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Collective nature of high-Q resonances in finite-size photonic metastructures
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We study high-quality factor (high Q) resonances in periodic and disordered arrays of Mie resonators from
the perspectives of both Bloch wave theory and multiple scattering theory. We reveal that, unlike a common
belief, the bound states in the continuum (BICs) derived by the Bloch-wave theory do not directly determine
the resonance with the highest O value in large but finite arrays. Higher Q factors appear to be associated with
collective resonances formed by nominally guided modes below the light line associated with strong-coupling

effect of both electric and magnetic multipoles. Our findings offer valuable insights into accessing the modes
with higher QO resonances via bonding modes within finite metastructures. Our results underpin the pivotal
significance of magnetic and electric multipoles in the design of resonant metadevices and nonlocal flat-band
optics. Moreover, our demonstrations reveal that coupled arrays of high-Q microcavities do not inherently result

in a stronger light-matter interaction when compared to coupled low-Q nanoresonators. This result emphasizes
the critical importance of multiple light-scattering effects in cavity-based systems.

DOI: 10.1103/PhysRevResearch.7.013316

I. INTRODUCTION

High-quality factor Q nanophotonic resonances are impor-
tant for various applications ranging from photonic crystal
cavities for quantum photonics [1-3] to metasurfaces for ul-
trathin optical beam shaping elements [4—6]. The former are
based on nominally infinite Q guided modes of photonic crys-
tal slabs, while the latter employ finite Q Mie resonances of
wavelength-scale particles. Remarkably, fine-tuning or special
symmetries have been predicted to convert low-Q resonances
into infinite-Q modes known as bound states in the continuum
(BICs) [7,8]. While there has been enormous interest in the
BIC concept, theoretical predictions regarding BICs as cav-
ities with infinite Q diverge from practical implementations,
with experimentally measured Q values limited to less than
one million [9].

Both the photonic crystal cavity and the BIC approaches
are inspired by analogies between matter and light waves.
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These concepts are rooted in the physics of scattering-free
propagation observed in Bloch waves within infinite peri-
odic photonic crystals [7,10]. Discrepancies between nominal
and measured Q values are typically attributed to enhanced
scattering losses arising from fabrication imperfections or
finite sample sizes [9,11,12], which are both neglected in
Bloch wave theory [7]. These discrepancies are exacerbated
as the devices are scaled down, leading to much lower Q
factors reported in nanophotonic systems compared to single
microcavities, which support whispering-gallery modes with
measurable Q in the billions [13]. Thus, while the BIC ap-
proach provides an elegant and intuitive way to understand
the Q factors of Bloch waves, it lacks quantitative predictive
power for real finite-size systems.

Here we study resonances supported by arrays of
Mie-resonant nanoparticles from the viewpoint of multiple
scattering theory (MST), schematically illustrated in
Fig. 1. We show that the viewpoint of the scattering wave
provides a simple way to understand the emergence of
(quasi-)BICs and other high-Q resonances in metastructures
and metasurfaces in terms of collective resonances whose
Q scales with the size of the system, diverging in the limit
of an infinite system. Intriguingly, our findings reveal that
the collective resonances of coupled high-Q microcavities
do not necessarily result in Q-factor divergence. This is
in contrast to the pronounced divergence observed when
coupling low-Q Mie resonators, highlighting the intricate
physics involved in strong multiple-scattering effects. Our
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FIG. 1. Schematic of the interaction of a magnetic dipole with various structures: a meta-atom, a diatomic meta-molecule, a linear chain
of spheres, and a two-dimensional (2D) array of spheres. Extending the chain and the 2D array to infinite periodic structures transitions them
into photonic crystals capable of supporting Bloch waves, including bound states in the continuum.

findings not only provide conceptual clarity on the nature
of high-Q resonances but also serve as a practical guide for
designing resonant metastructures, starting from a single unit
cell.

In the following, we will consider Mie-resonant silicon
nanoparticles with a fixed sphere radius of 210 nm and a
refractive index of 3.5. These parameters ensure that the high-
QO collective resonances fall within the crucial near-infrared
frequency range, essential for various technological applica-
tions [14,15], and are similar to recent experiments studying
quasi-BICs [16-18].

II. BLOCH WAVES VS SCATTERING WAVES

In the weak-coupling regime, the emission rate y of a
light emitter interacting with its local three-dimensional (3D)
electromagnetic environment is described by the multipolar
interaction Hamiltonian:

Hiw=—p-E(ry, 1) —m-B(r,,1)—.... (D

Here m and r,, (u and r,,) represent the magnetic (electric)
dipole moment and position of the emitter, respectively. Equa-
tion (1) is applicable to investigate both the dynamical and
stationary properties of the emission rate. Our focus lies on
the stationary modes of BICs, where we employ predefined
magnetic dipoles with constant moments across the entire
frequency range of interest.

For systems involving magnetic dipole transitions at equi-
librium, the emission rate is

w
y = Elm{m* -B(ry)}. @

In this context, w represents the angular frequency associated
with the dipolar transition. As our interest lies in the enhance-
ment of y due to emitter-environment interactions, we utilize
the Purcell factor defined as:
14
Fp=—. 3)
Yo
Here yy = c|m|?/(2hw), where c is the speed of light and 4 is
Planck’s constant, represents the emission rate of the emitter

in the corresponding homogeneous material, which is vacuum
in Fig. 1.

Equations (2) and (3) can effectively describe the inter-
action of a dipole with both Bloch waves and scattering
waves, which correspond to different field profiles B(r,,).
The unique boundary conditions applied in solving Maxwell’s
equations for B(r,,) result in significant distinctions between
the two.

A. Bloch waves: Diffracted waves as open channels
For Bloch waves the electromagnetic field satisfies
B(r +R,,) = ¢ B(r), “)

where R, is the vector connecting the nth and uth unit cells.
Numerical simulations are used to determine the magnetic
field B(r) within the unit cell, using an excitation source at
the temporal frequency f. For the linear chain in Fig. 1, Bloch
boundary conditions are applied in the z direction, while per-
fectly matched layers simulate outgoing waves in the x and y
directions. These outgoing waves propagate in vacuum with
a wave number k = 27 f/c. The dispersion relation kg(f) is
computed from these simulations.

