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Generation and optimization of entanglement between atoms chirally coupled to spin cavities
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We explore the generation and optimization of entanglement between atoms chirally coupled to finite one-
dimensional spin chains, functioning as spin cavities. By diagonalizing the spin cavity Hamiltonian, we identify
a parity effect that influences entanglement, with small even-sized cavities chirally coupled to atoms expediting
entanglement generation by approximately 50% faster than nonchiral coupling. Applying a classical driving
field to the atoms reveals oscillations in concurrence, with resonant dips at specific driving strengths due to the
resonances between the driven atom and the spin cavity. Extending our study to systems with energetic disorder,
we find that high concurrence can be achieved regardless of disorder strength when the inverse participation
ratio of the resulting eigenstates is favorable. Finally, we demonstrate that controlled disorder within the cavity

significantly enhances and expedites entanglement generation, achieving higher concurrences up to four times

faster than those attained in ordered systems.
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Introduction. Entanglement is a vital resource for various
quantum information technologies, such as quantum tele-
portation [1], quantum key distribution [2,3], and quantum
computing [4]. Researchers have been actively working to de-
velop techniques for generating and optimizing entanglement
in a variety of physical systems, such as plasmonic structures
[5], cavity quantum electrodynamics (QED) setups [6], and
circuit-QED platforms [7]. One of the key figures of merit
for entanglement generation is to maximize the entangle-
ment while minimizing the generation time [8—10]. In recent
years, the chiral light-matter interaction has turned out to be
a promising ingredient [11-14] for generating nonclassical
states of light [15] and entangled states, and several theoretical
studies have elucidated that fully chiral systems can signifi-
cantly boost dynamical entanglement generation [16,17] and
both quantum state [17,18] and entanglement transfer [18].
Chirality appears as a natural manifestation of spin-orbit cou-
pling of light [12], as demonstrated in seminal experiments
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with atoms and quantum dots coupled to photonic nanostruc-
tures [14,19-23].

In this Letter, we theoretically explore the generation and
optimization of entanglement between atoms chirally cou-
pled to finite one-dimensional (1D) spin chains that act as
spin cavities. In the search for new platforms to achieve ro-
bust entangled states, our idea is to replace the photons in
standard optical cavities by the magnonic excitations sup-
ported by spin chains. By employing a variational matrix
product state (MPS) algorithm, which enables us to inves-
tigate phenomena beyond mean-field theory and surpasses
the limitations of the Born-Markov approximation, we create
a complete map of entanglement generation in these plat-
forms, using the concurrence as a measure of the degree of
entanglement. We first study the influence of entanglement
on cavity length and chirality, showing that parity is critical,
largely favoring even-sized cavities versus odd ones to reach
concurrences close to 1, i.e., maximum entanglement. When
applying a classical driving field to the system, we observe
that, contrary to what is expected, the concurrence does not
decrease monotonically with the increase of the driving field
but shows an oscillatory behavior. We also extend our study
to more practical situations by considering how disorder af-
fects entanglement in these chiral systems. Surprisingly, we
observe that high values of concurrence can be attained even
in conditions of strong disorder, with the inverse participation
ratio of the resulting eigenstates being the key factor that
determines the degree of entanglement. Enlightened by this
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FIG. 1. (a) Schematic of driven atoms coupled to a spin cavity.
(b) Renders concurrence vs time and L (from 5 to 50), whereas
(c) shows the maximum concurrence C,, and the corresponding time
t,, (in units of 1/J) for the cases in (b). Here, L[n,] = 2 and L[n,] =
L — 2, with hopping phases for atoms n; and n, set to ¢ = 7 /4.
(d) and (e) illustrate the chirality effect with cavity length fixed to
L = 6: (d) concurrence vs hopping phase ¢ and time, and (e) C,
(blue line) and Jt,, (red line) vs ¢. (b) and (d) share the same color
bar. The amplitude is g/J = 0.1. The bond dimension D = 10 is used
for MPS simulations.

finding, we finally consider leveraging “disorder” in the cavity
to both maximize the degree of entanglement and expedite
the generation time, showing that a higher concurrence can
be achieved within a shorter period of time when on-site
energies and hopping parameters in the spin cavity are prop-
erly tuned.

