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Abstract

English

The purpose of the present thesis is to study the interactions between quantum emitters
mediated by surface electromagnetic modes that are bound to complex metallic waveg-
uides. The motivation for this research is the strong confinement of surface electromagnetic
fields. Such localization can enhance the quantum-emitter interactions and allows them
to serve as basic components for ultra-compact circuits based on one-dimensional surface
plasmons. Towards this aim, we present a theoretical formalism based on the quantization
of the macroscopic Maxwell’s equations and the Green’s electromagnetic tensor. We treat
the quantum character of the atomic-systems in the two-level approximation, whereas the
optical properties of the macroscopic metallic waveguides are characterized by means of
dielectric constants. Due to the complexity of the waveguides considered in this thesis, we
develop accurate numerical models based on the finite element method to calculate the elec-
tromagnetic fields bound to the waveguides. We apply the electric dipole approximation to
compute the electromagnetic Green’s tensor from these numerical models. Next, we explic-
itly extract the contribution of the surface guided modes to the above-mentioned tensor in
order to analyze its role in mediating the interactions between the emitters. The classical
values of the Green’s tensor are required to compute the evolution of the density matrix
associated with the quantum emitters and the plasmonic waveguides, and the resulting
master equation is numerically solved.

We perform a broad research of waveguide candidates that support surface electromag-
netic modes, in order to construct a suitable framework to investigate the above-mentioned
interaction phenomena. This analysis is started in the optical regime, inspired by the proper-
ties of surface plasmon polaritons at flat metallic surfaces. The subwavelength confinement
of surface plasmons allows to boost the electromagnetic interactions with quantum emit-
ters in planar interfaces. With the aim of further increasing the degree of confinement of
such bound modes, we study the electromagnetic properties of one-dimensional plasmonic
waveguides. To this purpose, we consider several of the most promising plasmonic waveg-
uides, and characterize their relevant range of geometrical parameters for achieving deep
subwavelength confinement. In order to transfer those confinement properties from the op-
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Abstract

tical to other possible regimes of emission at longer wavelengths, we make use of periodical
corrugations in the metals. We show how such corrugations allow us to increase the degree
of confinement in the telecom and the terahertz regimes. The extension to these regimes of
high technological interest enable us to identify new waveguide schemes. In particular, we
propose a novel waveguide, based on periodical chains of metallic particles on top of metal-
lic substrates, with good guiding properties for subwavelength circuitry. We describe its
main propagation properties and we develope a set of passive devices using this structure.

The high spatial confinement of one-dimensional plasmonic waveguides in the optical
regime, together with the availability of single-photon sources at optical wavelengths, moti-
vates the research of electromagnetic interactions between the two. In particular, we analyze
the spontaneous emission from two-level atomic-systems induced by one-dimensional plas-
monic waveguides in several spatial and orientational configurations. The resulting high effi-
ciency of single-plasmon generation leads us to explore the ability of those guided plasmons
to act as interaction carriers between two separated emitters. In particular, we demonstrate
their capacity to enhance the resonance energy transfer from one emitter to an accepting
atomic-system, and also to generate super and subradiance phenomena which arise from
mutual couplings mediated by the one-dimensional plasmonic waveguides.

The super and subradiant collective decay rates indicate the potential capability of guided
plasmons to generate entanglement among two atomic-systems. To further investigate this
ability, we quantify the generation of entanglement between a pair of separated two-level
emitters for different waveguide-emitter configurations. First, we consider the generation of
entanglement in the absence of external sources, which leads to a transitory formation of
entanglement. Secondly, we introduce the presence of a laser source, which allows to achieve
stationary entanglement. In both scenarios, the main physical mechanisms that generate
the entanglement are explained by means of the guided plasmon properties.

x



Español

El objetivo de esta tesis es investigar las interacciones entre emisores cuánticos mediadas
por modos electromagnéticos de superficie que existen en guías de onda metálicas complejas.
La motivación para el estudio de este tipo de interacciones proviene del alto confinamiento
de los campos electromagnéticos de superficie, que permite incrementar dichas interacciones.
Para analizar dichos acoplamientos, se presenta un formalismo teórico basado en la cuanti-
zación de las ecuaciones macroscópicas de Maxwell y el tensor de Green electromagnético.
En este formalismo, las propiedades ópticas de los materiales que forman las guías de on-
das se caracterizan por constantes dieléctricas. Por otro lado, el carácter cuántico de los
sistemas atómicos se trata dentro de la aproximación de dos niveles, con su correspondiente
momento dipolar asociado. Debido a la complejidad de las guías de onda estudiadas en esta
tesis, hemos desarrollado modelos numéricos precisos, basados en el método de elementos
finitos, para calcular los campos electromagnéticos asociados a estas estructuras. En par-
ticular, usando la aproximación dipolar eléctrica, hemos extraído el tensor de Green de los
modelos numéricos. Con el fin de enfatizar la relevancia de los modos de superficie guiados
en las interacciones con los emisores, hemos extraído explícitamente la contribución de los
modos guiados a dicho tensor. Los valores calculados del tensor de Green son utilizados para
evaluar los coeficientes de la ecuación maestra que describe la interacción de los emisores
y las guías plasmónicas, y que gobierna la evolución de la matriz de densidad en dichos
sistemas.

Para establecer un marco adecuado en el que poder investigar los fenómenos de inter-
acción mencionados anteriormente, se realiza una amplia investigación de guías de onda
que soportan modos electromagnéticos de superficie. Comenzamos esa investigación en el
régimen óptico, tomando como inspiración las propiedades de los plasmones polaritones de
superficie en interfaces metálicas planas. El confinamiento de los plasmones de superficie,
que se produce en tamaños más pequeños que la longitud de onda, permite aumentar las
interacciones electromagnéticas de emisores cuánticos. Con el fin de incrementar el grado
de localización de tales modos ligados, se estudian las propiedades electromagnéticas de
guías de ondas plasmónicas unidimensionales. En este estudio consideramos varias de las
guías de ondas plasmónicas más prometedoras, y caracterizamos un rango de parámetros
geométricos que proporcionan un alto confinamiento. Para transferir dichas propiedades de
localización del régimen óptico a otros posibles a longitudes de onda mayores (concreta-
mente al infrarrojo cercano y al terahercio), hacemos uso de ondulaciones periódicas en la
superficie de los metales. La extensión a tales regímenes de alto interés tecnológico nos ha
permitido identificar nuevos sistemas de guías de ondas. En particular, se estudia una guía
de ondas novedosa basada en cadenas periódicas de partículas metálicas, las cuales son colo-
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cadas encima de substratos metálicos. Estas guías de ondas muestran notables propiedades
de propagación para circuitos pequeños comparados con la longitud de onda. Dichas ca-
racterísticas de guiado son estudiadas frente a cambios geometrícos de las partículas, y un
conjunto de dispositivos pasivos, basados en la guía de ondas mencionada, es presentado.

El alto confinamiento espacial de los modos plasmónicas unidimensionales en el régimen
óptico, junto con la disponibilidad de fuentes de fotones individuales en dicho rango, mo-
tivan la investigación de las interacciones electromagnéticas entre ambos. En particular,
analizamos las propiedades de emisión espontánea de sistemas atómicos de dos niveles en
presencia de guías de ondas plasmónicas. Para ese estudio se han considerando amplios
cambios de la configuración del sistema (posiciones y orientaciones del emisor, geometría
de las guías y longitud de emisión). Las altas eficiencias resultantes para la generación de
plasmones individuales, nos llevan a estudiar la posibilidad de usar los plasmones guiados
como portadores de la interacción entre dos emisores separados. La capacidad para aumen-
tar la transferencia de energía en resonancia, desde una fuente de emisión hasta un sistema
atómico aceptor, es demostrada. Además la formación de fenómenos colectivos super y
subradiantes mediados por la guía plasmónica es estudiada.

Finalmente investigamos la habilidad de los plasmones guiados para generar entrelaza-
miento cuántico entre dos sistemas atómicos separados, lo cual es debido principalmente a la
aparición de estados sub y superradiantes. Dicha generación es cuantificada para diferentes
guías plasmónicas, y para distintas posiciones y orientaciones de los emisores respecto a és-
tas. En primer lugar, se considera la generación de enredo cuántico en ausencia de fuentes
externas, lo que conduce a una formación transitoria de entrelazamiento, y en segundo lu-
gar, se introduce la presencia de una fuente láser, que permite lograr un entrelazamiento
cuántico estacionario. En ambos escenarios, el principal mecanismo físico que genera el
enredo se explica a través de las propiedades de los plasmones guiados.
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1 General introduction

The progress in the physics of surface electromagnetic (EM) modes has been outstanding
since the end of the 20th century due to the development of devices based on surface plasmon
polaritons (SPPs) [1]. SPPs are quasi-particles supported at the surface of a conductor
material, usually a metal. The origin of this quasi-particle nature is the interaction of
light waves with the free electrons of the metal. Such resonant response of the electrons
turns into collective oscillations, which trap the light at the metal surface. The charge
density oscillations, together with the light field, constitute the SPPs and they give rise to
their interesting properties. The first experimental evidence of SPPs was observed in flat
metallic slabs with electron scattering experiments. Their existence was revealed through
the appearance of resonances in the spectrum of the reflectance or transmittance arising
from the electrons that impinged on the metallic sample [2]. The peaks of the resonances
were displaced at lower energies respect to the energy of the incident electrons and this
difference was attributed to the excitation of SPPs.

The aim of those early days in plasmonic research is far from the actual goal of developing
SPP-based devices. Recent progresses in material fabrication have allowed to build metallic
nanostructures in order to control the propagation of SPPs for designing novel applications.
Some examples of these applications, which are currently under research [1], are surface
enhanced Raman scattering for biomolecular detection [3, 4], near-field microscopies [5],
and all-optical processing in circuits [6]. Interestingly, some of these advances in all-optical
circuit processing have been recently encouraged by quantum optical devices that exploit
the discrete character of SPPs. For both classical and quantum optical research, one of the
most remarkable properties of SPPs is the ability to concentrate light at subwavelength
scales [1, 6]. In order to place the work involved in this thesis within both research con-
texts, we firstly introduce some state-of-the-art devices in ‘classical’ research on plasmonic
circuitry, including different spectral regimes and their limitations, and secondly, we detail
some of the most relevant quantum developments with SPPs.

Most of the motivation for a classical information processing of SPPs on a chip comes
from the possibility to fabricate photonic circuits at subwavelength sizes, in contrast to
dielectric waveguide approaches [6] that are diffraction limited. Let us explain this limitation
in more detail. In the case of translational-invariant all-dielectric waveguides, the light can
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1 General introduction

be confined in a finite 2D domain characterized by a cross-section, for instance a circular
one. The inner core of the waveguide domain is a high refractive-index material that is
surrounded by a dielectric of lower refractive-index, and consequently, the main principle
that explains the light confinement in all-dielectric waveguides is the phenomenon of total
internal reflection. If we decrease indefinitely the diameter of the waveguide, the guiding
mechanism will become weaker since the guided EM mode will start to be increasingly
unconfined [7], a fact that reduces the local intensity carried by such modes. Such diffraction
limit is basically general for any kind of dielectric waveguide, including photonic crystals
[8], and it represents a fundamental limitation for miniaturizing waveguides at a particular
wavelength. On the other hand, surface plasmons on flat interfaces are based on the intrinsic
properties of the metals [2], in particular, on the negative value of the metallic dielectric
constant which allows to overcome the limit imposed by the diffraction.

The possibility to go beyond the diffraction limit has driven different research efforts to
reduce the confining volume of the SPPs respect to the one in a flat surface. In particu-
lar, a one-dimensional geometrical structuring of the flat interface has allowed to produce
plasmonic waveguides (PWs) with subwavelength confinement in the transverse plane, per-
pendicular to the direction of propagation. Such research is motivated by the possibility
to fabricate highly compact chips that can process different amounts of information with
a full optical approach [1]. Some examples of the routing schemes for achieving extreme
localization in the optical regime, which have been experimentally fabricated, are displayed
in Figure 1.1. For instance, panel (a) displays the electron microscope images of several
metallic wedge PWs in one sample (see an sketch in the inset of panel (b)). These metallic
wedges allow the propagation of a surface plasmon confined at the tip of the structure, which
can be fabricated by sputtering metallic atoms over a dielectric wedge that is patterned
with photolithographic techniques [9]. A small defect at the beginning of the waveguides
can be used to evanescently excite the SPPs supported by the wedge waveguide in combi-
nation with a focused laser impinging on it at optical frequencies. The near-field intensity
of the generated SPPs is spatially measured close to the surface of the sample as displayed
in Figure 1.1(b), and it reflects two important characteristics. Firstly, it can be observed
the sudden drop of the intensity in the lateral direction (z-direction in the sketch) that
is associated to the subwavelength lateral confinement of the mode. Additionally, it can
be clearly seen the intensity decay along the propagation direction, which limits the SPP
propagation for a distance of ∼ 1.5µm. Both properties show the large potential of PWs
for the fabrication of subwavelength circuitry, and also their main limitation, namely, their
relatively small propagation lengths (∼ 2.3λ) that arise from the losses in the metal (inter-
band absorption, electron scattering losses, electron-hole excitations) [10]. A possible way
to reduce such propagation losses is to prepare smooth crystalline structures which dimin-
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(a)

(c)

(b)

(d)

Figure 1.1: (a) Electron microscope images of finite wedge plasmonic waveguides from reference [9].
(b) Near-field intensity scan measurement corresponding to the structures in panel (a)
at optical frequencies (λ ∼ 600 nm). (c) Electron microscope images of a crystalline
cylindrical plasmonic waveguide of radius 60 nm and a finite total length of 18.6µm
from reference [11]. (d) Direct near-field imaging of the surface plasmon field along the
nanowire.

ish the surface roughness and impurities at the interfaces of the metal. One example of a
crystalline PW with a smooth surface is displayed in Figure 1.1 (c) for a finite cylindrical
metallic nanowire [11] that results from a chemical reduction of silver ions embedded in an
aqueous electrolyte solution. A consequence of the increase of the propagating lengths with
such fabrication technique is the observation of first order spatial coherence of the SPP,
which can be appreciated in the near field measurement displayed in panel (d). In partic-
ular, it can be appreciated the intensity pattern, which oscillations are remarked in the
measurement along a line close to the nanowire (see the inset). The physical origin of the
oscillations arises from the stationary standing wave that is formed by the SPPs confined
in the finite nanowire, which acts as a resonator due to the increase of the propagation
lengths.