When the Bloch wave number kg is greater than the wave
number k, the Bloch wave is classified as a guided mode [19],
corresponding to a band located below the light line in the
band diagram. Conversely, when kg is less than k, the Bloch
wave couples with a finite number of diffracted or open
channels, which collectively form a continuum, characterized
by their continuous spectra. The interaction with these open
channels causes the bands above the light line to behave like
leaky resonances, giving rise to the concept of guided reso-
nances [20].

Later studies introduced the term “bound states” for guided
bands, implying that Bloch waves, propagating without scat-
tering, are truly bound with infinite Q factors. However, the
finite nature of 1D or 2D photonic crystals inevitably leads
to a complex interplay between Bloch waves and scatter-
ing waves [21]. These complexities are further amplified by
recent developments in guided resonances, leading to the
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concept of Bloch BICs, which differ fundamentally from
the original matter-based BICs [22-24]. Despite significant
advancements, critical questions surrounding the physics of
BICs remain actively debated [8,25].

Scattering effects, though inherently present, are often
overlooked when studying light interactions with 1D or 2D
photonic crystals. This work emphasizes that acknowledging
these scattering effects, while recognizing the distinctions
between light waves and matter waves, enables a unified
understanding of BIC physics. Particularly, we show that
achieving infinite Q factors does not necessarily require com-
plete decoupling of light from the far-field region.

B. Scattering waves: Partial multipole
and plane waves as open channels

The scattering field can be expanded using multipole and
plane-wave representations as [26,27]

Linax

Er) =) Z [N (k) + B M) ()]
I=1 m=—1
ik 2w
L zkr
= — dﬂ doz sinaE (§)e 5)
271
H(r) = Z Z [BinN},) (kr) — ;M) (k)]
I=1 m=—1I
ik . Y ran L ikr
— d,B dasinaH(§)e™". (6)
27T c*

Here Nl(,ln) and M}rln) represent electric and magnetic multipole
fields behaving as outgoing waves at infinity, while «;,, and
Bim denote multipole expansion coefficients (MECs) specific
to the interaction configuration. The spectral amplitude vec-
tors £ (§) and H (§) are related to the MECs, where §(«, 8) =
k/k is a unit vector with polar angle o containing real and
complex values along the integration contours C*. For conve-
nience, we will use H = B/ to refer to the magnetic field.

Complex values of « correspond to evanescent waves
that decay exponentially in specific directions. Traditionally
termed closed channels, these evanescent waves stand in con-
trast to their propagating counterparts, corresponding to the
real values of o, known as open channels [16]. In the context
of plane-wave expansion, emitters in Fig. 1 interact with both
propagating and evanescent wave components. Despite far-
field analysis typically overlooking evanescent waves, these
emitters interact with both types, requiring energy dissipation
into the far-field region to maintain equilibrium.

The stored energy within evanescent waves does not rep-
resent a true BIC; on deactivating the excitation source, the
associated polarization energy gradually leaks into the far-
field region. Moreover, individual plane waves, extending
infinitely and implying infinite energy, are not physically
realizable. In contrast, partial multipole fields offer a more
comprehensible representation as physical waves.

Due to the positive energy of light waves, each multi-
pole mode corresponds to a radiative, lossy oscillator. When
resonant with a driving source, this oscillator behaves as a
resonator that can achieve a high, though always finite, Q
factor. These modes exist in 3D space and interact with mul-

tiple degrees of freedom, generating far-field patterns with
intensities that vary in different directions, exhibiting max-
ima and minima based on their mode numbers. Crucially,
all multipole modes remain open channels, continuously in-
teracting with their 3D environment—an effect tied to the
positive energy of light waves [28]. These characteristics are
key to understanding the physics behind phenomena such as
symmetry-protected and accidental BICs, as will be discussed
later.

The importance of the far-field existence can be seen
through the calculation of the system’s time-averaged radi-
ated power, derived from the multipole expansion detailed in
Egs. (5) and (6):

L,
= 52 Z 10+ Dlleanl® + 1Bnll. (D)

=1 m=-1

An alternative approach to Eq. (3) involves computing the Pur-
cell factor as Fp = P/Py, where P, denotes the radiating power
in the corresponding homogeneous environment. Equation (7)
ensures the coexistence of both near- and far-fields.

Further insight into the energy carried by individual plane
waves can be captured by Eq. (7). For example, considering
a plane wave traveling in the z direction with circular polar-
ization and an electric field E = (X + i$)Eye’*?, the associated

MECs are
, Eo 4y, |71+ 1)
o = P = 2 I +1) ®)

When expanded as a multipolar series of both incoming and
outgoing waves [27], the power carried by such a plane
wave can be evaluated from the outgoing multipole fields.
In this context, combining Egs. (7) and (8) yields P =

< $°% (21 + 1), which is infinite and therefore unphysical.
This highlights the limitations of plane-wave expansions in
describing finite systems. Multipole modes, functioning as
open channels, offer a more insightful framework for under-

standing light-matter interactions in metastructures.

III. COLLECTIVE ANTIBONDING AND BONDING
PHOTONIC MODES

The theory of multiple Mie scattering allows us to express
the field scattered by the uth sphere positioned at r, in terms
of a series of magnetic multipole fields M;;) ,

L,
E.(r,) =Y qigMjgklr —r,]), ©)

where the required truncation order L, depends on the vac-
uum wave number k and the spheres’ radius; here L, = 10 is
sufficient to obtain good agreement with a direct numerical
solution of Maxwell’s equations (Lumerical FDTD). Due to
axial symmetry, the m, source excites only the magnetic mul-
tipole modes with m = 0. The internal field of the uth sphere
can be calculated in the MST in which we can relate its MECs
nyi to the MECs g in Eq. (9) via 'y = qjd"’/b", where

bg") and dl(”) are the Mie coefficients.

013316-3



THANH XUAN HOANG et al.