Model. We consider entanglement generation between
atoms coupled to a spin cavity, as shown in Fig. 1(a).
A series of N two-level systems describe the atoms, with
interactions mediated by magnons excited within the spin
cavity, consisting of L spin sites. The spin cavity Hamiltonian
is He =Y Aqofo, + Y Je(of oo + 0 0, ). The

Cit1 ~ Ci Cit+1
atomic Hamiltonian is H, = Z, VAo for + Qo +
o, ), where A, represents the on-site energy, J, is the
hopping strength for the spin cavity, €2,, is the driving strength
for the atoms, and o= o (n) are the raising and lowering operators
of the spin cavity and atoms. The chiral coupling between

atoms and the spin cavity is H, = va 1 8ne (ot o; con T
O’CRM )+ H.c., where g, and ¢,, are the Couphng strength

and hopping phase, and L[n;] and R[n;] represent the number
of cavity spins to the left and right of atom n;. These can be
used to label the positions of the atoms along the cavity. Chi-
rality is introduced through the hopping phase ¢,,, related to
the Lamb shift between neighboring coupling points for atom

n; [24]. For simplicity, we analyze the case of just two atoms at
positions n; and ny, resonant with the spin cavity, with A, =
A,, = A =0 and uniform hopping strength, J., =J. The
chiral couplings are uniform, gn = gand ¢,, = ¢. By the uni-

== Zk | sin L+1’7€k’ the spin

L+1
cavity Hamiltonian is dlagonahzed asH, = Zk:l ec,knc (Meks

tary transformation o

where 7. x is the magnonic mode in the spin cavity, and its dis-
persion is €. = A 4 2J cos 7 L +] More details on this model
Hamiltonian, the dispersion relation of the magnons, and the
relationship between chirality and the hopping phase are in
Sec. I of the Supplemental Material (SM) [25]. As commented
above, we employ a variational MPS algorithm [26-31] to
exactly account for the time evolution of density matrix of
the whole system. Dissipation could also be incorporated into
the numerical framework and a brief discussion on the effects
of internal losses can be found in Sec. II of the SM [25].

Farity and chirality. We first investigate the parity effects of
cavity length and atom positions, and chirality of the hopping
phase on the concurrence of the two atoms. Concurrence (C)
is a measure of the degree of entanglement [32,33], vary-
ing between C = 1 (maximum entanglement) and C = 0 (no
entanglement). By performing a partial trace over the cavity
spins for the density matrix p of the whole system, we obtain
the reduced density matrix p, = tr.(p) describing a mixed
state of the two atoms n; and n,. The concurrence of the
reduced density matrix p, is defined as C = max{0, /A —
Ay — /A3 — +/As}, where Aj, ..., A4 are the eigenvalues,
in decreasing order, of the matrix \/\/0,0.+/0n- Here, p, =
(oy ® 0y)p;(0y ® 0y) is the spin-flipped state of p,, and oy is
the Pauli matrix.