The confinement properties of PWs in the optical regime have attracted an important
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(a) (b)

Figure 1.2: (a) Scanning electron microscope images of a channel Y-splitter (top), and its corre-
sponding scanning SNOM images at λ = 1.6µm (down). (b) Scanning electron micro-
scope images of a channel waveguide-ring resonator (top), and its corresponding SNOM
images at λ = 1.53µm (down). Both images in this figure have been extracted from
reference [12].

experimental and theoretical effort to export them to longer wavelength regimes. Such re-
search is motivated by the technological interest of the different spectral regimes, which
would also benefit from a full on-chip optical processing of EM signals. The main problem
for extending the SPP properties to those wavelengths is the departure from the SPP reso-
nance wavelength, which lies at ultraviolet frequencies. Therefore, at longer wavelengths, the
metallic dielectric constant becomes more negative, the penetration of the electromagnetic
fields in the metal diminishes and the subwavelength transverse confinement is gradually
lost.
An example of those interesting regimes of longer wavelengths is the near-infrared, which is
the closest respect to the optical spectrum. One of the main motivations for extending the
optical plasmonic circuits to the near-infrared is its vital role in long distance telecommuni-
cations nowadays, from λ = 1.26µm to 1.67µm, in which the diffraction-limited dielectric
fibers are the main approach [13]. Due to the proximity in frequency of the near-infrared
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with respect to the optical regime, most of the PWs have been simply re-scaled to larger
sizes to support the corresponding SPPs at telecom wavelengths. For instance, one of the
most successful examples extending PWs to the telecom regime is the channel PW [14–18].
Figure 1.2 (a) and (b) display two examples of channel-based passive devices [17], together
with the typical cross-section of the waveguide (see the inset in (a)), that permit the mod-
ulation of incoming SPP signals. The large bandwidth associated to the channel allows to
operate with 1D guided SPPs in the full spectrum of the telecom regime. This operation
at a broad interval of wavelengths clearly shows the usefulness of spatial and spectral mod-
ulating devices, like those shown in the figure. The near-field measurement of both devices
performance, shown in the lower images, reflects the long propagation lengths achieved in
the channel PWs (∼ 100µm) at telecom wavelengths. However, such scales are achieved
at the expense of loosing the subwavelength confinement, whose particular extension is
estimated to be [19] roughly twice the operating wavelength (∼ 2.5µm). Consequently,
the degree of delocalization of the SPP at the telecom and longer wavelength regimes in-
creases, and other approaches are needed to recover the very deep subwavelength character
of conventional PWs in the optical regime.

A different interesting regime at longer wavelengths is the terahertz (THz), that ranges
from 100 GHz to 50 THz [23]. The large multidisciplinary scope and unexplored capabilities
of this regime have motivated the creation of previously nonexistent THz sources and detec-
tors [24, 25, 23]. As a consequence, some important THz applications have been developed
such as imaging techniques for security and medicine purposes [25–27], food and pharmacy
processes monitoring [28], astronomical observation [29], and wireless communications [30].
In particular, the design of circuitry and waveguides may have a critical role in the intercom-
munication between different components [30]. Due to such development interest, there is a
large effort for extending the subwavelength confining properties of SPPs from the optical
to the THz regime, since they are potentially beneficial for designing ultra-compact circuits
in different devices, e.g., on-board of satellites [23, 30]. A possible way to extend the SPP
properties to the THz is by making use of the spoof plasmon concept [31], which is based on
the periodic patterning of metallic structures. The corrugations or indentations milled in
the metal surface allow to create surface electromagnetic modes, whose dispersion relations
and modal confinement resemble to those for SPPs at optical frequencies [20, 32, 22, 33–35].
Figure 1.3 displays two interesting examples showing the capabilities of spoof plasmonic
waveguides for fabricating 1D subwavelength circuitry, and for enhancing the EM fields
in the THz regime. In particular, panel (a) displays a theoretical proposal consisting of a
1D corrugated cylindrical wire that can be used to achieve full-transverse subwavelength
confinement [20]. Moreover, it can be appreciated in the left image the spatial extension of
the electric field, which is on the order of the external radius (∼ 0.25λ), thus showing the
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(b)

(a)

Figure 1.3: (a) (left) Near field of the electric field amplitude on a corrugated wire with periodicity
d = 50µm, aperture a = 10µm, external radius R = 100µm and internal radius
r = 50µm for f=0.6THz and (right) a conic taper on a corrugated cone extracted from
reference [20]. (b) (left) Electron microscope image of the helical corrugated wire from
reference [21]. (right) Transmitted spectrum through the helical wire from reference [22],
corresponding to the same experiment as in the left image.

above-mentioned subwavelength confining properties. Interestingly, an adiabatic reduction
of both structural radii allows the focusing of the surface EM modes supported by the
wire, as shown in the right image of panel (a). This EM concentration can be important
for the enhancement of typical low intensity signals at THz frequencies [35]. Moreover, an
experimental proposal of a 1D spoof waveguide is displayed in panel (b) which corresponds
to an helically grooved wire [22]. In this case, the EM field enhancement associated to the
subwavelength transverse confinement is reflected in the transmitted spectra which displays
intensity maxima due to the presence of highly localized surface EM modes (right image,
green and blue lines). These waveguides and most of the considered spoof PWs in the lit-
erature [20, 22, 33–35] imply some fabrication and implementation challenges due to the
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non-planar symmetry or their lack of 2D transverse confinement [32, 31]. One possibility
to solve such complexity is by means of dielectric waveguides [36, 37], in spite of their
restriction to the diffraction-limit, which prevents to achieve higher degrees of confinement
for a certain dielectric material. A part of the work in this thesis is devoted to research new
1D corrugated metallic waveguides that present simpler and planar approaches in addition
with deep subwavelength confinement [38, 39]. Moreover, inspired by the spoof plasmon con-
cept, we introduce the benefits of corrugations in conventional plasmonic waveguides for
telecom wavelengths [40] in order to recover the lost subwavelength confinement properties
of optical frequencies that we commented above.

In all previous PWs in which deeply tight surface EM modes are supported, the most lim-
iting factor is the finite propagation lengths arising from the metal absorption. Such energy
loss is particularly accentuated for the optical regime in which the SPP propagation lengths
are on the order of microns or even less [6]. The small scales involved in the propagation and
confinement of SPPs, at optical wavelengths, make the fabrication of PWs circuits to be a
challenging objective. One possible way to manage such small lengths is by means of using
quantum optical emitters, which allow to study a vast non-linear and linear phenomena on
the scales of very few nanometers. These quantum effects, together with the small sizes of
the emitters, provide the necessary ingredients to integrate such atomic systems on a chip
and perform a full quantum processing with SPPs. The benefits of using quantum optics
with surface plasmons have started to be explored during the beginning of this century
and different scientific works have started to consolidate a new branch of research with
the name of quantum plasmonics. This research field explicitly exploits the subwavelength
quantum character of SPPs and emitters for future quantum optical applications and in
the following we detail some of those works.

The broad number of non-linear phenomena associated with quantum emitters allows
quantum optics to be a framework to perform the excitation, detection and switching of
confined guided plasmons at subwavelength scales, i.e. the basic characteristics for on-chip
quantum processing with SPPs. Moreover, the quantization of plasmonic systems opens the
possibility to approach the power of quantum computation processing [42] to plasmonics. In
particular, several experimental groups [41, 43, 44] have successfully corroborated the most
elementary process that quantum optics needs to exploit the discrete nature of plasmons,
i.e., the excitation of a single SPP quasiparticle or single-plasmon [45]. One of the pioneering
experiments which showed such single particle nature of plasmons [41] is shown in Figure 1.4.
In particular, panel (a) sketches the basic idea behind the experiment, which is the coupling
of a quantum dot (QD) to a cylindrical silver nanowire of similar characteristics to that
commented above in Figure 1.1. The main purpose of the experiment was to use the QD as
a single-photon source, in which a laser-induced excitation of the emitter mainly decays as a

7



1 General introduction

(a) (b) (c)

Figure 1.4: (a) (top image) Sketch of the different decay channels of an exciton in a QD due to spon-
taneous emission in a nanowire. (lower image) Experimental fluorescence image from
the sytem. The red circle illustrate light directly emitted from the QD whereas the blue
circle displays the end of the nanowire that were used for the photon cross-correlation
measurements. (b) Normalized histograms of the quantum dot lifetimes distributions,
for uncoupled QDs (black bars), and for coupled QDs and wires (grey bars). (c) Experi-
mental second-order cross-correlation (black line) as a function of the time delay between
the count coincidences. All the images in the different panel have been extracted from
reference [41].

consequence of the EM coupling induced by the SPPs bound to the nanowire. Importantly,
such predominant decay is basically due to the subwavelength transverse confinement of
the guided plasmons, which enhances the density of EM states available to the emitter.
Consequently, as sketched on panel (a), a small part of the spontaneously emitted photons
are directly scattered from the QDs to free space, whereas most of them are mainly coupled
to SPPs that travel along the wire, and finally they are partially scattered to free-space
at the ends of the nanowire. The fluorescence emitted directly from the QD and from the
wire ends (see a resulting experimental image in the lower figure in (a)) is then collected
with an optical setup that ends in two different photodetectors. Finally, such detectors
individual counts can be mutually correlated with the help of a computer and a photon
counting board, in order to test the photon statistics of the system. One of the important
results in this experiment is the modification of the radiative decay rates of the exciton (or
equivalently its inverse, the lifetime) due to the plasmon EM coupling, which has been also
corroborated by other experimental works [5, 43, 44]. Such is a general process for any single
emitter coupled to a general EM reservoir and is commonly known as the Purcell effect [47].
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(a) (b)

Figure 1.5: (a) Sketch of the electrical detection of SPPs in silver nanowires perpendicularly coupled
to Ge nanowires. (b) Detected intensity I as a function of the laser focusing position,
with a superposed reflection image of a device. Both panels were extracted from reference
[46].

Remarkably, the weight of the lifetime distributions for QDs coupled to nanowires, shown
in the histogram of panel (c) (grey bars), is largely reduced compared to uncoupled dots
(black bars), evidencing the Purcell effect due to the EM coupling with the SPPs supported
by the wire. A more restrictive proof of the excitation of single-plasmons is the measurement
of the normalized second-order time cross-correlation function g(2)(τ), which is defined as

g(2)(τ) =
〈I1(t)I2(t+ τ)〉
〈I1(t)〉〈I2(t+ τ)〉

, (1.1)

where I1 and I2, are the total intensities of the signals that are detected in two different
photodetectors, respectively, and τ is the delay time between both intensity detections. If a
single photon is emitted from the source then the detected photons in both detectors show
ideally no coincidences at zero delay τ , since only one photon can be observed. Experimen-
tally, the indication for such antibunching event is a value g(2)(τ = 0) higher than zero,
due to the non-ideal behaviour of the photodetectors, but smaller than 0.5 to preclude the
excitation of a larger number of photons [48]. The second order cross-correlation function
was measured by analyzing the time correlations between the detected signals from the
light collected spatially from the quantum dot area (red circle, lower image in (a)) and
from the wire end (blue circle), which involves the propagation of SPPs along the nanowire.
The resulting cross-correlated function from both channel measurements is represented in
panel (c) versus the time delay between the detectors. It can be seen the antibunch dip at
zero delay, with a depth ratio between the counting values at τ = 0 and at τ � 0 values
smaller than 0.5, therefore indicating the emission of single plasmons.

The detection of single plasmons in the above experiment is indirect since it relies on the
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out-coupling of SPPs to free-space at the nanowire ends. Nevertheless, several groups have
also advanced in the implementation of on-chip single plasmon detectors. In Figure 1.5 (a)
it is displayed one of those experimental setups with indications of near-field detection of
single plasmons. Panel (a) displays a silver crystalline wire that is coupled perpendicularly
to a germanium semiconductor cable, which is bound with gold electrodes to a conducting
substrate. When an SPP supported in the nanowire approaches the Ag-Ge junction, it
generates electron-holes pairs which induce a current in the Ge wire that can be measured
through the electrodes. An example of those detected currents are displayed in panel (b),
in which an impinging laser at λ = 530 nm scans the sample of the Ag-Ge wire system,
containing QDs that are randomly deposited (similar to Figure 1.4(a)). As a consequence,
a current is detected when the laser impinges on a QD close to wire (red circle) or on
the ends of the Ag-wire (blue circles) and, in contrast, no signal is detected for QDs far
from the silver nanowire (green circle). Additionally, similarly to the image shown in Figure
1.4(c), a second-order correlation antibunch dip was detected at the far-field (see the inset),
suggesting that near-field detected currents were probably produced by single SPPs. A
different experimental setup is considered in reference [49], in which the excitation of SPPs
supported in a rectangular gold waveguide is detected by a NbN superconducting wire that
is perpendicularly aligned to the PW. The resulting second-order cross-correlation function
using both a free-space and a SPP signal, detected in the superconducting wire, clearly
shows a photon antibunch dip, whose normalized depth could be improved with the use of
better single sources [49]. Importantly, the authors claim that due to the near field counting
rate dependence, which is linear with the exciting laser intensity, this may correspond to
the first on-chip detector of single-plasmons.