PHYSICAL REVIEW RESEARCH 7, 013316 (2025)

Applying the MST results in the following equation,
accounting for all short-range, long-range, and scattering cou-
plings:

L,
0 —> 00—
gty = b | ALY 00)m, + Y > " A (0.0)qLy |-
u#n 1=1
(10)

where Aif%(m) translates the magnetic multipole field Ml(;lo)
from the uth sphere into the incident field approaching the nth
sphere [29]. Equation (10) allows us to compute all the MECs
to study the near- and far-field distributions, as well as the
Purcell factor. The roles of Mie and translational coefficients
in localizing light will be discussed later when we investigate
the effects of introducing disorders into the sphere diameters
and positions.

A. Intrinsic magnetic quadrupole and octupole modes
in photonic meta-atoms

Because both photonic crystals and metastructures are
composed of unit cells, it is useful to begin our investigation
of high-Q resonances by discussing the intrinsic Mie modes
of a single sphere. Additionally, as Q factors are a funda-
mental electrodynamic property, it is instructive to describe
the formation of stationary Mie resonant modes within the
framework of electrodynamics.

Figure 2 shows the multipolar analysis of the interaction
between a magnetic dipolar emitter and a single sphere. In
Fig. 2(b), the resonant wavelengths of the intrinsic magnetic
quadrupole (MQ) and octupole (MO) modes are shown, with
Q factors of 50 and 200, respectively. Generally, higher-order
multipole modes exhibit higher Q factors, as observed here,
due to the dominance of whispering-gallery modes in the light
confinement mechanism of a single sphere. These modes rely
on partial internal reflection, which progressively approaches
total internal reflection for higher-order multipole modes.

Light circulates around the circumference of the sphere,
experiencing multiple internal scattering events [30]. Only
light with appropriate frequencies undergoes constructive in-
terference, forming Mie resonant modes. In particular, these
Mie modes are only established after a sufficient time of
continuous excitation, their Q factor representing the time
required to fully build up the resonance. In some cases, QO
factors in the billions have been experimentally observed for
sufficiently high-order modes.

However, while whispering gallery cavities achieve high
Q factors, their bulkiness limits light manipulation at the
nanoscale—a capability in which metastructures excel. The
spectral distribution of Fp in Fig. 2(c) reveals peak wave-
lengths that align with the internal Mie coefficients, empha-
sizing that the Purcell enhancements are primarily driven by
intrinsic modes. To validate the accuracy of the Fp calcula-
tions, we performed a numerical simulation using the FDTD
software, with the result also shown in Fig. 2(c).

Typically, BICs and photonic crystal modes are analyzed
on the basis of eigenmodes in individual unit cells. For
subwavelength unit cells, only a few low-order Mie modes
are necessary to describe these eigenmodes. We will next
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FIG. 2. (a) Schematic of a single magnetic dipole oriented along
the z axis interacting with a single sphere. [(b) and (c)] Spectral pro-
files of the internal Mie coefficients and their corresponding Purcell
factors: d, (MQ) and d; (MO). The MST result based on Eq. (7)
closely matches the FDTD simulation using Eq. (3). [(d) and (e)]
Near- and far-field patterns correspond to excitation of the MQ and
MO peaks in (c). In the far-field region, the radiation patterns depend
solely on the solid angle, and the magnitudes of the electric far-field
distributions are normalized to the strongest radiation direction.

investigate the near- and far-field distributions of the MQ and
MO Mie modes, which will facilitate subsequent discussions
of BICs involving symmetry and interference arguments.
Figures 2(d) and 2(e) illustrate the near- and far-field dis-
tributions of the MQ and MO modes, respectively. Notably,
the far-field distribution of the MQ mode in Fig. 2(d) exhibits
a distinctive pattern, showing destructive interference in the
transverse xy plane. This interference aligns with the antisym-
metry of the MQ mode (particularly the E, or H, components
with respect to the y axis), which has been used to support
the presence of at-I' BICs [31]. Another perspective for the
existence of BICs is based on the symmetry of E, relative
to the center of the unit cell [7]. However, arguments based
solely on individual electromagnetic components are insuffi-
cient. As we will discuss in greater detail later, understanding
the destructive interference in the transverse xy plane and
its connection to the near-field mode distributions requires

013316-4



COLLECTIVE NATURE OF HIGH-Q RESONANCES IN ...

PHYSICAL REVIEW RESEARCH 7, 013316 (2025)

(@)

5nom  10nm

120

—Total

(b) MO-A

MQ-B

Purcell Factor

0
980 1019 1062 1095 1140
Wavelength (nm)

L}
10

LN

X Ko

y y

FIG. 3. (a) Schematic of the interaction between a z-oriented magnetic dipole and a diatomic photonic metamolecule. (b) Spectral profile of
the total Purcell factor, showing splitting of the MQ mode into antibonding (MQ-A) and bonding (MQ-B) modes, corresponding to a magnetic
null and a hotspot (H;) at the center of the gap, as shown in (c) and (d), respectively. The multipole decomposition reveals that both modes
exhibit contributions from the magnetic dipole (/ = 1, MD), which radiates predominantly in the transverse xy plane. (c) Near- and far-field
distributions of the MQ-A mode. The absence of the Oth scattering channel in the xy plane is caused by destructive interference between the
magnetic dipole, the octupole, and a higher-order multipole (/ = 5), which also leads to the antisymmetry of E, with respect to the y axis.
(d) Similar to (c) but for the MQ-B mode, where the Oth scattering channel appears due to the magnetic dipole and higher-order multipole

(I =)53).

consideration of all three field components presented in
Fig. 2(d). This discussion will clarify the symmetry mismatch
mechanism responsible for Bloch BICs.

Another significant observation drawn from the far-field
distributions in Figs. 2(d) and 2(e) is the absence of radiation
in the z direction, which can be attributed to the vectorial
characteristics of the longitudinal m, dipole and its associ-
ated excited multipole modes. This vectorial nature has been
used to explain the existence of at-I'" BICs [17,32], which
are often confused with symmetry-protected BICs arising
from diffraction theory [7]. We will show that at-I" BICs and
symmetry-protected BICs are distinct, and that the vectorial
nature of a single unit cell cannot solely account for the
existence of at-I" BICs.

