eV (c). The
multilayer geometric boundaries are shown as white lines. The
white scale bar is 100 nm long in (a)–(c). (d) Outer radius, Rtot,
versus optimization frequency for three-, five-, and seven-layered
cavities. (e) Silver filling fraction as a function of ωopt and N . The
dashed black line plots η(ωopt) = 2ηεt=0(ωopt); see the main text.
(f) Normalized standard deviation of the multilayer-thickness
distribution for PSO-designed cavities with different values of N .

insensitive to the silica-layer distribution. However, strong
differences become evident at low frequencies. While Rtot
is scaled by a factor of approximately 5 with respect to the
high-frequency range in seven-layered geometries, it expe-
riences only a twofold enlargement for N = 3. This obser-
vation, together with the low fluorescence-enhancement
maxima in Fig. 4(b), proves there is little margin for geom-
etry optimization in three-layered cavities operating in the
infrared region.

Figure 5(e) plots the silver filling fraction versus ωopt,
which is extremely similar for all values of N . It grows
from negligible η at low frequencies (Ag layers are
extremely thin in these designs) to η � 0.8 at 3 eV, which
is also in accordance with our interpretation of the charac-
ter of the cavity resonances (from whispering-gallery-like
to localized-plasmon-like modes). Although it is evident
that an homogeneous metamaterial treatment of PSO-
designed cavities cannot be accurate, we can use it to
gain further insights into their performance. We find that
the curves in Fig. 5(e) lie very close to the condition
η(ωopt) = 2ηεt=0(ωopt) (rendered as a dotted black line),

where ηεt=0 = εSiO2/{εSiO2 − Re[εAg(ωopt)]} is the filling
fraction that cancels the real part of the tangential meta-
material permittivity. Inserting η(ωopt) into the expressions
for the radial and tangential permittivities, we find that
εr(ωopt)εt(ωopt) � −εAg(ωopt)ε

2
SiO2

/[εAg(ωopt) + 2εSiO2],
whose real part is negative for ωopt < 3.8 eV. Therefore,
we can argue that PSO designs perform as hyperbolic
cavities within the visible and near-infrared regions despite
their structural inhomogeneity. Figure 5(f) provides a
measure of this inhomogeneity; it shows the normalized
standard deviation in the layer-thickness distribution (d
denotes the mean layer thickness) as a function of ωopt and
N . Only at ωopt � 2.5eV do we find σd � d, which sets
the frequency range in which the PSO-designed cavities
are most homogeneous, most similar to a perfectly peri-
odic geometry (σd = 0). A more-detailed analysis of the
multilayer-thickness distribution as a function of the oper-
ating frequency can be found in Supplemental Material
[31].

V. CONCLUSIONS

We investigate the performance of hyperbolic nanocav-
ities, nanostructures formed by a silica core and an
arrangement of alternating silver and silica layers, for
fluorescence-imaging applications. We focus on a partic-
ular configuration: the emission by a fluorescent agent
located at the cavity center triggered by the positrons gen-
erated in the β decay of radionuclides attached at the cavity
outer surface. We report a 100-fold enhancement in per-
fectly periodic geometries, and up to a 10 000-fold fluores-
cence amplification in particle-swarm-optimized cavities.
The hybrid (whispering-gallery and localized-plasmon)
nature of the optical resonances sustained by these struc-
tures and their tuning through geometry are also analyzed
in detail. We believe that our theoretical findings present
an avenue for the development of nuclear-optical imaging
techniques using not only the Cerenkov luminescence nat-
urally occurring in the decay of radiotracers but also the
visible and infrared light generated by fluorescent agents
in their vicinity.
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