The above experiments demonstrate how SPPs fulfill the elementary requirements of
quantum optics as information carriers, and show that the basic experimental tools to
generate and detect single guided plasmons are present. With this experimental background,
there is a large number of quantum non-linearities that can be envisioned for designing
quantum plasmonic processing devices. An interesting example, proposed in reference [50],
corresponds to the design of a single-plasmon transistor which is detailed in the following.
The basic working principle of such switch can be understood by the mirror properties of
a two-level energy emitter coupled to a PW [see the sketch in Figure 1.6(a)]. In Figure
1.6(b) is represented the reflectance (black line), corresponding to an incoming guided
plasmon imping on the emitter, versus the energy detuning δk between the SPP and the
emitter. On resonance (δk = 0), it is clearly seen how the emitter in the ground state
behaves nearly like a perfect mirror, as appreciated in the large values of the reflectance
that are close to 1. Such good mirror properties are a consequence of the subwavelength
transverse confinement of the SPPs, which allows a predominant coupling of the emitter
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Figure 1.6: (a) Sketch of a two-level emitter with excited (|e〉) and ground states (|g〉) coupled to
a cylindrical PW. Additionally, it is illustrated the nearly resonant scattering process
of a left incident single plasmon and the emitter. (b) Reflectance, R, as a function of
detuning, together with the transmittance (T , dotted line), and the probability of losing
a photon into other decay channels (1−R− T ). The coupling efficiency of the emitter
to the SPP is 95%. (c) Illustration of a three level emitter coupled to a cylindrical wire
which can act as a single plasmon transistor. All the figures have been extracted from
reference [50].
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excitation with the plasmonic EM mode. The single-plasmon reflectance can be exploited
to be the basis of a transistor when combined with an extra metastable state |s〉 that is
coupled by means of a classical field (with Rabi frequency Ω(t)) to the excited state of the
emitter |e〉 (see an illustration in the left image of Figure 1.6(c)). Importantly, this |s〉-|e〉
transition has no direct coupling to the SPP and that conditions the mirror characteristics
of the three-level emitter coupled to the PW. The switch operation is the following (see an
sketch in Figure 1.6(c)). Starting the emitter in the ground state |g〉, we can apply a time
dependent control field (Ω(t)) simultaneously synchronized with the arrival of an incoming
single SPP, that acts like a gate-signal in the transistor. This pulse Ω(t) allows to store the
single-plasmon in the metastable state |s〉, which makes the system to become completely
transparent for incoming SPPs, due to the fact that the |s〉-|e〉 transition is decoupled from
the guided plasmon. If no SPP gate signal impinges on the emitter when the classical field
is applied, the pulse Ω(t) has no effect on the emitter excitation which remains in |g〉 for the
entire process, and the system behaves like a good mirror for incoming SPPs. Therefore, the
transistor mechanism is to store different ’gate’ single plasmons that conditionally changes
the internal state of the emitter, and this storage protocol is used to control the passage of
outgoing SPPs.

In addition to the previous logic process, further research works are exploring the capabil-
ities of subwavelength PWs in quantum plasmonic phenomena with two quantum emitters.
One of the main motivations for studying these bipartite systems is the possibility to use
them as gates [51] for quantum computations. Importantly, it has been theoretically demon-
strated that a minimum requirement of such gates to be universal for quantum computing,
i.e., for performing all necessary non-classical calculations, is the availability of entangle-
ment between two different parties [52]. Moreover, other quantum applications such as
quantum teleportation and quantum cryptography are also based on the existence of en-
tanglement in bipartite systems. The entanglement preserving characteristics of SPPs, has
been demonstrated in metallic hole arrays [53–55] for free-propagating photons that pass
through those systems. Inspired by such properties, a part of the work in this thesis is
to study the possibility to generate entanglement between a pair of separated two-level
emitters mediated by PWs [56, 57]. In particular, it is demonstrated the importance of the
subwavelength properties of SPPs for generating the entanglement due to the appearance
of collective states of the emitters, whose decay rates are subradiant and superradiant [58],
i.e., smaller or larger than the single emitter decay rate, respectively.

Another example of a quantum process that can benefit from the subwavelength con-
finement properties of SPPs in PWs is the study of energy transfer between fluorescent
molecules, a process known as Resonance Energy Transfer (RET). The relevance of RET
is manifest in different nature processes like the photosynthesis occurring in plant cells
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and bacteria at optical wavelengths [47]. In this mechanism certain proteins inside the cell,
acting like antennas, carry the energy to the reaction center in order to perform metabolic
processes. Though this physical transport can be explained classically to certain extent
[47], it is important to remark that the quantum character of such process has been exper-
imentally revealed [59, 60]. There are different regimes of operation for RET depending on
the separation between the molecules. Such phenomenon typically takes place in nature for
small distances in vacuum (< 10 nm), in which non-radiative energy transfer occurs. This
non-radiative process is very sensitive to the separation between the molecules, and it has
been used as an indicator of structural changes in large proteins that have fluorophores at-
tached to them [61]. The working principle of these sensing schemes is the drastic reduction
of the energy transfer rate with the increase of the separation between the molecules. Several
researchers have explored the possibility to extend such phenomenon to longer separations
assisted by different intermediary structures. In particular, it has been demonstrated that
a metallic slab between the fluorophores enhances the radiative energy transfer rate at dis-
tances on the order of hundred nanometers [62]. The reason for the increase of these lengths
is due to the coupling through SPPs, whose subwavelength confinement enhances the RET
process as compared to vacuum at the same distances. A different plasmonic approach has
considered boosting this radiative transfer at longer distances by coupling separated chro-
mophores along very wide metallic waveguides [63], which almost resemble a flat metallic
surface. In this thesis we have researched the increase of SPP mediated energy transfer
between separated molecules along conventional 1D PWs that show deep subwavelength
transverse confinement [58].
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Structure of the thesis

Once we have put into context the research in which our theoretical work has been con-
ducted, we outline the rest of the content of this thesis:

In Chapter 2, we present a theoretical framework that allows us to study the EM phenom-
ena related to the plasmonic waveguides researched in this thesis. We study a numerical for-
malism based on the inhomogeneous Green’s tensor that is obtained from the macroscopic
Maxwell equations and the finite element numerical approach. Importantly, we demonstrate
how to obtain an analytical formula that extracts the particular contribution of the PW
modes to the Green’s tensor. The basis of the finite element method is presented and the
particular models for obtaining the EM modes, from which we extract the Green’s tensor,
are discussed. From the quantization of the macroscopic Maxwell’s equations, we derive
the master equation governing the dynamics of N-qubits in inhomogeneous absorbing ma-
terials for two situations: in the absence of free-evolving external fields and also including
the presence of a resonant coherent laser. With the EM calculations of the Green’s tensor,
we can evaluate the resulting coefficients of interaction in the master equation for realist
PWs, and we can also include the specific contribution of the guided SPPs with the derived
analytical formula.

Chapter 3 is intended for studying a broad framework of plasmonic guiding approaches
to build subwavelength circuitry from the optical to the terahertz regime. We study some
of the most promising PWs in the optical regime, in order to apply them for single-plasmon
emission and plasmon mediated coupling between emitters. Additionally, inspired by the
spoof plasmon concept, we show how to obtain subwavelength confinement in conventional
PWs for the telecom regime, making use of designed corrugations in the metal surface. In
particular, we identify a new PW consisting of a 1D periodic chain of metallic particles on
top of a metallic substrate, which shows good properties in comparison with other standard
PWs. We extend such approach to the terahertz in order to create novel subwavelength cir-
cuitry and, based on their band insensitivity to the waveguide width, we show its robustness
and simplicity for building several passive devices.

In Chapter 4, we study the interaction of quantum emitters mediated by different PWs
at optical wavelengths. We show how 1D standard PWs can enhance and control the single
photon emission in the optical regime with high efficiencies. Additionally, the coupling of
two separated quantum emitters mediated by 1D PWs is demonstrated, and the coefficients
arising from the master equation are calculated for several PWs. Next, we apply the 1D
plasmonic enhanced coupling between two emitters to analyze resonance energy transfer
and super and subradiance phenomena.

Chapter 5 is devoted to study the entanglement generation between two separated qubits
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mediated by PWs. We demonstrate that PWs allow the transitory generation of entangle-
ment in the absence of external sources, explaining the main mechanisms that generates
it, and considering different possible system configurations. Next, we show how a resonant
coherent laser that impinges on the emitters, allows to create stationary entanglement be-
tween separated emitters in realistic PWs. For such study, we consider different initial state
conditions and we explain the main physical reasons that form it. Several issues related to
the experimental implementation, like the influence of the laser intensity, the effect of pure
dephasing, and the waveguide efficiency, are studied. Additionally, the second order cross-
correlation at zero delay is also analyzed, and its characteristics are pointed as a possible
entanglement witness.

Finally, in Chapter 6 we present a brief summary of the main results of this thesis and
future outlook.

15



16



2 Theoretical methods

2.1 Introduction

For researching the physical phenomena introduced in chapter 1, we need to obtain math-
ematical tools both for classical and quantum calculations. In this chapter we present the
theoretical framework which has allowed us to study such physical processes for metal-
lic waveguides. In the first two sections, we deal with the phenomenological macroscopic
Maxwell equations governing classical electromagnetic problems, in which all the micro-
scopic problem is incorporated in the dielectric constant. Specifically in section 2.2, we
write down the classical macroscopic Maxwell equations in the presence of arbitrary in-
homogeneous materials with local spatial response and noise electromagnetic sources. In
subsection 2.2.2, we analyze the formal solution of Maxwell equations in terms of the electro-
magnetic Green’s tensor in presence of inhomogeneous media. In particular, in subsection
2.2.3, we derive the explicit contribution from waveguide modes to the total Green’s tensor.
Next, in section 2.3, we revisit the resolution of the classical electromagnetic problems in
terms of the finite element numerical approach. The general properties of the finite element
method and its Galerkin’s approach is described in subsection 2.3.2, whereas in subsection
2.3.3 we deal with the particular models that have been considered for the electromag-
netic waveguides studied in this thesis. Finally, in section 2.4, we depart from the previous
classical description and consider the quantum mechanical character of emitters and elec-
tromagnetic fields. In section 2.4.1, the classical Maxwell’s equations from section 2.2 are
quantized and the matter-field Hamiltonian in presence of absorbing matter is obtained.
Next in subsection 2.4.2, we focus on the interaction of quantum emitters with quantized
electromagnetic fields within the minimal coupling scheme, which is described in terms
of their associated electric charges and potentials. In the following, we show how we can
transform such description into a more convenient one expressed in terms of the electromag-
netic fields, i.e the multipolar-coupling Hamiltonian. Finally in subsection 2.4.3, we derive
the master equation governing the dynamics of N-qubits in inhomogeneous materials, first
focusing in the absence of free-evolving external fields and then including the action of a
resonant coherent laser.
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2.2 Classical electromagnetism

2.2.1 Macroscopic Maxwell’s Equations

The main problems presented in the following chapters requires, as a first starting point,
the resolution of the macroscopic Maxwell’s equations with the appropriate boundary con-
ditions for each considered waveguide structure. The macroscopic Maxwell equations gov-
erning the temporal evolution of electromagnetic fields in the presence of inhomogeneous
dielectric bodies, and without additional charge or current densities are [47, 64]:

∇×E(r, t) = −∂B(r, t)
∂t

, (2.1)

∇×H(r, t) =
∂D(r, t)
∂t

, (2.2)

∇ ·D(r, t) = 0, (2.3)

∇ ·B(r, t) = 0. (2.4)

In such system of equations, E is the electric vector field, H the magnetic field, B the mag-
netic induction, wheras r and t are the usual spatial and temporal coordinates, respectively.
Additionally,D represents the displacement field vector, which is related to the polarization
field P according to the constitutive relation

D(r, t) = ε0E(r, t) + P(r, t). (2.5)

For non-magnetic matter, it can also be assumed that

B(r, t) = µ0H(r, t), (2.6)

where ε0 and µ0 are the vacuum permittivity and permeability, respectively. Let us consider
arbitrarily inhomogeneous isotropic materials and assume that the polarization responds
linearly and locally in space to the electric field. In this case, following closely reference
[64], the most general local relation in space between the polarization and the electric field,
which is in agreement with the causality principle and the dissipation-fluctuation theorem
(linear to external perturbation), is

P(r, t) = ε0

∫ ∞
0

dτ χ(r, τ)E(r, t− τ) + PN (r, t), (2.7)

where χ(r, t) is the local dielectric susceptibility response as a function of space and time,
and PN (r, t) is the (noise) polarization associated with absorption. It is particularly impor-
tant to realize that, by the Fourier theorem, any time dependent real (observable) field can
be treated as an integral of monochromatic fields, e.g., such representation for the electric
field is

E(r, t) =

∫ ∞
−∞

E(r, ω)e−iωt dω, (2.8)
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where ω refers to the monochromatic angular frequency and E(r, ω) is the electric field
Fourier transform which is complex-valued in general.

Therefore, we can treat any transitory solution as a sum of stationary solutions that
follows the Fourier transform of equations (2.1)-(2.4):

∇×E(r, ω) = iωB(r, ω), (2.9)

∇×B(r, ω) = −i ω
c2
ε(r, ω)E(r, ω) + µ0JN (r, ω), (2.10)

∇ · ε0ε(r, ω)E(r, ω) = ρN (r, ω), (2.11)

∇ ·B(r, ω) = 0, (2.12)

where we have introduced the noise charge density

ρN (r, ω) = −∇PN (r, ω), (2.13)

and the noise current density

JN (r, ω) = −iωPN (r, ω), (2.14)

which follow the charge-current conservation

∇JN (r, ω)− iωρN (r, ω) = 0. (2.15)

In order to derive (2.9)-(2.12), we have made use of the Fourier transform of equations (2.5)
and (2.6) with the local spatial response (2.7), i.e.,

D(r, ω) = ε0ε(r, ω)E(r, ω) + PN (r, ω), (2.16)

B(r, ω) = µ0H(r, ω), (2.17)

and

P(r, ω) = ε0[ε− 1]E(r, ω) + PN (r, ω), (2.18)

(2.19)

where ε is the complex relative permittivity constant

ε(r, ω) = 1 +

∫ ∞
0

dτ χ(r, τ)eiωτ . (2.20)

For solving either formally or numerically the system of equations (2.9)-(2.12), it is useful
to transform them into wave equations which can be solved for a single EM field. With the
help of equations (2.16)-(2.17), we can easily obtain:

∇×∇×E(r, ω)− ω2

c2
ε(r, ω)E(r, ω) = iωµ0JN (r, ω), (2.21)

∇× ε−1∇×H(r, ω)− ω2

c2
H(r, ω) = ∇× ε−1JN (r, ω), (2.22)

which can be solved separately for the electric and magnetic field, respectively.
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2.2.2 Total Green’s tensor

The wave equations can be formally solved in terms of the Green’s tensor approach. The
calculation of the Green’s tensor is specially interesting because it permits to evaluate
non-classical properties of interacting quantum emitters as it will be shown in section 2.4.
In particular, the electric field in the wave equation (2.21) can be calculated from the
total Green’s tensor, which is defined as the solution corresponding to an infinitesimal unit
current dyad:

∇×∇×G(r, r′, ω)− ω2

c2
ε(r, ω)G(r, r′, ω) = Iδ(r− r′), (2.23)

where G represents the Green’s tensor, I is the unit dyad and δ(r− r′) is the spatial-delta
function. As a consequence of the linearity of equation (2.21), we can write its solution like
an infinitesimal sum of its generating linear current densities JN as

E(r, ω) = E0(r, ω) + iωµ0

∫
V
G(r, r′, ω)JN (r′, ω) d3r′, (2.24)

where E0 represents an additional homogeneous solution and JN is confined in a volume V .
We can clearly see the physical interpretation of the Green’s tensor as an electric response
function in the sense that it carries the interaction from the spatial point r′ generated by the
current density JN to the spatial point r. In the case of an infinitesimal harmonic current
density located at r0 with an induced dipole moment d, JN (r′, ω) = −iωdδ(r′ − r0), the
resulting electric field in such point dipole approximation is:

E(r, ω) = ω2µ0G(r, r0, ω)d, (2.25)

where we have assumed that all the field is generated by the dipolar current, i.e. E0 = 0.