B. Antibonding and bonding magnetic quadrupole
modes in diatomic metamolecules

The laws of electrodynamics dictate that modes of a di-
electric structure, such as a meta-atom or a unit cell, must
be radiatively lossy [28]. Consequently, coupling between
these modes does not increase the total number of reso-
nant modes (also referred to as closed channels) beyond
the number of open channels. This principle holds even as
the number of coupled resonators approaches infinity, imply-
ing the existence of an infinite number of open channels in
MST. This behavior contrasts sharply with diffraction band
theory, where interactions between plane waves and Bloch
waves in infinite subwavelength periodic structures involve
only a single diffraction channel [33] or a finite number of
open channels [8]. Recognizing this fundamental difference

between diffraction band theory and MST is essential for
designing resonant metasurfaces, as practical devices are fi-
nite and thus require consideration of the infinite number
of open channels. Moreover, understanding infinite periodic
structures necessitates studying their finite counterparts and
progressively increasing the system size. To address this, we
will next investigate finite coupled meta-atoms, also referred
to as metamolecules.

The simplest example of a coupled system is a diatomic
metamolecule, schematically illustrated in Fig. 3(a). Fig-
ure 3(b) depicts the splitting of the intrinsic MQ mode into
antibonding (MQ-A) and bonding (MQ-B) modes, driven by
the strong optical coupling between the two meta-atoms. The
peak wavelengths exhibit characteristic blue and red shifts for
the antibonding and bonding modes, respectively, analogous
to those observed in molecular physics. In this system, the
antibonding and bonding features correspond to a magnetic
H, null and a hotspot at the gap between the two meta-atoms,
as shown in Figs. 3(c) and 3(d).

Additionally, we decompose the total Purcell factor into
contributions from partial multipoles, as represented by
Eq. (7). Figure 3(b) shows that six multipoles are required
to describe the intrinsic modes of the coupled resonators,
with only the / = 7 multipole term being negligible across
the spectral range. The collective MQ-A and MQ-B modes
exhibit distinct multipole compositions that govern both their
near- and far-field distributions through interference effects.

Point group theory is commonly used to explain symmetry-
protected BICs, focusing primarily on the mode profiles of
individual unit cells [32,34]. However, for later discussion, we
note from Figs. 3(c) and 3(d) that, with respect to the center
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of the sphere, both the MQ-A and MQ-B modes exhibit the
same symmetry in the E, field distribution and antisymmetry
in the H, field distribution.

Point group theory alone cannot adequately explain the
presence and absence of the Oth scattering channel in the
far-field patterns of the MQ-A and MQ-B modes, respectively.
Instead, we must consider the symmetry and antisymmetry of
the collective modes about the y and z axes. Both near-field H,
distributions display symmetry with respect to the z axis; how-
ever, the E, distribution of the MQ-A mode is antisymmetric,
while that of the MQ-B mode is symmetric with respect to the
y axis.

In the far-field region, light behaves as independent plane
waves. To elucidate the absence and presence of the Oth scat-
tering channel, we can consider a time-reversal process in
which we excite the MQ-A and MQ-B modes using a plane
wave incident along the x axis, with a magnetic field oriented
along the z axis. Consequently, the electric component must
align with the y axis according to the laws of electrodynam-
ics. The antisymmetry of the E, component with respect to
the y axis in the MQ-A mode leads to a mismatch with the
plane wave’s electric component, preventing the plane wave
from exciting the MQ-A mode. In contrast, the MQ-B mode
matches the plane wave and is excited. This reversal argument
explains the absence and presence of the Oth scattering chan-
nels in Figs. 3(c) and 3(d), corresponding to the destructive
and constructive interference of odd-order magnetic multi-
poles (I =1, 3, 5) shown in Fig. 3(b).

It is important to note that both the antisymmetry of the
E,. component in the MQ-A mode and the absence of the
Oth scattering channel in Fig. 3(c) result from the destructive
interference of the multipole modes. In other words, attribut-
ing the absence of the Oth scattering channel in Fig. 3(c) to
symmetry mismatch could be misleading in electrodynamics,
as it may suggest that the MQ-A mode does not require the
odd-order multipoles to represent its near- and far-field distri-
butions [32].

IV. COLLECTIVE NATURE OF BOUND STATES
IN THE CONTINUUM

This section investigates the physics underlying high-Q
resonances in photonic crystals, framed through Bloch waves,
and in metastructures through scattering waves, with focus
on elucidating the mechanisms behind BICs. Photonic BICs
have gained significant interest since they were first studied in
infinite coupled gratings excited by plane waves [33], and es-
pecially after their observation in photonic crystal slabs [22].
Since then, the concept of BICs has attracted attention from
both the photonic crystal and metamaterial communities [35].

Most studies focus on plane-wave excitations, where the
disappearance of transmittance and reflectance at specific
incident angles is attributed to BICs. When this disappear-
ance occurs at normal incidence, the BICs are referred to as
symmetry-protected and are commonly associated with the
I' point [7,36]. When the disappearance occurs at oblique
incidences, these are labeled accidental BICs and are known
as off-I" BICs [22,31]. Symmetry mismatch and destructive
interference have typically been invoked to explain the origins
of symmetry-protected and accidental BICs, respectively.

Despite significant progress in both applications and fun-
damental studies of BICs, developing a unified physical
mechanism for these states remains an open problem [8,25]. In
this section, following Sec. III, we expand on the limitations
of using symmetry arguments and destructive interference as
explanatory frameworks. Our analysis reveals that collective
resonances arising from strong multiple scattering provide
a unified explanation for both high-Q and infinite-Q reso-
nances. Furthermore, we show that symmetry-protected and
accidental BICs are specific to plane-wave excitations and
are not inherently equivalent to at-I' and off-I" BICs. These
insights offer conceptual clarity to the various high-Q reso-
nances observed in systems ranging from photonic crystals
to metastructures, all of which are governed by multipolar
scattering waves.