For the numerical simulations we present next, the atoms
are initially prepared with atom n; in the excited state |1)
and atom n; in the ground state |0), with no external driving
(€2, = 0), whereas all the cavity spins are in the ground state.
In this scenario, the system can be restricted to the single
excitation subspace. We plot the concurrence versus time,
Jt, and cavity length L in Fig. 1(b) for a particular chirality
(¢ = m/4), observing a zero-concurrence region in the left-
most part of the panel that indicates ballistic propagation of
excitation at short times. Rabi oscillations occur during the
time evolution of concurrence due to the reflection of excita-
tion within the spin cavity. Importantly, concurrence oscillates
along the L axis following the parity of the cavity length. This
trend is clearly seen in Fig. 1(c), which shows the maximum
concurrence C,, at the first occurrence and the corresponding
optimal time Jt,, for different cavity lengths. We find that
cavities with an odd number of spins result in low concurrence
(Cy, < 0.6), while those with an even number of spins lead to
high concurrence (C,, > 0.8). The maximum C,, of approxi-
mately 0.99 occurs for L = 10. Detailed information on the
cavity length associated with each point in Fig. 1(c) can be
found in Sec. I of the SM [25]. Furthermore, for cavities with
the same parity, Fig. 1(b) shows that C,, tends to decrease as
the cavity length increases. We can understand this behavior
observed in the numerical results by analyzing the dispersion
relation of the magnons excited in the spin cavity, €. . First,
we observe that for an odd-sized cavity, the eigenmode with
k = (L 4 1)/2 has an energy of A, which is resonant with the
atoms. In contrast, for an even-sized cavity, there is no cavity
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mode resonant with the atoms. The leakage of excitation from
the atoms to the spin cavity via the resonant magnonic mode
then leads to low concurrence in odd-sized cavities. Second,
because of the increasing number of cavity modes that become
near resonant with the atomic modes as the cavity’s length is
increased, a greater leakage of the atom excitations into the
spin cavity appears for larger cavities, reducing the entangle-
ment between the two atoms.

In the search for physical insight into this problem, given
that the coupling strengths between the spin cavity and the
atoms are much smaller than the cavity’s energy scale (g <
J), perturbation theory can be applied to derive an effective
Hamiltonian of the atomic subsystem for both even- and odd-
sized cavities. A detailed account of this approach based on
perturbation theory and its comparison with the numerical
results can be found in Sec. III of the SM [25]. For even-
sized cavities, we can obtain analytical results. When the
distance between the atoms, An = |L[n] — L[n,]|, is even,
the concurrence is C(¢) = | sin #tl. When the distance is odd,

the concurrence is C(t) = 2+/[1 — a(t)]a(t), where a(t) =

sin? gZ—w /(1 4 cos?2¢), which depends on the chi-
rality through the hopping phase ¢. We observe that for
even-sized cavities, the maximum concurrence can reach 1 in
both cases, as our MPS numerical results show.

We then study the effect of chirality by analyzing the de-
pendence of concurrence on the hopping phase ¢. According
to the perturbation theory discussed above, the concurrence
between two atoms with an even distance is independent of the
phase ¢, while it does depend on ¢ when the distance is odd.
To highlight the advantage of chirality, we consider a small,
even-sized cavity with L = 6 coupled to two atoms with an
odd distance, £[n;] = 2 and L[n;] = 5. The dependence of
the concurrence versus ¢ and time is depicted in Fig. 1(d).
First, as expected, the pattern is symmetric with respect to
¢ = m /4. As the phase ¢ changes from 0 to 7 /4, the time
required for the first occurrence of maximum concurrence
becomes shorter. Figure 1(e) shows that chiral coupling results
in higher entanglement within a shorter time, achieving this
approximately 50% faster than nonchiral coupling (¢ = 0).
Based on our numerical results and the insight provided by our
analytical approach, we can conclude that short, even-sized
cavities displaying a ¢ = /4 chiral atom-cavity coupling are
the optimal configurations to achieve the higher degree of
entanglement between the two atoms.

Effect of driving. In light of the previous findings, we
focus now on an even-sized spin cavity with number L = 10,
chirally coupled (¢ = 7 /4) to two atoms. We assume that the
atom n; is driven by a classical driving field with strength
Q,, = Q. Here, as a difference with the case analyzed in
Fig. 1, we consider that both atoms are in their ground states
at t = 0. Our results in Fig. 2(a) reveal that entanglement
dynamically evolves showing revival-and-death phenomena
[34], with decreasing concurrence in each oscillatory lobe.
When looking at the maximum concurrence C,, versus driving
strength 2 [Fig. 2(b)], we find that entanglement exhibits an
oscillatory behavior too. Specifically, there are dips in C,, at
certain driving strengths ©2/J < 1. As previously mentioned,
for even-sized cavities, there is no cavity mode resonant with
the undriven atoms, resulting in high concurrences. However,