2.2.3 Guided Green’s tensor

We are specially interested in the interaction of quantum emitters with plasmonic guided
modes and therefore, we need to discriminate its contribution from the total Green’s ten-
sor contained in equation (2.25). For such purpose, we deduce the general guided Green’s
tensor for an inhomogeneous z-translational invariant waveguide. We make the derivation
for a step-index waveguide, i.e., constituted by different piecewise domains which are char-
acterized by complex dielectric constants. In particular, we will concentrate on the results
for a single-mode plasmonic waveguide with small absorption, which is the case of interest
in this thesis.

An arbitrary guided field in a waveguide can be represented as an infinite series of forward
and backward propagating normal modes, which are solutions of the free-source (JN = 0)
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equations (2.21)-(2.22) [65, 7]. The nth guided mode propagating forward in the z-direction
can be represented as:

E+
n (r, ω) = (en + ezn)eikz, (2.26)

H+
n (r, ω) = (hn + hzn)eikz, (2.27)

where en, and ezn represent the transversal and longitudinal electric modal field, respec-
tively, whereas hn and hzn represent the corresponding magnetic fields. Additionally, r is
the spatial position and k is the complex propagation constant. Notice that the values of
those EM modal fields are also dependent on the transverse coordinates of the waveguide.
In a similar fashion, the corresponding nth guided mode propagating backwards in the
z-direction is represented as

E−n (r, ω) = (en − ezn)e−ikz, (2.28)

H−n (r, ω) = (−hn + hzn)e−ikz. (2.29)

For absorbing waveguides like the plasmonic waveguides, the sign of the imaginary part of
the propagation constant k is chosen appropriately in order to have an evanescent decaying
wave in the propagation direction that satisfies causality. The expansion of the fields in
terms of the forward and backward propagating modes reads as

E(r, ω) =
∑
n

{anE+
n (r, ω) + a−nE

−
n (r, ω)}, (2.30)

H(r, ω) =
∑
n

{anH+
n (r, ω) + a−nH

−
n (r, ω)}, (2.31)

here E, H are the generated electric and magnetic fields, whereas an and a−n are modal
amplitudes constants, which are zero for backward (z < 0) and forward (z > 0) propagation
directions, respectively. With the help of the Lorentz reciprocity theorem and the use of a
density current source J(r), the different modal amplitudes an and a−n can be calculated.
Let us remark that an and a−n depend on the position and orientation of J(r) respect to
the waveguide. Such current density can be generated by a source that is externally driven,
like a classical dipole or a quantum emitter. E and H are solutions of the curl Maxwell’s
equations, and therefore, for a position of the source, they satisfy:

∇×E = iωµ0H, (2.32)
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∇×H = −iωε0εE + J. (2.33)

Now let us consider the following relation between the source-free fields [equations (2.26)-
(2.29)] and the fields in presence of a source [equations (2.32) and (2.33)]:

∇ · (E±n ×H−E×H±n ) = H · ∇ ×E±n

−E±n · ∇ ×H−H±n · ∇ ×E + E · ∇ ×H±n = −J ·E±n
(2.34)

where we have made use of the vectorial relation (∇ · (a× b) = a · (∇× b)− b · (∇× a)).
Integrating equation (2.34) over a volume bounded by a surface S, and transforming the
volume integral of the divergence to a surface integral by means of Stokes theorem, we
arrive to the desired form of Lorentz reciprocity theorem:∮

S
(E±n ×H−E×H±n ) · ndS = −

∫ ∫ ∫
V

J ·E±n dV, (2.35)

where n is the outward normal vector to the surface S. Let us choose the integration
volume to be formed by two facets S1 (z = z1) and S2 (z = z2) parallel to the propagation
direction and a surrounding S3 area matching S1 and S2 (see Figure 2.1). There is no
contribution from the surface S3 because the mode is confined in the transverse directions
at the frequency ω, and we suppose that the transverse area is large enough to make
the contributions from the normal guided modes, E±n and H±n , negligible. For the forward
propagating normal modes E+

n and H+
n , equation (2.35) takes the values∫

S1
(E+

n ×H−E×H+
n ) · n dS = 2a−nNn (2.36)

∫
S2

(E+
n ×H−E×H+

n ) · n dS = −ane2ikz2 + ane
2ikz2 = 0 (2.37)

where Nn =
∫
S1(en × hn) · z dS is the normalization of the nth mode, and we have made

use of the expansions (2.32)-(2.33) and the Heaviside dependence of an and a−n on the
propagation direction z. Additionally, in order to derive equations (2.36)-(2.37), we have
made use of the most general orthogonality relation

∫
S1(en × hm) · ẑ dS = 0, (n 6= m),

which is valid for degenerate and lossy modes, so this derivation so far is valid for absorbing
waveguides. For frequencies in which the imaginary propagation constant, Im(k), is much
smaller than the real propagation constant (Im(k) << Re(k)), the conventional power
orthogonality,

∫
S1(en×h∗m) · ẑ dS ' 0, (n 6= m), is approximately correct [7] due to the real

character of the transverse EM fields. Therefore, the normalization coefficient becomes the
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J(r)S1
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n
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z

Figure 2.1: S1 (red) backward-propagation surface, S2 (blue) forward-propagation surface, S3 sur-
rounding surface, J(r) linear current indicated by a black arrow.

Poynting vector integral over the whole transversal area, Nn '
∫
S1(en × h∗n) · z dS. Since

the cases (Im(k) << Re(k)) are the most interesting for using plasmonic waveguides at
optical frequencies as mediators of interactions between emitters for separation distances
on the order of the wavelength, we will make use of the just mentioned normalization. In
addition, if the emitter current density J is concentrated in an infinitely small filament at
r = r0, combining (2.36) and (2.35), we obtain

a−n =
−J ·E+

n

2Nn
. (2.38)

Repeating the analogous steps that were taken from equation (2.36) to (2.38) for the modes
E−n and H−n , we find:

an =
−J ·E−n

2Nn
. (2.39)

Once the dependence of an and a−n with the source has been deduced, we can calculate
the guided Green’s tensor, which is defined as the operator which gives the electric field
when the contraction iωµ0Gguided(r, r

′, ω)J(r′) is formed. From the expansion (2.30) and
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the coefficients (2.38)-(2.39), we deduce the guided Green’s tensor:

Gguided(r, r
′, ω) = −

∞∑
n=1

En(r)En(r′)

iωµ02Nn
, r 6= r′ (2.40)

where

En(r) =

{
E+
n (r), z > z′

E−n (r), z < z′

}
(2.41)

and

En(r′) =

{
E+
n (r′), z′ > z

E−n (r′), z′ < z

}
(2.42)

This modal expansion is valid outside the source region. If the field inside the source region
need to be evaluated the term [65]

− ẑẑ
k0
δ(r− r′), (2.43)

should be added. Since the transverse fields amplitudes are larger than longitudinal ones
for the considered waveguides, we will focus on transverse alignments of the sources and
consequently this last term does not contribute. If we focus at distances z > z′, for a slightly
absorbing single plasmonic mode and evaluate the guided Green’s tensor (2.40) with (2.26)
and (2.28) for transverse source alignments, we obtain:

Gguided(r, r
′, ω) = −enene

ik(z−z′)

iωµ02Nn
, (2.44)

where Nn =
∫
S1(en × h∗n) · ẑ dS as we commented above.

This deduced Green’s tensor contribution of the guided modes will be very important
to evaluate guided plasmon mediated models for the interaction coefficients in the master
equations and resonance energy transfer as we will see in chapter 4. In order to calculate
the guided modes (En(r, ω), Hn(r, ω)), we solve Maxwell’s wave equations [either (2.21) or
(2.22)] in each domain and impose the appropriate boundary conditions, which turn into an
eigenvalue calculation [7]. In general, except for very simple cross-sections, geometrically-
complex waveguides support hybrid-modes whose eigenvalue equations are difficult to be
solved analytically, if not impossible, and a numerical solving method is required. In order
to obtain any waveguide mode, we have made use of numerical methods as we explain in
the next subsection in further detail.

2.3 Electromagnetic computational modelling: Finite element

method

Before we start describing the finite element method (FEM), in order to set a proper
theoretical framework, let us recall some of the standard concepts of mathematical physics
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applied to electromagnetism.

2.3.1 Basic aspects of the formulation of boundary-values problems

Certain boundary-value problems in mathematical physics can be expressed by a differential
equation defined in a spatial domain, Ω, like

Lφ = f, (2.45)

together with the appropriate boundary conditions in the surface S that encloses the domain
Ω. In equation (2.45), L is a general differential operator, f is the forcing term and φ

the solution of the physical equation. The wave equations (2.21) and (2.22) constitute
one of these boundary-value problems, which can provide the solutions of an arbitrary z-
translational invariant waveguide or a periodic waveguide applying the suitable boundary
conditions, with or without the presence of arbitrary current density sources. In particular
for the wave equation (2.21), the operator L equals ∇ × ∇ × −ω2

c2
ε, the forcing term is

f = iωµ0JN (r, t), and φ is the corresponding electric (E) or magnetic (H) vector field
solution. In the following, we make a brief survey of the different boundary conditions that
allow to solve such electromagnetic problems [66]:

• Continuity
The continuity of the electric E and magnetic field H arise from the curl equations
in Maxwell’s equations (2.1)-(2.2) in the absence of boundary sources

n× (E1 −E2) = 0,n× (H1 −H2) = 0. (2.46)

These conditions are fulfilled for the tangential components in the boundary between
any medium 1 and 2 (with normal vector n).

• Perfect electric and magnetic conductor
The perfect electric conductor (PEC) and the perfect magnetic conductor (PMC)
boundaries fulfill

n×E = 0, (2.47)

and

n×H = 0, (2.48)

respectively. These conditions impose a null value of the EM-field tangential compo-
nents in the boundary. For example, PEC is fulfilled approximately at low-frequencies
in metals [67] whereas PMC in some metamaterials [68].
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• Surface impedance boundary condition
The surface impedance boundary condition√

εc
ε1

n×H + n× (n×E) = 0, (2.49)

is used for conductors in which the EM fields are known to penetrate only a short dis-
tance in the conductor [67], where εc and ε1 are the complex dielectric functions of the
conductor and surrounding materials, respectively. A requirement for this boundary
condition to be a valid approximation is that the magnitude of the complex dielectric
function of the conductor, εc. is much greater than that of the surrounding material,
ε1.

• Radiative scattering condition
The open or free-space boundary condition can be specified [66] by

lim
r→∞

r{(∇×E) + i
ω

c
εr̂×E = 0}, lim

r→∞
r{(∇×H) + i

ω

c
εr̂×H = 0}, (2.50)

where r =
√
x2 + y2 + z2 refers to the distance from the boundary to the origin, and

it has been assumed that the whole system is confined at a finite distance from this
latter. Such conditions reflect the fact that free-space propagating electromagnetic
fields decay as 1/r [66].

• Port-boundary condition
The port boundary condition can be used for terminating an infinite waveguide.
Though they do not represent strictly a physical boundary [66], they allow to make
the boundary totally non-reflecting for an EM eigenmode solution of the waveguide
with propagation constant, k. Additionally, it permits to include such eigenmode as
an input electromagnetic source. When E is the dependent variable the matched
boundary condition reads

(∇×E)− ik(E− (n ·E)n) = −i2k(E0 − (n ·E0)n), (2.51)

where E0 refers to the electric field of the eigenmode wave source. The correspondent
equation when H is the dependent variable has the same form as equation (2.51) but
exchanging the roles of E↔ H for both the source and total fields.