Our findings have practical implications for high-Q res-
onators in applications such as optical spectral filtering,
sensing, and lasing. For spectral filtering or polarization con-
version, BIC concepts are particularly valuable in designing
metadevices based on coupled gratings or low-index-contrast
photonic crystals. Although these systems weakly confine
light in the in-plane directions and require larger physical
footprints, making them less suitable for enhancing Purcell
factors, they remain effective for targeted filtering and polar-
ization conversion applications. In contrast, for applications
requiring strong light-matter interactions, such as nanolaser
development [16,17], where off-resonant pumping is typically
employed, high-Q resonances corresponding to bound states
below the light line result in devices with higher power effi-
ciency [37].

A. At-T bound states in the continuum

Although both at-I" BICs and symmetry-protected BICs
can emerge in infinite periodic arrays, they represent funda-
mentally distinct phenomena. Symmetry-protected BICs arise
when plane waves are incident on such arrays, typically ex-
citing a set of Bloch modes, including the at-I" Bloch mode.
Even under normal incidence, the field in the periodic struc-
ture is a superposition of multiple Bloch waves. In contrast,
at-I' BICs correspond to single Bloch modes with a wave
number of kz = 0 and are generally excited by a dipole in the
near-field region.

To further elucidate these key differences, we first examine
at-I" BICs excited by a magnetic dipole (see Fig. 4), followed
by a discussion of off-I' BICs in Sec. IV B. Symmetry-
protected and accidental BICs are then analyzed in Sec. IV C.

1. Divergence and convergence of collective resonances

Figures 4(a) and 4(e) present two alternative perspectives
on at-I" BICs: one based on scattering waves and the other
on Bloch waves. The key difference lies in the number of
radiative channels: Scattering waves couple with an infinite
number of plane-wave channels, whereas photonic crystals
with subwavelength periods typically support only a single
diffraction channel, which serves as the continuum channel
for Bloch waves [33].

Figure 4(b) shows the emergence of two distinct bands
from the MQ and MO modes as we transition from two
spheres (Fig. 3) to 20, forming a 1D linear chain. These
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FIG. 4. Comparison of results from metastructure [(a)—(d)] and photonic crystal [(e)—(h)] analyses. (a) Schematic illustrating the interaction
between a magnetic dipole and a metastructure composed of N spheres in a 3D environment with infinite degrees of freedom, represented by
the wave vector ks (b) Spectral profiles showing the MQ and MO expansion coefficients for a chain of 20 spheres, revealing two photonic
bands with three prominent band-edge modes, corresponding to the MQ-A and MQ-B modes in Fig. 3 and the MO mode in Fig. 2. The MQ-A
band-edge mode, labeled L, is stronger than the in-band collective modes, such as the L; mode. The collective mode L,, which corresponds
to a null field in the center of the array, does not appear in (b). (c) Q-factor analysis of the MQ and MO band-edge modes, highlighting
their divergence and convergence as the number of spheres increases. (d) Divergence and convergence of the scattering multipole coefficients,
representing the internal field localized in the middle sphere of the chain, as the number of spheres increases. (e) Schematic depicting the
interaction between a magnetic dipole and a Bloch wave, with a single continuum diffraction channel denoted by the wave vector kgo. (f) Band
diagram showing two photonic crystal bands corresponding to the MQ and MO bands in (b). The MQ band crosses the light line, while the
MO band lies entirely above it. The insets show the antisymmetric and symmetric magnetic components H, of the MQ and MO modes at the
I" point. (g) Q-factor analysis of the two Bloch modes above the light line, indicating a bound state in the continuum for the MQ-A mode at
the I" point. The inset magnifies the divergence and convergence near kz = 0. (h) Purcell factor analysis showing divergence and convergence

patterns consistent with the Q-factor analysis in (g).

collective bands suggest the existence of photonic crystal
bands, a hypothesis confirmed by the Bloch band simula-
tions in Fig. 4(f). Remarkably, the band edges in Fig. 4(f)
closely match the predictions from the MST calculations in
Fig. 4(b). Furthermore, the MST reveals collective resonances
spread across the entire widths of the Bloch bands, both below
and above the light line, highlighting the limited impact of
the light line on resonator design using photonic metastruc-
tures. While collective resonances below the light line exhibit
significantly higher strengths compared to those above it,
their shared origin in resonant multiple scattering provides
a unified perspective on guided resonances and Bloch bound
modes.

Although the Q factors of the MQ-A and MQ-B modes
are similar for two spheres, as shown in Fig. 3(b), their
behaviors diverge significantly as the number of spheres in-
creases, as seen in Fig. 4(c). In particular, the Q factor of
the MQ bonding mode increases more rapidly than that of
the antibonding mode. This divergence generally follows the
power-law scaling described by Q(N) =~ QoN“, where N rep-
resents the number of spheres. We estimate o &~ 3 for the
MQ-B modes, o ~ 2 for the MQ-A mode, and « = 0 for the
MO mode.

The MQ-B mode, located below the light line, is con-
ventionally described as a guided mode bound to the 1D
photonic crystal, without extending into the far-field region.
However, within the metacrystal MST framework, the MQ-B
mode interacts with the far-field through scattering effects.
While modes below the light line often exhibit much higher
Purcell and Q factors, recent attention has shifted towards
guided resonances above the light line, which promise infinite
Q factors for enhancing light-matter interactions.

For infinite structures, the Q and Purcell factors associated
with BICs can indeed reach infinity, as shown in Figs. 4(g)
and 4(h) for the MQ-A and MO bands. As the Bloch wave
number approaches the I' point (kg = 0), the Q factor of
the guided MQ-A resonance diverges. Conventionally, this
divergence has been attributed to the antisymmetric field com-
ponent [31] [inset of Fig. 4(f)] or the symmetric E, electric
field component [7] (Fig. 2), both characteristic of the MQ
mode. In contrast, the finite Q factor of the MO band arises
from the symmetric component of the MO mode [inset of
Fig. 4(f)] [31].