Jt

FIG. 2. Effect of driving on concurrence. Parameters are L = 10,
Llm] =2, L[n,] =8,g/J =0.1,and ¢ = 7 /4. The on-site energies
and hopping amplitudes are the same as in Fig. 1. (a) Concurrence vs
time J¢ and driving €2/J; (b) maximum concurrence vs driving 2/J.

by driving atom ny, it is possible to tune its excitation energy
to be resonant with the cavity modes, leading to the observed
concurrence dips. The driving strength for this resonance
condition is 2 = |J cos %L The positions of these driving
strengths (red dashed lines) correspond exactly to the loca-
tions of the dips observed in the numerical simulations shown
in Fig. 2(b). More details on the derivation for this analytical
formula for the maximum concurrence dips can be found in
Sec. IV of the SM [25]. Surprisingly, the highest entanglement
scenario occurs at a very weak driving strength (C,, =~ 0.92
at Q/J =0.02). As the driving strength increases beyond
J, the maximum concurrence gradually saturates to a high
value, which is nevertheless lower than that obtained for weak
driving. Our findings provide deep insights into the intricate
and nontrivial interplay between driving and entanglement
generation, showing that a weak external driving leads to a
higher entanglement.

Effect of disorder. We now investigate the effect of disorder
in the spin cavity on entanglement generation. In previous
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FIG. 3. Effect of disorder on concurrence. (a) Average con-
currence over 1000 random realizations for each value of W:
W =0.1,03,15,2. (b) IPR of eigenstates within the single
excitation Hamiltonian vs energy for W = 0.1 (green), 0.4 (or-
ange), 1 (blue). Here, 10° realizations are performed for each
W. (c) Maximum concurrence vs average IPR for all realiza-
tions in (a). (d) Concurrence dynamics and return probabilities for
atoms ny (r;) and ny (r;) for a particular realization with W = 1.
On-site energies are A, /J = [-0.71, 0.86, 0.19, 0.42, 0.50, —0.24,
0.19, —0.45,0.18, —1.00] and A,, = A, =0.
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FIG. 4. Fast entanglement generation by engineering on-site en-
ergies and hoppings. The cavity length is L = 10, with atoms located
at L[n;] = 2 and L[n,] = 8. Initially, atom n, is excited to state |1),
while atom #, is in the ground state |0). All cavity spins remain in
the ground state. Maximum concurrence vs stopping time, Jty, for
different restrictions on engineering on-site energies, 7, in (a), and
hoppings, 7y, in (b).

calculations, the two atoms were resonant with the on-site
energies of the cavity spins, A,, = A,, = A, = 0. Now, we
assume the on-site energies of the cavity spins are randomly
distributed in the interval A.,/J € [-W, W]. Atom #; is ini-
tially prepared in state |1), while atom n, and all cavity spins
are in the ground state |0), as in the first part of this Letter.
The cavity length is L = 10. Details of the single-excitation
Hamiltonian are in Sec. I of the SM [25]. Figure 3(a) shows
the evolution of average concurrence C for different disorder
strengths W. As expected, the average concurrence C gradu-
ally decreases as W increases.