In principle we can deal with any electromagnetic problem with the above boundary
conditions. However, it is very convenient to use an additional artificial bulk material which
largely improves the free-radiation conditions of unbounded and bounded modes. Such
materials have been introduced in 1994 by Berenger [69] with the name of perfectly matched
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layers or simply PML, and the basic idea of such materials is to make them absorbing
and totally non-reflecting for any incident EM mode. The PML can be understood as
absorbing uniaxial materials or metamaterials, whose properties can be deduced through
a conformal mapping from complex coordinates r′ to real coordinates r by means of the
following transformation

x̃ =

∫ x

0
sx(x′) dx′, (2.52)

ỹ =

∫ y

0
sy(y

′) dy′, (2.53)

z̃ =

∫ z

0
sz(z

′) dz′. (2.54)

Using such mapping, we obtain the following transformation of the differentials

∂

∂x̃
=

1

sx(x)

∂

∂x
, (2.55)

∂

∂ỹ
=

1

sy(y)

∂

∂y
, (2.56)

∂

∂z̃
=

1

sz(z)

∂

∂z
, (2.57)

which transform Maxwell’s equations in complex coordinates, for a homogeneous material,
and in the absence of sources, to

∇s ×E = iωµ ·H, (2.58)

∇s ×H = −iωε ·E, (2.59)

∇s · (ε ·E) = 0, (2.60)

∇s · (µ ·H) = 0, (2.61)

where ∇s = 1
sx(x)

∂
∂x + 1

sy(y)
∂
∂y + 1

sz(z)
∂
∂z . Due to the resemblance of equations (2.58)-(2.61)

with those for an uniaxial material [66], the above-mentioned coordinate transformation can
be associated to a dielectric and permeability tensor by comparison between both system
of equations. For an uniaxial material, those Maxwell equations are identical by exchanging
∇s by ∇, and exchanging the regular values of ε and µ in (2.58)-(2.61) with tensors ε̃ and
µ̃, respectively and adding some new constitutive relations. Performing such equivalency,
we can find that such tensors have the form [66]

ε̃ = εΛ, (2.62)

µ̃ = µΛ, (2.63)

in which
Λ = x̄x̄(

sysz
sx

) + ȳȳ(
szsx
sy

) + z̄z̄(
sxsy
sz

), (2.64)
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Moreover, the constitutive relations Euj = sjE
s
j , j = x, y, z and Hu

j = sjH
s
j , j = x, y, z

are applied, in which the magnitudes with upper index s fulfil equations (2.58)-(2.61) and
those with the index u fulfil the equations for the uniaxial material. The importance of the
transformations (2.55)-(2.57) is that any plane wave coming from a homogeneous medium,
reflecting in the boundary of the PML, has its reflection coefficients equal to zero for an
arbitrary angle of incidence (respect to the boundary normal vector) [66]. This condition is
fulfilled for any frequency. In addition, for complex values of the values sx, sy and sz, the
wave propagating in the PML is evanescent and therefore we can truncate the domain of
simulation with the boundary conditions (2.50) or (2.47) for large enough domains of PML’s.
The PML behaviour is in contrast to the scattering boundary conditions (2.50) since their
performance to arbitrary wave-fronts is largely better [66], and the artificial reflections can
be made negligible for any wavelength without the restrictive condition limr→∞ in (2.50).

2.3.2 General steps of the finite element method

In contrast to waveguides with simple geometries, the electromagnetic solutions for arbi-
trary cross-sections waveguides is a non-trivial analytical task. Such is typically the case
for most of the plasmonic or periodic waveguides considered in this thesis. Therefore, in
order to calculate those solutions, we need to make use of computational methods which
allow us to obtain a precise numerical solution. In particular, we have focused on the use of
the FEM, which is a well-developed numerical approach for solving electromagnetic prob-
lems [66]. The idea behind the method is to convert the resolution of a continuous partial
differential equation (2.45) into a problem that has a finite number of unknown variables,
i.e., a discretization of the original problem. The main basic steps for the method can be
listed in the following manner:

• Discretization or subdivision of the domain

• Selection of the interpolation functions

• Formulation of the system of equations

• Solution of the system of equations

In the following we explain in more detail the basics of those general steps, based on
reference [66], and the particular approaches adopted through the use of the commercial
software COMSOL Multiphysics. Finally, in subsection 2.3.3, we comment about the partic-
ular models and details for the computations of the electromagnetic simulations considered
in this thesis.
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Discretization or subdivision of the domain

The discretization of the domain Ω is the first and one of the most important steps in
the FEM, due to the fact that it affects the computer storage requirements, computational
time, and the accuracy of the numerical results. In this step, the full domain Ω is divided
(or meshed) in small domains Ωe(e = 1, ...,M), which are referred as elements and they
are labeled by the subscript e, where M is the total number of them. For two dimensional
domains we have made use of triangles, whereas for three dimensional domains we have
generated tetrahedra (see Figure 2.2), since both of them are the most suited for irregular
domains. The element election is also connected to the expansion of the solutions and
the formulation of the problem, which are done in terms of its nodes or segments. For
implementation purposes, each segment or node in an element is described by its coordinate
values, local and global number. The local number indicates its position in the element,
whereas its global number describes its position in the entire domain. Logically, there is a
linear transformation which transfer from local and global number.

The stage of meshing is a preprocessing step since it must be generated before the system
of equations can be set up. In order to generate accurate meshes, there are basic tips based
on the discrete spatial Fourier theory, which are shared by other similar computational
methods [70] and that quantify the minimum number of discrete elements to describe the
main physics. The mesh details for the particular electromagnetic models considered in this
thesis are explained at the end of this section, in subsection 2.3.3.
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Figure 2.2: Triangular element [panel(a)] and tetrahedral element [panel(b)] with their nodes and
segments labeling.

Selection of the interpolation functions

The next step in the FEM is the selection of an interpolation function that provides an
approximation of the unknown solution within an element. Typically higher-order polyno-
mial can be used and in particular we have made use of the second-order approximation
(quadratic), which showed accurate-enough solutions for the quantities considered in this
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thesis. In most of the FEM approaches, the unknown solution is expanded in terms of in-
terpolating functions at the nodes associated with the elements generated in the previous
meshing stage (see Figure 2.2), e.g., in the case of using Lagrange elements [66]. Such ele-
ments impose continuity of the functions in the whole domain of simulation Ω. However, for
electromagnetic problems like the one involved in equations (2.21) and (2.22), it is wiser to
formulate the problem in terms of the segments of the triangles and the tetrahedra instead
of doing it at the nodes [66]. Such approach known as vector elements or Nedelec elements.
Compared to node-based elements approaches, there are significant improvements with the
use of the vector elements [66], such as: the elimination of spurious solutions from the
automatic imposition of the divergence equations (equations (2.3) and (2.4)), the conve-
nience to impose boundary conditions at material interfaces, and the easiness to treat field
singularities at material corners and edges. These advantages come from the formulation
of the expansion in vector elements and their associated properties as we detail next. We
particularize to the expansion of the electric field in the vector element approach, though
the expression for the magnetic field is analogous.
In general, the approximate expression for the unknown electric vector field solution Ẽ in
an element, labeled e, is written as:

Ẽe =
n∑
j=1

Ne
jẼ

e
j = {Ne}T {Ẽe} = {Ẽe}T {Ne}, (2.65)

where n is the number of segments (or nodes in Lagrange elements) in an element, Ẽej is the
tangential value of the solution Ẽe at the j segment, and Ne

j is the interpolation function at
segment j, which is also known as the expansion or basis function. The symbol {} denotes
a column vector, whereas the superscript T denotes the transpose of the vector. We first
focus on the first-order expansion which has a more intuitive introduction and we briefly
discuss the extension to the second-order at the end of this subsection.

For first-order approximation, a triangle has a number of segments n = 3, whereas for
the tetrahedra n = 6, as displayed in Figure 2.2. In the vector element approach the basis
function Ne

j at first order, in both triangles and tetrahedra, are chosen such that:

Ne
j = Wj1,j2`

e
j = {Lej1∇L

e
j2 − L

e
j2∇L

e
j1}`

e
j , (2.66)

where Lej1 is a linear interpolation function that equals 1 at the initial node j1, and 0 at the
final node j2 of the segment j, where both j1 and j2 values are defined as shown in Figure
2.2. The scalar term `ej is simply the length of the j segment. The properties of the linear
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vector functions Wj1,j2 are the key point of the definition (2.66), since [66]:

∇Wj1,j2 = 0, (2.67)

∇×Wj1,j2 = 2∇Lej1 ×∇L
e
j2 , (2.68)

ej ·Wj1,j2 =
1

`ej
, (2.69)

where ej is the vector along the j edge direction. We can observe from the property (2.69)
together with equation (2.66) the constant value of the j tangential electric field component,
which guarantees the tangential continuity along the edge j in triangles or also along the
faces that contains an edge on a tetrahedra. Consequently, the vector element permits to
characterize easily any boundary material condition since the tangential components of
the electromagnetic fields are always continuous with this basis. Moreover, the tangential
character of the fields with this expansion eliminates the problem of the singularities, since
these are associated to the normal component of the fields, which are zero in the segments (or
the facets in 3D). We can also observe from the property (2.67) that the zero divergence of
the fields [equations (2.3)-(2.4)] is naturally imposed. Therefore, such property eliminates
the appearance of spurious solutions of the EM modes associated to the failure of the
divergence condition [66].

The vector elements commented so far in both two and three dimensions are complete to
first-order. These elements have a rather poor convergence, i.e., their solution approaches
the exact one slowly as the mesh is refined. In order to have better convergence, we have
made use of second-order vector elements. We briefly comment below the extension to this
higher order approximation in order to obtain the fundamental idea and differences with
the first order expansion. To extend the previous basis to second-order, either in 2D or
3D, the first-order basis (2.66) has to be multiplied basically by an interpolation function
of second-order [66]. A consequence of the second-order basis, is that the polynomial has
evaluation points at the interior of the element. For example, for 2D, in addition to the
points in the edges, there are points in the inner part of the triangle area. For 3D, such
evaluation points also appears inside the volume of the tetrahedra. Due to the definitions of
the second-order basis from the linear basis (2.66), the points evaluated at the surface keep
imposing naturally the continuity of the tangential vector fields along different subdomains.
For the points inside the tetrahedron volume, the points have tangential and normal-to-
surface components, which permit the satisfaction of the boundary conditions for different
material subdomains, i.e., discontinuity of normal components at the interface.
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Formulation of the system of equations

Once the mesh has been generated and the interpolation functions have been chosen, we
need to formulate the full system of equations to solve it in terms of the previous discrete
expansion. The method that we have made use is based on the Galerkin’s method that we
detail below [66].

Galerkin’s method belongs to the family of weighted residual methods, which, as the name
indicates, seek the solution by weighting the residual of the differential equation. Assume
that φ̃ is an approximate solution to general differential equation (2.45). The substitution
of φ̃ for φ in (2.45) would then result in a nonzero residual

r = Lφ̃− f 6= 0, (2.70)

and the best approximation for φ̃ will be the one that reduces the residual r to the minimum
value at all i points of the domain Ω. Within this idea, weighted residual methods enforce
the condition

Ri =

∫
Ω
wir dΩ = 0, (2.71)

where Ri denote the weighted residual integral and wi are the chosen weighting functions.
In Galerkin’s method, the weighting functions are selected to be the same as those used for

expansion of the approximate solution. This usually leads to the most accurate solution and
is therefore a popular approach in developing finite element equations. Therefore, applied
to the FEM, such weighting functions corresponds to the element linear basis (2.66) in
first-order approximation (or additionally for second-order, multiplied with the additional
interpolation function as commented in the previous subsection). For equation (2.45), the
weighted residual for the eth element is

Rei =
∫

Ωe Ne
i (LẼe − f) dΩ = 0, i = 1, 2, 3, ....n. (2.72)

where n refers to the number of nodes and/or segments in the element. Substituting (2.65)
into (2.72) yields

Rei =
∫

Ωe Ne
iL{Ne}T {Ẽe} dΩ−

∫
Ωe Ne

if dΩ = 0, i = 1, 2, 3, ....n. (2.73)

which can be written in matrix form as

{Re} = [Ke]{Ẽe} − {be}. (2.74)

Here {Re} = [Re1, R
e
2, ..., R

e
n]T is the residual vector for the element e. [Ke] and {be} are a

n× n matrix and a n× 1 vector, respectively, which elements are given by

Ke
ij =

∫
Ωe

Ne
iLNe

j dΩ, (2.75)

bei =

∫
Ωe

Ne
if dΩ. (2.76)
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Since the expansion, and therefore the weighting function associated with the ith segment
(or node in Lagrange elements), includes all the other elements directly connected to i,
the weighted residual Ri associated with the ith segment (or node) is a summation over
the elements directly connected to it. Therefore we may expand (2.74) using the linear
transformation between local and global numbers, and then sum for each element like

{R} =
M∑
e=1

{Re} =
M∑
e=1

([K
e
]{Ẽ

e
} − {be}), (2.77)

where M is the total number of elements in the whole domain Ω. The overline refers to the
fact that the previous matrix and vectors have been expanded or augmented. To be specific,
[K

e
] has been expanded or augmented (by zero filling) from [Ke] to a N ×N matrix using

the relation between local and global numbers, where N is the total number of unknowns
or segments. Analogously, {be} is expanded from {be} to a N × 1 vector. Such summation
over all the elements is commonly known as assembly. The full system of equations can
then be obtained by setting (2.77) to zero resulting in

M∑
e=1

([K
e
]{Ẽ

e
} − {be}) = {0}, (2.78)

which can be written in a matrix form as

[K]{Ẽ} = {b}. (2.79)

Before (2.79) can be solved for a specific problem, we need to apply the required boundary
conditions at the surface S of the whole domain Ω, e.g., any of the conditions displayed
from (2.46) to (2.51).

Solution of the system of equations

Solving the system of equations (2.79) is the final step in a finite element analysis. The
resulting system has one of the following forms:

[K]{Ẽ} = {b}, (2.80)

or

[A]{Ẽ} = λ[B]{Ẽ}. (2.81)

Equation (2.80) is of deterministic type, resulting from either a force-term in a differential
equation or a port boundary conditions or both. In electromagnetics, deterministic sys-
tems are usually associated with scattering, radiation and other problems where it exists
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a source of excitation. On the contrary (2.81) is of eigenvalue type, resulting from a homo-
geneous governing differential equation and homogeneous boundary conditions. This case
corresponds to wave propagation in waveguides and resonances in cavities. In this case, the
known vector {b} vanishes and the matrix [K] can be written as [A]− λ[B], where λ is an
eigenvalue that is complex in general.

Once we have solved the system of equations for the electric {Ẽ} (or equivalently for the
magnetic field {H̃}), we can compute all the desired parameters, such as complex propaga-
tion constants, scattering or radiation patterns, energy flow, etc. Then we can display them
in the form of plots or contour plots which are more meaningful and interpretable. This
final stage, often referred to as postprocessing, can also be separated from the previous
steps.

All the previous steps have being performed using the commercial program COMSOL
Multiphysics. The details of this implementation can be further read in reference [71].