Challenges arise, however, when considering the symmetry
properties of both the electric and magnetic field components
of these modes. For an example, the field distribution of E,
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for both the MQ-A and MO modes is symmetric with respect
to the center of the unit cell and the y and z axes, which
means that symmetry alone cannot explain the divergence
and convergence behavior shown in Fig. 4(g). Furthermore,
as depicted in Fig. 4(a), our dipole excitation source primar-
ily radiates in transverse directions, which contrasts with the
behavior of an at-I" BIC that does not radiate transversely. An-
other potential mechanism for the divergence of the Q factor
in Fig. 4(g) and the Purcell factor in Fig. 4(h) is the destructive
interference between the multipoles excited in the unit cell
and the dipole driving source [22,32]. This wave interference
mechanism is a fundamental property of wave physics and
mirrors the explanation for the diatomic metamolecule system
in Fig. 3.

However, to achieve complete destructive interference, the
system would require infinite time to accumulate infinite en-
ergy within the unit cell, fully suppressing the transverse
radiation of the source. Thus, while destructive interference is
valid for stationary states, it does not fully apply to dynamic
electrodynamic systems. In the FDTD results shown in Fig.
4(g), when we set the boundary conditions to isolate the I"
point the energy in the simulation domain does not decay to
zero for the MQ-A mode but does for the MO mode. This
behavior reflects the long-range effects present in coupled
resonator systems [38]. The finite Q factor of the MO Bloch
mode aligns with the converging Q factor obtained from MST,
as shown in Fig. 4(c). This consistency between the MST and
photonic crystal approaches is intriguing, especially consid-
ering their differing boundary conditions, but it is expected,
since both derive from Maxwell’s equations. Our view of
BICs within the MST framework offers a consistent explana-
tion for both finite and infinite systems, in both dynamic and
stationary states.

In the MST the MQ mode, with its stronger long-range
interactions, exhibits a strong (divergent) collective reso-
nance, while the MO mode remains finite due to its weaker
long-range interactions. Further insights into the impact of
long-range interactions on the resonant MECs are elucidated
in Fig. 4(d), illustrating the divergence and convergence of
the MECs representing the resonant field inside the middle
sphere. Due to the positive energy of light, adding more
spheres to the chain introduces not only channels that enhance
resonances but also radiative channels that weaken them.
For both MQ-A and MQ-B modes, the enhancement effect
outweighs the dissipative effect, resulting in the divergence
of the MQ coefficients. In contrast, for the MO mode, the
opposite occurs, leading to the convergence of the MO co-
efficient. These patterns of divergence and convergence in
the resonant strengths elucidate the corresponding diverging
and converging characteristics of the Purcell factors shown
in Fig. 4(h), where we examine the interaction between the
magnetic dipole and the Bloch MQ-A and MO modes.

Interestingly, high-Q Mie resonator (MO) arrays do not
inherently produce higher collective resonance Q factors
compared to arrays of low-Q Mie modes (MQs) with a suffi-
ciently high number of resonators, as exemplified in Fig. 4(c).
This peculiarity arises from the intricate interplay between
the behavior of individual resonators and their collective
response. Individual high-Q modes retain light for longer
periods but also introduce heightened radiative-loss chan-

nels, limiting their collective resonances from reaching the
strong multiple-scattering regime necessary for divergence. In
fact, higher-order Mie modes behave similarly to whispering
gallery modes, and coupling these high-Q modes generally
results in collective Q factors lower than their isolated coun-
terparts [29]. This finding can guide the design of coupled
cavity arrays for applications such as quantum simulators and
networks [39—41].

2. Near-field symmetry and far-field interference

Since symmetry mismatch and far-field destructive in-
terference are two of the most common mechanisms for
explaining BIC [8], it is instructive to investigate far-field
interference patterns alongside the near-field symmetry and
antisymmetry of the collective modes MQ-A and MQ-B, as
shown in Fig. 5. The far-field patterns reveal destructive in-
terference in multiple directions for both modes, which is
not necessarily limited to the transverse direction. Moreover,
it is crucial to recognize that the Bloch diffraction channel,

characterized by the wave vector k po, is distinct from the

transverse radiation direction _k)o, as shown in Fig. 4(a).

Within the MST framework, even the MQ-B mode, cor-
responding to the bound state below the light line, radiates
into the transverse direction, labeled the Oth scattering channel
in Fig. 5(d). The presence and absence of this Oth scattering
channel in Figs. 5(c) and 5(d), respectively, can be understood
through the near-field distributions in Figs. 5(a) and 5(b). This
reasoning follows a pattern similar to that in Sec. III for the di-
atomic metamolecule, where the symmetry and antisymmetry
of the H, and E, distributions in the collective modes explain
the behavior of the Oth scattering channel.

By extending this reasoning and increasing the number of
unit cells to infinity, we observe that the absence of the Oth
scattering channel persists for the MQ-A mode. In contrast,
for the MQ-B mode, we can toggle the Oth scattering channel
on or off by selecting an even or odd N, respectively, as the
H, distribution will exhibit symmetry or antisymmetry ac-
cordingly. For example, the Oth scattering channel disappears
for N =1 in Fig. 2(d) but reappears for N = 2 in Fig. 3(d)
and N = 20 in Fig. 5(d). Therefore, we must consider the
collective nature of resonant modes when examining their Oth
scattering channel or its equivalent plane-wave excitation in a
time-reversal process, as explained in Sec. III.