When studying localization phenomena [35], it is standard
to analyze the inverse participation ratio (IPR), defined as I; =
Z?/:TI | ,Bij 14, ,Bij being the ith component of the jth eigenstate.
The IPR measures the spatial spreading of the wave function,
with higher values indicating more localization. In Fig. 3(b),
we plot the IPR of the eigenstate of the single-excitation
Hamiltonian versus energy for three disorder strengths. For
weak disorder (W = 0.1, green), most wave functions are de-
localized except those near the atoms’ energy (A,, = A,, =
0), which are more localized to mediate entanglement. As
disorder increases, the energy gap closes (green to orange),
and states become more localized. However, even at strong
disorder (W = 1), some states remain delocalized (low IPR),
which is good for entangling two atoms. In Fig. 3(c), we ren-
der maximum concurrence C,, vs average I[PR a= > 1;/Nr),
showing a decreasing trend for increasing IPR. A higher con-
currence (C,, > 0.5) tends to occur when I < 0.35. Another
criterion for generating high entanglement in disordered sys-
tems is the effective exchange of return probabilities for atom
n;, given by r; = [(00 - - - 1,, - - - 00| (2))|?, where | (2)) is
the wave function of the system at time ¢. In Fig. 3(d), we
show the time evolution of concurrence (blue line) for a disor-
der realization (W = 1,1 = 0.23), with r| (orange dotted line)
and r, (green dotted line). Even for strong disorder, maximum
entanglement (~0.99) occurs when r; & r;, and minimum
when r; and r, differ by a large value.

Fast entanglement generation. In the previous section,
we found that disorder affects entanglement generation,
and the average IPR can estimate the expected degree of

entanglement. Here, we propose fast, high-concurrence entan-
glement generation by engineering either the on-site energies
or hoppings in the cavity. Our goal is to maximize concur-
rence within a time interval [0, Jz;], where J¢ is the stopping
time in time evolution. When engineering on-site energies, we
restrict their values to [—ra, ra] by setting A, = ra cos(6;),
keeping the hoppings the same as those in Fig. 1. For tun-
ing hoppings, we restrict them to [0, r;] by setting J;,(g,,) =
ry cosz[Gci (6,,)/2], while on-site energies are the same as those
in Fig. 1. Thus, maximum concurrence in [0, Jt;] becomes
a function of angles, C,({6;}) or C,({6.,,6,}). In Fig. 4,
we show optimization results for both scenarios using the
Powell method in SCIPY. Compared to the ordered case
(Fig. 1), engineering on-site energies [Fig. 4(a)] or hoppings
[Fig. 4(b)] significantly accelerates high-concurrence genera-
tion. As ra(y) increases, the two atoms reach high concurrence
(Gn > 0.95) within a shorter time J#; than in the ordered
system. A detailed description of the parameters for achiev-
ing this improved performance, the parameter tolerance and
dissipation effects are provided in Sec. V of the SM [25].

It is important to highlight that compared to the time-
dependent optimal control schemes previously proposed
[36-38], our platform achieves a very high degree of en-
tanglement without relying on any complex control of the
fields and, therefore, is easier to implement experimentally by
either using Rydberg atoms as an analog quantum simulator or
utilizing the IBM quantum device, IBM QX20 Tokyo [39—41].
Both implementation schemes are detailed in Sec. VI of the
SM [25].

Conclusions. We have demonstrated that parity and chi-
rality effects play a critical role in entanglement generation
between atoms chirally coupled to a spin cavity. Using per-
turbation theory and the variational MPS algorithm, we find
that small even-sized cavities, which avoid resonant magnonic
modes, show higher concurrence and more efficient entangle-
ment generation than odd-sized cavities. Additionally, while
classical driving fields generally reduce concurrence by push-
ing the atom subsystem out of the single-excitation space
where the Bell state resides, their influence is nonmonotonic,
with concurrence dips corresponding to resonances between
the driven atoms and the spin cavity. Furthermore, when deal-
ing with energetically disordered spin cavities, we find that the
inverse participation ratio of the resulting eigenstates, rather
than disorder strength, determines entanglement generation
between the two atoms. Consequently, a high concurrence can
be observed even in the presence of strong disorder. The in-
troduction of disorder can significantly expedite entanglement
generation (three to four times faster), with high concurrence
(>0.999) achievable even under strong disorder by fine tuning
the cavity parameters. Our study showcases the potential of
spin cavities as a powerful platform for entanglement genera-
tion in quantum systems.
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