2.3.3 Specific waveguide modelings

In this subsection we describe the methodology to construct the models used with the FEM
for the simulation of EM fields in the structures considered in this thesis. The emphasis
is made on the modeling aspects while the analysis of the corresponding physics will be
described in the following chapters.

Translational invariant waveguide mode calculations

In order to calculate the modes of a z-translational invariant plasmonic waveguide, we have
made 2D simulations with the FEM, solving equation (2.21) in the absence of sources (or
alternatively (2.22)) and for a certain wavelength λ. Such problem correspond to an eigen-
value problem as the one discussed in equation (2.81), where the eigenvalue represent the
propagation constant, k, of a specific EM mode supported by the waveguide. Due to the
z-translational invariance of the waveguides, the program solves the electric and magnetic
fields using the modal decompositions used in (2.26) and (2.27), which allow the simula-
tions to be done in a 2D domain. The full domain of the structure was divided in small
subdomains, including the cross-section of the waveguide, and each one is described with
the dielectric constant of the simulated materials from appropriate databases [72–74]. One
example of the typical domains and subdomains used for the simulations is displayed in
Figure 2.3. The size of the simulation domain was of the order of several free-space wave-
lengths, for avoiding the interaction of the outer boundaries of the domain with the natural
modes of the waveguide. Consequently, the choice of either perfect conductor (2.47) or scat-
tering boundary condition (2.50) boundary conditions turned into negligible differences, i.e.
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Figure 2.3: Bidimensional domain of the simulation with the cross-sections of the waveguide and
the generated mesh. Inset: Zoom of the waveguide close to the surface.

below 1% in the propagation constant.
In order to assemble the system of equations, non-uniform meshes were generated as shown
in Figure 2.3. The diversity of the element sizes were chosen to account for the physics
of the waveguide modes. For a proper characterization of the EM field close to the metal,
the typical maximum element size was of the order of λ/100 close to the metallic bound-
ary (see the inset of Figure 2.3). Such element size allows to account for the large spatial
EM field variations inside the metal (skin depth) and close out of it. Additionally, since
the waveguide electromagnetic fields are concentrated at a bounded region of the order of
the wavelength, the variation and relevance of these fields are smaller at distances outside
that region. Therefore the maximum element size was enlarged gradually to λ/10 for far
distances (& λ) which allows describing the EM field variations without sacrificing compu-
tational time and accuracy. The generated meshes with the above prescriptions provided a
precision below 1% for the calculated propagation constant, and they involved on the order
of one million degrees of freedom.

In order to compare the typical results obtained within this type of models, we compare
the results with another well-established numerical tool like the Multiple Multipole method
[75]. This method is based on the expansion of the electromagnetic solutions in terms of
multipolar functions and it is considered to be semi-analytic. In particular, we compare the
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Figure 2.4: Panel (a), Frequency versus real part of the complex propagation constant K of a
cylindrical plasmonic waveguide obtained from a FEM calculation (cyan points), and the
MMP calculation (blue line). Panel (b), represents the frequency versus the imaginary
part of K with the same legend parameters and structure as in panel (a).

results of the complex propagation constant k obtained from both methods, for a cylindrical
waveguide of radius 20 nm and characterized by the same gold dielectric constant [74]. This
permits to perform a consistent comparison between both methods and a exigent test, since
the propagation constant completely characterizes the eigenmode solution, i.e, the modal
confinement and the EM fields penetration in the metal. In Figure 2.4 it is represented
the frequency versus both, the real [panel (a)] and the imaginary part [panel (b)] of the
propagation constant at optical and telecom wavelengths. We can observe how their values
differ less than 1% between both methods and for all dispersion points. The resulting
accuracy in both figures is representative of the well characterization of the cylindrical
mode. This conclusion is reasonable to be extensible to all the modes considered in this
thesis, in which the above-mentioned convergence criteria with the mesh refinement is
followed.

Periodic waveguide mode calculation and harmonic propagation in periodic
devices

In our analysis of periodic waveguides, two kind of simulations have been performed. For
the computation of band structures, an eigenfrequency problem of the kind (2.81) is stud-
ied in a single 3D unit cell, with Bloch boundary conditions in the propagation direction
and scattering boundary conditions in the transverse boundaries. The Bloch boundaries
imposes a phasor eikd, where k is the propagation wavenumber which is specified, d is the
periodicity set by the cell size in the propagation direction, and the resulting eigenvalue is
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a frequency with a complex value, in general. By energy conservation, the imaginary part
of the frequency can be translated linearly into a more intuitive imaginary propagation
constant through the group velocity [2].

For device modeling (tapers, beam-splitters, etc..), the excitation of the corresponding
scattering problem is provided by Port boundary conditions, the ports being fed by the
solutions of the corresponding eigenvalue problem. Open space is mimicked with PML [66]
or/and scattering boundary conditions whereas the end of the devices were terminated in
PML.

In both kind of simulations, the waveguide material properties were assigned in 3D do-
mains with the materials from appropriate databases [72–74]. In addition, the transversal
lengths of the whole domain (perpendicular to the periodicity direction) were several wave-
lengths in size in order to avoid the influence of the external boundaries in the guided modal
properties.
Due to the various length scales involved in the physical problem, highly non-uniform
meshes are used. In order to ensure an adequate representation of the electromagnetic fields,
the size of the elements is a fraction of the skin depth inside the metallic parallelepipeds,
a fraction of the characteristic geometric dimension (e.g., a, see the insets of Figure 2.5)
in the neighborhood of the structure, and a fraction of the operating wavelength at the
boundaries of the simulation domain. The final mesh is different for each simulation, but
typical values of the tetrahedra sizes in different regions of the simulation domain are of
the order of 1/5 of the skin depth or characteristic geometric dimension, and 1/10 of the
wavelength. The mesh size is refined until the results are stable with an accuracy of 1%. For
instance, in the case of band structure computations, the convergence criterium is based
on the value of both the real and imaginary parts of the frequency.

For periodic spoof-plasmonic modes with PEC conditions, we can compare the FEM
dispersion results with the semi-analytical results from a modal expansion technique [76].
The modal expansion basically expresses the electromagnetic solutions as a sum of incident
plane waves in the different regions of the periodic structure. In Figure 2.5(a) we compare
the results between both methods for a groove periodic structure with periodicity d, depth
h = 1.7d and aperture a = 0.1d, using the formula from reference [76]. In spite of the very
different approach of the methods we can see that the qualitative behaviour is good for the
lowest order approximation in the modal expansion and quantitatively very good if we take
into account a higher order approximation.
In order to check the consistency of the calculated propagation losses, we compare the FEM
results obtained through an eigenmode calculation in a Bloch cell, and through a scattering
problem as the one used for device modeling. The metal losses are taken into account with
surface impedance boundary conditions for the dielectric constant of aluminium [73]. In
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Figure 2.5: Panel (a) Frequency versus the propagation constant k of a groove structure obtained
from a FEM calculation (black square points), and a modal expansion calculation for
low diffraction orders (dashed green line) using the height resonating in the groove, h,
in the formula of reference [76], and using the height effectively resonating in the groove,
h+a/2, due to the finite size of the hole (green line). Inset: Cross-section of the grooves
array along the propagation direction. Panel (b) and (c) represents the Poynting vector
norm (interconnected black squares) along a straight section for a domino chain with
periodicity d = 200µm, L = a = 0.5d and h = 1.5d (see the inset for a sketch with
the defining parameters). The line crosses along the propagation Z-direction and the
reflection symmetry plane, and it lies above above the teeth for a distance h = 0.1d. The
red line represents an exponential decaying function with the decay constant obtained
from a Bloch-cell eigenvalue with the same structural parameters.

38



2.3 Electromagnetic computational modelling: Finite element method

particular, we compare the power flow decay in a periodic array of metallic parallelepipeds,
with period d = 200µm, waveguide width L = 0.5d and a = 0.5d (see Figure 2.5 panels (b)
and (c)). Since different wavelengths have different regimes of confinement, we have focused
on two particular wavelengths, one in which the propagation length is long (13λ, panel (b))
and the other one in which is small (∼ 1λ, panel (c)). In both panels, we have represented the
Poynting vector norm (black square-dots line) along a line in the periodicity direction and
slightly above the parallelepipeds obtained from a scattering problem. Additionally, we have
represented an exponential (red line) with its decay constant extracted from the eigenvalue
calculation, and its amplitude fitted to the amplitude maximum of the scattering problem.
Apart from tiny deviations arising from the reflections in the PML, it can be observed that
the decay of the amplitude is very similar between the two kind of calculations in both
panels. This agreement shows that the consistency between these two different calculations
is very good.

Electric-point dipole emission in 3D domains

The emission of an electric point dipole, with dipolar moment d in the point r0, corresponds
to the solution of the wave equation (2.21) with a linear harmonic current JN (r, ω) =

−iωdδ(r− r0) [47]. In order to compute the electromagnetic fields excited by such dipolar
source with the FEM, a point dipole is modeled as an element of length l, with a current
intensity I0, and orientation given by the unit vector n. The associated dipole moment for
such linear current is [77] d = (iI0l/ω)n and the length l is kept very short in comparison
with the emission wavelength (l ∼ λ/330) to satisfy the dipole approximation. For simu-
lating the different materials, the subdomains are specified by the corresponding dielectric
constants and, in order to simulate infinitely long plasmonic waveguides, the spatial do-
main of interest is properly terminated with PML [66]. The size of the simulation domain
is of the order of 30λ3 (approximately with similar dimensions in each direction), which
permits to avoid the interaction of the transversal boundaries with the propagation of the
plasmonic modes. A non-uniform mesh is employed where the typical element sizes are
chosen to satisfy the following criteria: ∼ λ/300 in the dipole neighborhood, ∼ λ/40 at the
waveguide metal interfaces, ∼ λ/12 at the planar metal interface surrounding the channel,
and ∼ λ/4 in vacuum away from the source. This kind of generated meshes typically involve
on the order of one million degrees of freedom. In order to check the accuracy of the results,
the mesh element sizes has been refined until the extracted electric field is stable with an
accuracy of 1%.

Let us compare the explained tools for modeling an electric-dipole in the point approxi-
mation with a semi-analytical normal mode expansion, expressed in terms of the reflection
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Figure 2.6: Panel (a) and (b) Purcell factor for an emitter placed above a semi-infinite metallic re-

gion versus the emitter-to-surface separations, obtained from a FEM calculation (blue
dots), and a semi-analytical calculation (green line). In panel (a) the silver properties
from reference [72] are used, whereas in panel (b) the aluminium properties from refer-
ence [73] are taken.

coefficients [10, 78], for a flat metallic surface. In particular, we compare the total Purcell
factor, i.e., the total power dissipated by the dipole in the presence of the inhomogeneous
medium (metallic-air surface) divided by the one in the homogeneous hosting medium (air).
In order to check the accuracy, we present the Purcell factor for different dipole-to-surface
distances, and two different wavelengths of emission: an optical wavelength [λ = 600 nm,
panel (a)] and a terahertz one [λ = 86µm panel (b)]. As explained with further details
in chapter 4, the election of these two frequencies are relevant since the surface plasmons
at a flat metallic surface are only highly confined at optical wavelengths. Therefore both
frequencies are a strong test for the different emitting channels, i.e. free-space radiation,
surface plasmon radiation, and non-radiative excitations originating from the imaginary
part of the metal [10]. Any artificial reflection from the perfect matching layers terminating
the simulation box, or a bad characterization of the mesh, would turn into large variations
of the Purcell effect, specially for the predominant emitting channel. We can observe that
the differences between both methods for any distance and both regimes are less than 1%
and therefore the agreement is excellent.
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2.4 Macroscopic Quantum Electrodynamics

2.4.1 Field quantization. Electromagnetic Hamiltonian

In this section we depart from the pure classical description of the electromagnetism and we
start describing the quantum electrodynamical effects. In order to quantize the macroscopic
Maxwell equations, we make use of the quantization of the sources and fields, following
reference [64]. The continuous set of complex fields JN (r, ω) or equivalently PN (r, ω) in
equation (2.21) can be regarded as playing the role of a set of dynamical variables of the
overall system, which is composed of the electromagnetic field and the medium (including
the dissipative system). It is convenient to write such dynamical variable in the following
form

PN (r, ω) = i

√
~ε0ε′′

π
f(r, ω), (2.82)

where f(r, ω) is the fundamental dynamic variable and ε′′ is the imaginary part of the
dielectric constant (2.20). The transition from classical to quantum theory consists in the
replacement of the classical fields f(r, ω) and f∗(r, ω) by the operator-valued bosonic fields
f̂ and f̂ †, respectively. Such operators are associated with the elementary excitations of
the composed system within the framework of linear light-matter interaction. Thus the
commutation relations for the components of the dynamical variables are

[f̂k(r, ω), f̂ †k′(r
′, ω′)] = δkk′δ(r− r′)δ(ω − ω′) , (2.83)

[f̂k(r, ω), f̂k′(r
′, ω′)] = 0 , (2.84)

and the Hamiltonian of the composed system is

Ĥ =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω). (2.85)

The replacement of the electric field E [equation (2.24)], of the magnetic field B [equation
(2.9)], and the displacement vector D [equations (2.16), (2.14) and (2.21)] by the quantum
mechanical operators, lead us (recalling equations (2.82) and (2.14)) to

Ê(r, ω) = i

√
~
πε0

ω2

c2

∫
d3 r′

√
ε′′(r′, ω)G(r, r′, ω)f̂(r′, ω), (2.86)

B̂(r, ω) = (iω)−1∇× Ê(r, ω), (2.87)

and

D̂(r, ω) = ε0ε(r, ω)Ê(r, ω) + P̂N(r, ω) = (µ0ω
2)−1∇×∇× Ê(r, ω), (2.88)
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from which the electromagnetic field operators in the Schrödinger picture are obtained by
integration over ω:

Ê(r) =

∫ ∞
0

dω Ê(r, ω) +

∫ ∞
0

dω Ê†(r, ω), (2.89)

B̂(r) =

∫ ∞
0

dω B̂(r, ω) +

∫ ∞
0

dω B̂†(r, ω), (2.90)

and 1

D̂(r) = D̂⊥(r) =

∫ ∞
0

dω D̂(r, ω) +

∫ ∞
0

dω D̂†(r, ω). (2.91)

With this formalism, the electromagnetic field is expressed in terms of the classical Green’s
tensor G(r, r′, ω) satisfying the generalized wave equation (2.23) and the continuum of
the fundamental bosonic variables f(r, ω) and f †(r, ω) fulfilling the bosonic commutation
relations (2.83-2.84). All the information about the dielectric matter (dependence in space
and frequency, and absorptive properties) is included in the permittivity ε(r, ω) of the
classical problem.