To further explore the far-field characteristics, we present
the far-field intensity as a function of both excitation
wavelength and polar angle in Fig. 5(e), focusing on the
antibonding MQ-A mode [denoted L; in Fig. 4(b)]. A key dis-
tinction between the far-field plots in Figs. 5(c) and 5(e) is that
the former shows the intensity at a single wavelength across
the full polar angle range (0, w) and half of the azimuthal
angle range (0, ), while the latter spans a range of excita-
tion wavelengths and polar angles. Due to the system’s axial
symmetry, the far-field distributions are azimuthal invariant.
The first scattering order from Fig. 5(c) and its associated L,
wavelength are marked in Fig. 5(e) for clarity. Interestingly,
the intensity along the transverse direction (90°) is not at a
minimum, with several minimal points appearing at different
angles and wavelengths. Some of these correspond to off-I"
points in Fig. 4(f), corresponding to guided resonances with
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FIG. 5. Near-field symmetry and antisymmetry of bonding and antibonding modes and their corresponding multipolar interference in the
far-field. [(a) and (b)] Near-field distributions of H, and E, for the antibonding MQ-A mode [L; in Fig. 4(b)] and the bonding MQ-B mode of
a 20-sphere chain, respectively. The symmetry and antisymmetry of the field components align with the diatomic metamolecule presented in
Fig. 3, leading to the absence of the Oth scattering channel in (c) for the MQ-A mode and its presence in (d) for the MQ-B mode. (e) Far-field
intensity of antibonding modes as a function of the radiation wavelength and angle relative to the z axis. The collective Mie resonances L;
and L; in Fig. 4 are marked at their respective peak wavelengths. For better visualization, the first scattering channel from (c) is also indicated
in (e). The wavelength of the minimum intensity differs from the at-I" BIC in Fig. 4, which occurs at 976 nm, highlighting the limitations of
explaining BICs solely through destructive interference of multipoles or their symmetry properties.

finite Q factors. As such, the attribution of BIC formation
solely to far-field destructive interference of multipole modes
is not universally conclusive.

Another noteworthy feature in Fig. 5(e) is that, unlike the
modes labeled with odd numbers (L; and L3), the mode la-
beled L, produces the Oth scattering channel. This observation
is significant because it indicates that the L, mode can be
excited by a plane wave incident from the transverse direction.
As we increase N, the mode L, will converge to the mode
L, exhibiting an infinite Q. This further emphasizes the im-
portance of considering the collective nature of the resonant
modes when explaining their radiation into the Oth scattering
channel. The role of plane-wave excitations in the formation
of BICs will be discussed in further detail in Sec. IV C.

3. Material absorption limits on Q factor saturation

The Q-factor divergences in Fig. 4 pertain to chains of loss-
less silicon spheres. Recent studies have increasingly focused
on the fundamental limits of Q factors due to material absorp-
tion losses [42]. Generally, the total Q factor is determined by
both radiative (Q,) and absorptive (Q,ps) components. For a
material with permittivity €’ + ie”, the absorptive Q factor is
given by Qups = €'/€”.

In Fig. 6, we explore the Q-factor behavior of the MQ-A
and MQ-B modes for lossy silicon, with a refractive index
of 3.5+ i x 1074, corresponding to Qs = 1.75 x 10*. Un-
like the rapid divergence of Q factors seen in the lossless
case, Fig. 6(a) shows that in the presence of absorption,
the Q factors converge to approximately Q,us, highlighting
the significant impact of material absorption. The fact that the
saturated Q factors exceed Q,ps can be attributed to an effec-
tive scaling factor, which suggests that the saturated Q factor

depends on the fraction of electromagnetic energy stored
within the spheres [43].

Figure 6(b) reveals an intriguing result: the maximum Q
factor of Bloch modes exceeds Q,ps by an order of magnitude
and differs from the MQ-B band-edge mode predicted by the
MST. Instead, this maximum corresponds to a Bloch mode
near the light line. This discrepancy arises from the stronger
confinement of the MQ-B band-edge mode to the spheres,
which increases the absorption losses. However, for finite
chains, the MQ-B band-edge mode consistently exhibits the
highest Q factor, underscoring the importance of accounting
for finite-size effects in light-matter interaction systems.

BICs are typically regarded as radiationless modes, where
O, — oo, implying that the total factor Q is governed
solely by material absorption, which is equivalent to Q,ps,
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FIG. 6. Effect of material absorption loss. (a) Both bonding and
antibonding MQ modes exhibit Q factors converging to values lim-
ited by absorption loss. (b) The convergence of Q factors for the
two band edge Bloch modes corroborates findings from multiple
scattering theory in (a).
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FIG. 7. Off-I" bound states in the continuum arising from collective MO resonances in square arrays of N x N spheres. [(a)—(c)] Near-field
H, distributions for a 8 x 8 sphere array, corresponding to the MO, ; ; modes marked in (d). Insets show the respective electric far-field
distributions. (d) Purcell factor for a z-oriented magnetic dipole placed at the location of the strongest field in (a). (e) Divergence of the Q
factor for the MO; mode as the number of spheres in the square array (N) increases. (f) Band structure and divergence of the Q factor at off-I"
points, indicating the presence of BICs. The upper inset zooms in on the strong fluctuations of the Q factor near the BICs, while the lower inset

shows the magnetic profile of the corresponding eigenmode.

according to the relation 1/Q = 1/0Q, + 1/Qus [42]. How-
ever, our MST framework provides an alternative explanation
for the observed convergence of the Q factor. In this frame-
work, radiation loss persists (finite Q,), but long-range
coupling effects weaken, preventing the divergence of partial
multipole fields as the number of unit cells increases. It should
be noted that the Q factors in Fig. 6(a) are derived from
multipole scattering coefficients, indicating that saturation of
the Q factor does not imply the absence of radiation loss.

B. Off-T" bound states in the continuum

This subsection addresses the collective resonance ori-
gin of off-I' BICs. As shown in Sec. IV A, the at-I" BIC
corresponds to the divergence of resonant scattering multi-
pole fields. In contrast, the Q-factor convergence of the MO
mode in the 1D photonic crystal results from radiative losses
outweighing resonant enhancement, which is driven by long-
range coupling effects. A practical approach to mitigate this
radiative loss is to extend the structure into a 2D array or
metasurface, as illustrated in Fig. 7. By transforming the 1D
chain into the 2D metastructure, the light leaking into the y
direction is redirected towards the central region, thus improv-
ing light-trapping efficiency.