The previous quantization scheme meets all the basic requirements of quantum electro-
dynamics. Therefore, it can be shown by using very general properties of the permittivity
and the Green’s tensor that the electric and magnetic fields satisfy the correct commutation
relations at equal times [64].

[Êk(r), Êl(r
′)] = [B̂k(r), B̂l(r

′)] = 0, (2.92)

[ε0Êk(r), B̂l(r
′)] = −i~εklm∂rmδ(r− r′). (2.93)

εklm represents the Levi-Civita tensor and ∂rm = ∂
∂xm

is the partial derivative over the
spatial coordinates x1 = x, x2 = y, x3 = z. Additionally, the electromagnetic field operators
in the Heisemberg picture satisfy the Maxwell equations (2.1)-(2.4), with the time derivative
of any operator Q̂ being given by

ˆ̇Q = (i~)−1[Q̂, Ĥ], (2.94)

where Ĥ is the Hamiltonian (2.85) including the EM fields and dielectric medium interac-
tions.

Regarding to the (zero-temperature) statistical implications of the quantization scheme,
the vacuum expectation of Ê is obviously zero whereas the fluctuation is not. From equations

1From here on, the longitudinal (F̂‖(r)) and transversal (F̂⊥(r)) components of an arbitrary vector op-
erator (F̂(r)) are defined by F̂(‖)⊥(r) =

∫
d3r δ(‖)⊥(r − r′)F̂‖(r), with δ‖(r − r′) and δ⊥(r − r′) being

defined as the longitudinal and transversal tensor-value delta function, i.e δ‖(r) = −∇ ⊗ ∇ 1
4π|r| and

δ⊥(r) = δ(r)− δ‖(r), respectively.
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(2.83), (2.84) and (2.86) we obtain, with the help of the general relation of the complex
Green’s tensor [64]

ω2

c2

∫
d3s ε′′(s, ω)Gik(r, s, ω)G∗jk(r

′, s, ω) = ImGij(r, r′, ω), (2.95)

the following equation

〈0| Êk(r, ω)Ê†l (r
′, ω′) |0〉 =

~ω2

πε0c2
ImGkl(r, r′, ω)δ(ω − ω′). (2.96)

This equation shows that the fluctuation of the electromagnetic field is determined by the
imaginary part of the Green’s tensor, which is consistent with the dissipation-fluctuation
theorem [47]. Therefore the quantization scheme respects both the basic requirements of
quantum theory in terms of the correct commutation relations (2.92)-(2.93) and statistical
physics (i.e., the dissipation-fluctuation theorem).

2.4.2 Emitter-field interaction

The interaction of the quantized electromagnetic field with quantum emitters placed inside
a dielectric-matter configuration or near dielectric bodies can be strongly influenced by this
absorbing medium. A typical example in this thesis is the dependence of the spontaneous
emission rate of an excited two-level emitter on the presence of a plasmonic waveguide. In
order to study such related phenomena, the Hamiltonian (2.85) must be supplemented with
the Hamiltonian describing the interaction of charged particles with the medium-assisted
electromagnetic field. Probably one of the first historical atom-field Hamiltonians dates
from Dirac’s work [79], and it is known as the minimal coupling since it raises from the
’minimal’ change of the particles momentum p by the new momentum p− qA, due to the
reaction of the atom charge q to a radiation vector potential A. Let us start describing
such Hamiltonian for a general system with charged particles.

Minimal-coupling Hamiltonian

In order to describe the interaction with matter in the minimal-coupling scheme, it is
necessary to express both the scalar potential ϕ̂ and vector potential Â in terms of the
fundamental bosonic fields f̂(r, ω) and f̂ †(r, ω). The potentials in the Coulomb gauge are
defined by

∇ϕ̂ = −Ê‖(r), (2.97)

Â(r) =

∫ ∞
0

dω
Ê⊥(r, ω)

iω
+ H.c., (2.98)
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and the canonically conjugated momentum field respect to Â(r) is

Π̂(r) = −iε0

∫ ∞
0

dω ωÂ⊥(r, ω) + H.c., (2.99)

where H.c. denotes Hermite conjugate. Applying the minimal-coupling scheme, we can write
the total Hamiltonian for a system of charges in the form [64]

Ĥ =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω) +
∑
α

1

2mα
[p̂α − qαÂ(r̂α)]2

+
1

2

∫
d3r ρ̂At(r)ϕ̂At(r) +

∫
d3r ρ̂At(r)ϕ̂M (r),

(2.100)

where r̂α is the position operator and p̂α is the canonical momentum operator of the
αth non-relativistic particle of charge qα and mass mα, whose sum constitute an atomic
system (emitter) or ensemble of them. Additionally, the subindexes At and M refers to
atomic and medium-assisted quantities. Let us briefly explain the four terms arising from
the Hamiltonian (2.100). The first term is the energy of the electromagnetic field in the
presence of dielectric including absorption, i.e. imaginary part of ε. The second term is the
kinetic energy of the charged particles (with the vector potential defined by eq. [2.98)] and
the third term is their Coulomb energy, where the corresponding scalar potential ϕ̂At is
given by

ϕ̂At(r) =

∫
d3r′

ρ̂At(r
′)

4πε0|r− r′|
, (2.101)

with

ρ̂At(r
′) =

∑
α

qαδ(r− r̂α), (2.102)

being the charge density of the particles. The last term is the Coulomb energy of interaction
of the particles with the medium, where ϕM is defined by equation (2.97). The evolution of
the corresponding D̂ and B̂ field operators, together with their definitions [equations (2.90)
and (2.91) respectively], with the Hamiltonian (2.100) satisfy [64] the operators-valued
Maxwell equations

∇B̂(r) = 0, (2.103)

∇× Ê(r) + ˙̂B(r) = 0, (2.104)

∇D̂(r) = ρ̂At(r), (2.105)

∇× Ĥ(r)− ˙̂D(r) = ĵAt(r), (2.106)

where

ĵAt(r) =
1

2

∑
α

qα[ ˙̂rαδ(r− r̂α) + δ(r− r̂α) ˙̂rα]. (2.107)
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In equations (2.103)-(2.106), the longitudinal component of the electric field and the dis-
placement field [compared to (2.86) and (2.88)] now contain additional longitudinal com-
ponents that result from the charge distribution ρ̂At(r), i.e.,

Ê(r) = ÊM (r)−∇ϕ̂At(r), (2.108)

D̂(r) = D̂M (r)− ε0∇ϕ̂At(r), (2.109)

where ÊM (r) and D̂M (r) are defined according to equations [(2.86),(2.89)] and [(2.88),(2.91)],
respectively.

Multipolar-coupling Hamiltonian

Up to now we have considered the minimal-coupling Hamiltonian for several charges which
can be the constituents of a single or several emitters. In order to consider the interaction
of several emitters, is more convenient to do it in a multipolar-coupling formalism [64, 80].
The multipolar-coupling Hamiltonian describes the interaction in terms of field strengths,
atomic polarizations and magnetizations, instead of doing it by means of potentials like
in (2.100). Let us consider several atomic systems (atoms, molecules, quantum-dots, NV-
centers, etc..) at different atomic positions ri and introduce the atomic polarization for the
ith atomic system

P̂i(r) =
∑
αi

qαi(r̂αi − ri)

∫ 1

0
dλ δ[r− ri − λ(r̂αi − r̂i)], (2.110)

and then the total charge density (2.102) of non-overlapping systems can be rewritten as

ρ̂At(r) =
∑
i

{
qiδ(r− r̂i)−∇P̂i(r)

}
, (2.111)

with
qi =

∑
αi

qαi , (2.112)

being the total charge of the ith atomic system. In order to perform the transition from
the minimal-coupling scheme to the multipolar one we apply an unitary transformation,
known as the Power-Zienau-Woolley transformation [64, 80], which is

Ĥ = Û †HÛ, (2.113)

where the unitary operator is given by

Û = exp

[∑
i

i

~

∫
d3r P̂i(r)Â(r)

]
. (2.114)
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The resulting multipolar Hamiltonian from the transformation (2.113) for neutral atomic
systems (i.e. qi = 0) that are not non-overlapping, is [80]

Ĥ =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω)

+
∑
i

∑
αi

1

2mαi

{
p̂αi + qαi

∫ 1

0
dλλ(r̂αi − ri)× B̂[ri + λ(r̂αi − ri)]

}2

+
∑
i

1

2ε0

∫
d3r P̂i(r)P̂i(r)−

∑
i

∫
d3 rP̂⊥i (r)Ê(r),

(2.115)

where B̂ = ∇× Â [with Â defined in (2.98)] and Ê is defined according to (2.89).
From equation (2.115), it is seen that the atomic systems interact only through the

inhomogeneous medium-assisted electromagnetic field. In particular, in the electric small
dipole approximation we can ignore the term involving B̂(r), and the displacement field
Ê(r) does not vary significantly over the region ith polarization P̂i(r), so we can obtain:

Ĥ =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω) +
∑
i

{∑
αi

1

2mαi

{p̂αi}
2 +

1

2ε0

∫
d3r P̂i(r)P̂i(r)

}
−
∑
i

d̂iÊ(ri),

(2.116)

where d̂i =
∑

αi
qαi(r̂αi − ri) is the ith dipolar operator. We can observe that the first

term corresponds to the EM field-matter Hamiltonian (2.85), the second term in brackets
correspond to the sum of each atomic Hamiltonian Ĥi and the last term correspond to the
displacement interaction term. Restricting our attention to two-level atomic systems and
using the usual raising and lowering operators anticommutation relations {σ̂i, σ̂†j} = 1

2 , we
can write the ith atomic Hamiltonian as:

Ĥi = ~ωe,i |ei〉 〈ei|+ ~ωg,i |gi〉 〈gi| = ~ωiσ̂†i σ̂i + constant, (2.117)

in which the ith dipolar operator becomes

d̂i = diσ̂i + d∗i σ̂
†
i . (2.118)

and di = 〈ei| d̂ |gi〉 is the two-level (qubit) transition dipole matrix from the ith atomic
system excited level ei to the ground level gi. In addition, σ̂†i (σ̂i) is the i-qubit raising
(lowering) operators, and ωi = ωe,i − ωg,i is the ith qubit transition frequency.

2.4.3 Dynamics of two-level systems: Master equation

In this subsection we review the tools required to determine the evolution of arbitrary
quantum states formed by a pair of two-level emitting systems, i.e. two qubits emitters.
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2.4 Macroscopic Quantum Electrodynamics

Specifically, we derive the master equation governing N-qubit emitters that later we will
apply in chapter 5 for the case of two qubits (N=2). The main steps in the derivation,
following very closely reference [81], are the next: we write down the multipolar Hamiltonian,
perform the evolution of an arbitrary system operator Ô, and finally apply it to the system
density matrix operator ρ. We split the derivation of the master equation in two parts
regarding to the application of basic approximations to the off-resonant evolution and to
the on-resonant one, respectively. As an application to the dynamics in the presence of
PWs, we obtain the formulas of the master equation coefficients for such systems. Finally,
we consider how to add the effect of a free-evolving resonant laser in the master equation.

Evolution of the system operator with the Multipolar Hamiltonian

The multipolar Hamiltonian in the electric dipole approximation for a system of N-qubits in
the presence of dispersive and absorbing materials reads [using (2.116), (2.117) and (2.118)]
as:

Ĥ =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω) +

N∑
i=1

~ωiσ̂†i σ̂i

−
N∑
i=1

∫ ∞
0

dω [d̂iÊ(ri, ω) + H.c.],

(2.119)

where d̂i is the dipole moment operator of the ith two-level atom [equation (2.118)] and
Ê(r, ω) is the electromagnetic field operator (2.86). We recall that the bosonic operators f̂

and f̂ † represent the previously explained dynamical variables of the electromagnetic field
and the medium [see equation (2.82)], including the reservoir associated with the losses
in the medium. In addition, G(r, r′, ω) is the classical Green’s tensor in the presence of
an arbitrary absorbing medium characterized by the inhomogeneous complex dielectric
function ε = ε′ + iε′′, satisfying equation (2.23).
For the interaction of the qubit emitters and the electromagnetic field, it is convenient
to split the frequency integrals of the field (2.86) into on-resonant (

∫ ′∞
0 ) and off-resonant

(
∫ ′′∞

0 ) terms respect to the qubit transition. Let us now derive the time evolution of an
arbitrary system operator Ô with the qubit emitters. We expect that the on-resonant part of
the electromagnetic field Hamiltonian (2.85) gives rise to the most important contribution
to the evolution of the system operators. Considering such contribution and notation, we
can write the equation of motion of Ô in the Heisenberg picture as:

˙̂
O = − i

~
[Ô, Ĥres] +

i

~

N∑
i=1

∫ ′′∞
0

dω {[Ô, d̂i]Ê(ri, ω)

+Ê†(ri, ω)[Ô, d̂i]},

(2.120)

47



2 Theoretical methods

where

Ĥres =

∫
d3r

∫ ′∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω) +
N∑
i=1

~ωiσ̂†i σ̂i

−
N∑
i=1

∫ ′∞
0

dω [d̂iÊ(ri, ω) + H.c.].