Resonant metasurfaces typically support multiple super-
modes [34,44,45], exemplified by MO, » 3 in Figs. 7(a)-7(d).
The near-field H, distributions of these supermodes clearly re-
veal their collective nature. The far-field distributions, shown
in the insets of Figs. 7(a)-7(c), display several null-field
directions, a characteristic feature of collective resonances.

Notably, the dominant MO, supermode deviates from the
band-edge behavior observed in its 1D chain counterpart
(Fig. 4). This suggests that within the photonic crystal frame-
work, the maximum factor Q of the corresponding guided
resonance occurs at an off-I" point rather than at I.

Furthermore, Fig. 7(e) illustrates the divergence of the O
factor for the MO, supermode as the number of spheres in the
square metastructure increases. This divergence indicates that
BICs could potentially be observed in the corresponding 2D
photonic crystals, with the Q-factor divergence of collective
resonances serving as a mechanism to detect BICs. Simula-
tions of the photonic crystal band and its associated Q factors,
shown in Fig. 7(f), support these hypotheses. The lower inset
of Fig. 7(f) shows the H, distribution within a unit cell, which
remains nearly uniform across the entire band, while the up-
per inset reveals strong fluctuations of the Q factor near the
BIC points, a typical signature of destructive and constructive
interference between the Bloch and radiation modes.

Our findings provide important insights: While the theo-
retical Q factors of BICs tend toward infinity, experimental
results typically achieve values below one million [9]. As
shown in Fig. 7(e), even for a 100 x 100 resonator array, the Q
factor reaches only around 1 million. Notably, a BIC laser with
a factor Q in the thousands has been realized using a 16 x 16
MO array [16], consistent with our simulation in Fig. 7(e).
Comparing these results with the 1D arrays in Fig. 4(c), it
is evident that 2D MQ arrays can significantly enhance the
efficiency of MO-based surface-emitting lasers. In Sec. IV D,
we will show that these 2D MQ arrays can improve the Purcell
factor by orders of magnitude.
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The MO-based BIC has been linked to Friedrich-Wintgen
BICs, which arise from coupled resonances [16,35]. How-
ever, Friedrich-Wintgen BICs require a critical condition: The
number of closed channels must exceed that of the contin-
uum channels [7], which light waves do not obey. A more
appropriate term to describe BICs originating from coupled
resonators could be Feshbach-type BICs, based on Feshbach’s
unified theory of coupled resonances interacting with multiple
open channels [14]. Given the similarities between Feshbach’s
theory and our MST approach, it provides a better framework
for explaining off-I" BICs.

Past efforts to explore the impact of finite-size effects on
off-I" BICs relied on the tight-binding model for Bloch waves,
attributing scattering loss primarily to the edges of finite
structures [43,46]. However, our MST offers a contrasting
perspective, revealing that the scattering loss predominantly
originates from central regions [38]. These differing perspec-
tives stem from the analogous yet distinct behaviors between
matter and light waves. The concept of Bloch waves, rooted
in matter waves traversing crystal lattices without scattering,
hinges on two fundamental properties. First, matter waves and
their potential structures can be considered closed systems
if their total energy is negative, which limits the interaction
between the matter waves and their environment. Second,
when these matter waves interact with their local lattice po-
tentials, they do not encounter retardation effects due to their
probabilistic nature [47].

Conversely, light waves possess positive energies, and thus
the internal fields within the unit cells of metacrystals—or
metastructures in general—maintain coupling with the 3D
environment even when we extend their structure to infin-
ity. Moreover, in scenarios of resonant multiple scattering,
light waves experience retardation effects, a crucial con-
sideration. Unlike matter waves, the localization of light
in resonant metacrystals does not rely on structural disor-
ders, which are required for localizing matter waves through
the Anderson effect. Essentially, the central localization
of light within the resonant metasurface, as depicted in
Fig. 7(a), and its associated van Hove singularity at the
off-I" points stem from the distinctive retardation effects in-
herent to light waves. Our findings elucidate these distinct
attributes of photonic BICs, providing clarity on their physical
origin.

C. Symmetry-protected and accidental BICs

The majority of BICs have been discussed in the con-
text of the disappearance of reflectance and transmittance
for plane waves incident on photonic crystal slabs or meta-
surfaces with subwavelength unit cells. Typically, BICs are
classified into symmetry-protected (S-BIC) and accidental
(A-BIC) types [35], corresponding to plane waves with nor-
mal and oblique incidence, respectively. These S-BICs and
A-BICs are also commonly referred to as at-I' and off-
I' BICs [7,22,23,36]. However, in Fig. 8, we present an
alternative perspective. Although the disappearance of re-
flectance and transmittance is linked to resonant Mie modes
in infinite metastructures, S-BICs and A-BICs do not nec-
essarily align with the classifications of at-I' and off-I"
BICs.

1. Disappearance of diffraction bands under oblique incidences
and plane-wave coupling to Bloch modes

Figure 8(a) shows a typical setup for detecting BICs, where
a plane wave with an incident angle 6 interacts with a meta-
surface composed of subwavelength unit cells. According to
diffraction theory, only a single diffraction channel governs
the interaction between the plane wave and the metasurface,
the reflectance following the law of specular reflection [48].
In this work, we employ rigorous coupled-wave analysis
(RCWA) to compute transmittance and reflectance.

Figures 8(b) and 8(c) illustrate the transmittance for both
S-polarized (7;) and P-polarized (7)) plane waves across a
spectral range designed to detect the A-BIC, which shares
its MO origin with the off-I" BICs presented in Fig. 7. Six
diffraction bands are identified within these parameter ranges,
labeled B;_¢ in Figs. 8(b) and 8(c). Notably, the A-BIC is
observed in band B; at a wavelength of 865 nm and an incident
angle of approximately 10°. This wavelength is 20 nm away
from the off-I' BIC, which appears at around 845 nm in
Fig. 7(f). The 20-nm difference emphasizes that while the
A-BIC and the off-I' BIC originate from a common MO
resonance, they represent distinct phenomena. This MO origin
is further supported by the E, distribution within the unit cell,
as shown in the inset of Fig. 8(b).

Additionally, the band