(2.121)

Note that in equation (2.120) normal ordering is adopted, such that Ê(ri, ω) is on the
right-hand side and Ê†(ri, ω) on the left-hand side of the operators, which is appropriate
when taking expectation values (using the vacuum state) of the creation and annihilation
operators. First, let us calculate the second term (off-resonant) in equation (2.120) under
some approximations and then proceed with the first term (on-resonant term). The opera-
tors Ê(ri, ω) and Ê†(ri, ω) are expressed in terms of the dynamical variables f̂ regarding to
equation (2.86). In order to calculate the second term, we formally integrate the equation of
motion for the operators f̂(r, ω) and f̂ †(r, ω). Recalling the bosonic commutation relations
(2.83)-(2.84), we can easily see that f̂ fulfill the following Heisenberg equation of motion

˙̂f(r, ω) =
1

i~
[̂f(r, ω), Ĥ] = −iωf̂(r, ω) +

ω2

c2

√
ε′′(r, ω)

~πε0

N∑
i=1

d̂iG
∗(ri, r, ω). (2.122)

We can formally integrate equation (2.122) and obtain

f̂(r, ω, t) = f̂free(r, ω, t) +
ω2

c2

√
ε′′(r, ω)

~πε0

N∑
i=1

∫ t

0
dt′ d̂i(t′)G∗(ri, r, ω)e−iω(t−t′), (2.123)

where f̂free(r, ω, t) evolves freely. If we insert (2.123) in (2.86), and we make use of the
relation (2.95), we finally obtain

Ê(r, ω, t) = Êfree(r, ω, t) +
ω2

c2

i

πε0

N∑
i=1

∫ t

0
dt′ e−iω(t−t′)ImG(r, ri, ω)d̂i(t

′), (2.124)

where Êfree(r, ω, t) is defined inserting f̂free(r, ω) in equation (2.86).
In anticipation of the expected atomic energy-level shifts caused by the plasmonic waveg-

uide environment, we introduce for mathematical convenience a modified atomic transition
frequency ω̃i, which allows to write the slowly varying atomic operator as

ˆ̃σi(t) = σ̂i(t)e
iω̃it, (2.125)

so that equation (2.118) becomes

d̂i(t) = di ˆ̃σi(t)e
−iω̃it + d∗i ˆ̃σ

†
i (t)e

iω̃it. (2.126)
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Master equation derivation: basic approximations to the off-resonant term

Let us continue evaluating the second term of the equation of motion (2.120) in terms of
the Green’s tensor and the transition atomic operators. Now we insert equation (2.124) in
the second term of equation (2.120) and we obtain

F̂ ′′(t) = F̂ ′′free(t) +
∑
i,j

F̂ ′′ij(t), (2.127)

where

F̂ ′′free(t) =
i

~
∑
i

∫ ′′∞
0

dω {[Ô(t), d̂i(t)]Êfree(ri, ω, t) + Ê†free(ri, ω, t)[Ô(t), d̂i(t)]}, (2.128)

and

F̂ ′′ij(t) =− 1

~πε0

∫ t

0
dt′
∫ ′′∞

0
dω

ω2

c2
{[Ô(t), d̂i(t)] · ImG(ri, rj , ω)

· [dj ˆ̃σj(t′)e−i(ω−ω̃j)(t−t
′)e−iω̃jt + d∗j ˆ̃σ†j(t

′)e−i(ω+ω̃j)(t−t′)eiω̃jt]

− ImG(rj , ri, ω) · [dj ˆ̃σj(t′)ei(ω+ω̃j)(t−t′)e−iω̃jt

+ d∗j ˆ̃σ†j(t
′)ei(ω−ω̃j)(t−t

′)eiω̃jt] · [Ô(t), d̂i(t)]}.

(2.129)

The time integrals contain the solution to ˆ̃σi(t
′) which is itself unknown, and therefore we

need to approximate it. We may assume that the time integrals run over a small correlation
time τc [64, 82]. Such correlation time is larger than the inverse of the atomic system
resonance frequency ω̃i, which at optical frequencies is on the order of ω̃−1

i ∼ 10−15s.
Additionally, this correlation time is typically small compared to the time scale on which
the atomic system is changed owing to the coupling to the medium-assisted electromagnetic
field. One can estimate this time scale to be within the range 1/(100γ0)-1/(10γ0) [56],
where 1/(γ0) is the typical decay time of the slowly varying operators in homogeneous
environments, which is on the order of 1/γ0 ∼ 10−9s for optical emitters [41, 44, 47]. If
we restrict ourselves to resolving times (t − t′) within both assumptions, we can consider
a Markovian approximation and substitute ˆ̃σi(t

′) by ˆ̃σi(t)
2. In addition, for frequencies

outside the range −100γ0 ≤ (ω− ω̃i) ≤ 100γ0, the rapidly varying exponentials average the
time integrals to zero. In the spirit of such coarse-grained time averaging method, we may
make the replacement ∫ t

0
dt′ e−i(ω−ω̃i)(t−t

′)
→ ζ(ω − ω̃i), (2.130)

2It is important to notice this approximation neglects any long time correlation effects and therefore we
restrict to distances ri − rj between the emitters that fulfill t� (ri−rj)

vg
, where vg is the group velocity

of the medium-assisted electromagnetic fields.
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where

ζ(x) = πδ(x) + iP(1/x). (2.131)

We can also suppress the terms containing both ˆ̃σi(t
′) (ˆ̃σ†i (t

′)) and ˆ̃σi(t
′) (ˆ̃σ†i (t

′)) operators,
since they imply earlier resolving times 1/(2ω̃i) which can not be appreciated in the coarse-
grained time averaging method. In this way we derive

F̂ ′′ij(t) ' −
1

~πε0

∫ ′′∞
0

dω
ω2

c2
{diImG(ri, rj , ω)d∗jζ(−(ω + ω̃j))[Ô(t), σ̂i(t)]σ̂

†
j(t)

+ d∗i ImG(ri, rj , ω)djζ(ω̃j − ω)[Ô(t), σ̂†i (t)]σ̂j(t)

− d∗i ImG(ri, rj , ω)djζ(ω̃j + ω)σ̂j(t)[Ô(t), σ̂†i (t)]

− diImG(ri, rj , ω)d∗jζ(ω − ω̃j)σ̂†j(t)[Ô(t), σ̂i(t)]}.

(2.132)

Taking into account that the frequencies are off-resonant in equation (2.132), then ω± ω̃i
is different from zero and the δ-function does not contribute to the frequency integrals.
Therefore we can approximate

ζ(ω ± ω̃i)→ iP(1/(ω ± ω̃i)) (2.133)

an insert the resulting expression for F̂ ′′ij(t) into equation (2.127). Now we can combine
the resulting equation (2.127) with (2.120) and obtain the evolution

˙̂
O = − i

~
[Ô, ˆ̃Hres] + F̂

′′
free + i

N∑
i,j=1
i 6=j

{g−i∗j [Ô, σ̂
†
i ]σ̂j + g+

ij∗ [Ô, σ̂i]σ̂
†
j + g−ij∗ σ̂

†
j [Ô, σ̂i] + g+

i∗j σ̂j [Ô, σ̂
†
i ]},

(2.134)
where the coherent coefficients g−(+)

ij are defined as

g
−(+)
ij =

P

π~ε0

∫ ∞
0

dω
ω2

c2

diImG(ri, rj , ω)dj
ω − (+)ω̃j

. (2.135)

The notation i∗(j∗) refers to substitute di(dj) by its complex conjugate d∗i (d
∗
j ). In par-

ticular, it is illustrative to identify Ô with the atomic raising operator σ̂i in order to see
the influence of dipole-dipole medium-assisted coupling induced by the presence of other
emitters. The average of equation (2.134) in this case yields

〈 ˙̂σi〉 = − i
~
〈[σ̂i, ˆ̃Hres]〉 − i

i

~

N∑
i 6=j,j=1

gi∗j〈σ̂iσ̂j〉, (2.136)

where gi∗j is the resonant interatomic coupling coefficient, defined as

gi∗j = g+
i∗j + g−i∗j . (2.137)
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The sum in equation (2.134) contains terms for different indexes, whereas the equal
indexes have being included in the resonant Hamiltonian ˆ̃Hres (denoted by the tilde symbol,
∼, on Ĥres), which is defined according with formula (2.121) but substituting the atomic
transition frequency ωi by the medium-modified atomic transition frequency:

ω̃i = ωi − gi∗i, (2.138)

where the medium-induced frequency shift gi∗i is defined as

gi∗i = g+
i∗i − g

−
i∗i. (2.139)

Due to the ω̃i dependence of gi∗i, equation (2.138) is a self-consistent transcendental equa-
tion, so we need to approximate its evaluation. Applying Kramers-Kronnig relations to the
Green’s tensor, from equation (2.135) we find the approximate expression [81, 83]

g−ij =
ω̃2
j

~ε0c2
diReG(ri, rj , ω̃j)dj − g+

ij . (2.140)

Then from equations (2.140) and (2.137) we obtain the approximate resonant atomic cou-
pling

gi∗j =
ω̃2
j

~ε0c2
d∗iReG(ri, rj , ω̃)dj , (2.141)

and additionally from (2.138), we obtain the frequency shift of each atom

gi∗i =
ω̃2
i

~ε0c2
d∗iReG(ri, ri, ω̃)di − 2g+

i∗i, (2.142)

where the last part can safely be neglected if the frequency shift is caused by the presence
of macroscopic objects [81, 83], i.e. the reflection part of the Green’s tensor. Since the
atoms can be assumed to be localized in some small free-space region, the Green’s tensor at
the positions of the atom can be always be written as a sum of the homogeneous vacuum
Green’s tensor Ghomo and the reflected scatter field Gscatter [81, 47]. Due to the singularity
of ReGhomo at equal spatial points [84], equation (2.142) actually applies to the reflection
part Gscatter only. The homogeneous divergence is an artifact of quantum theory in free-
space for the Markovian approximation and it can be remedied by mass renormalization,
which give rise to the vacuum-induced Lamb-shift δωhomoi [84–86]. The vacuum interaction
can never be switch-off and therefore the only observable quantity is ωi + δωhomoi . Since
our interest is to study the dynamical process due to plasmonic interaction from quantum
emitters, we consider that such free-space Lamb shift has been already included in ωi. Both
the medium-induced (2.138) and the vacuum-induced Lamb shifts can also shift the values
of the Green’s tensor. However the effect of the Lamb-shift for optical frequencies is small
(ωi ∼ 1015Hz and δωhomoi ∼ 109Hz, δωi ∼ δωhomoi ).
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It is interesting to notice from equation (2.140) that the resonant dipole-dipole interaction
is not symmetric respect to i and j due to the dependence in ω̃j . This asymmetry could
be important with the appearance of sharp resonances in the Green’s tensor, when this
tensor value at ω̃i and ω̃j could be very different. Only if the difference |ω̃i − ω̃j | is small
compared with the frequency scale variation of the Green’s tensor, such asymmetry can
be disregarded, and the use of an average frequency ω̃i+ω̃j

2 is a very good approximation.
For identical or closely identical emitters such assumption means that the Green’s tensor
varies smoothly with frequency. That is the case for broadband plasmonic waveguides for
frequencies far from the surface plasmon resonance, which are the frequencies of interest in
this thesis due to their longer propagation lengths, and it will be shown with further detail
in chapters 3 and 4.

Recalling our main motivation, we are particularly interested in the evolution of the qubit
system and therefore in applying the evolution (2.134) to the reduced density matrix of the
system, ρ̂. Using the relationship

〈Ô(t)〉 = Tr[%̂(0)Ô(t)] = Tr[%̂(t)Ô(0)] = Tr[ρ̂(t)Ô(0)] (2.143)

where O is an arbitrary system operator, Tr denotes the trace, % is the total density operator
of the overall system, and using the cyclic properties of the trace, we can write from equation
(2.134) the following equation of motion for the expectation value of Ô:

〈 ˙̂
O〉 = Tr

[
− i
~

[ ˆ̃Hres, ρ̂]Ô

]
+ i

N∑
i,j=1
i 6=j

Tr
[{

[g−i∗j(σ̂
†
i σ̂j ρ̂− σ̂j ρ̂σ̂

†
i ) + g+

ij∗(σ̂iσ̂
†
j ρ̂− σ̂

†
j ρ̂σ̂i)]

+[g−ij∗(σ̂iρ̂σ̂
†
j − ρ̂σ̂

†
j σ̂i) + g+

i∗j(σ̂
†
i ρ̂σ̂j − ρ̂σ̂j σ̂

†
i )]
}
Ô
]
.

(2.144)

In such derivation we have assumed that the initial off-resonant free field is in the vacuum
state and then

〈F̂ ′′free〉 = 0. (2.145)

Equation (2.143) implies that Tr
[
dρ̂(t)
dt Ô(0)

]
= Tr

[
ρ̂(0)dÔ(t)

dt

]
and since Ô is an arbitrary

system operator, we can deduce from equation (2.144) the following equation of motion for
ρ̂ in the Schrödinger picture:

˙̂ρ = − i
~

[ ˆ̃Hres, ρ̂] +

i
N∑

i,j=1
i 6=j

{[g−i∗j(σ̂
†
i σ̂j ρ̂− σ̂j ρ̂σ̂

†
i ) + g+

ij∗(σ̂iσ̂
†
j ρ̂− σ̂

†
j ρ̂σ̂i)] + H.c.}

 . (2.146)

In this master equation, the resonant dipole-dipole interaction and the resonant atom-field
interaction are taken into account without any restriction on the strength of the latter
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one. Therefore, equation (2.146) is suitable to study strong-coupling phenomena, which
are typically associated to the appearance of high peaks of the Green’s tensor at a narrow
frequency interval, e.g., in cavity resonances.

Master equation derivation: basic approximations to the on-resonant term

Due to the lossy character of plasmonic waveguides [58], which are the structures of interest
in this thesis, and the typical small transition dipole moment of optical emitters (ω̃i >> γ)
[41, 44, 47], we can consider that the atomic-field interaction is weak. Therefore, the on-
resonant term from the equation of motion (2.120)

F̂ ′(t) = F̂ ′free(t)+
i

~
∑
i

∫ ′′∞
0

dω {[Ô(t), d̂i(t)]Ê(ri, ω, t)+Ê†(ri, ω, t)[Ô(t), d̂i(t)]}, (2.147)

can be treated within the approximation scheme taken previously for the off-resonant terms,
i.e., coarse-grain time averaging and Markovian approximation. Repeating the analogous
steps that led us from equation (2.127) to equation (2.132) for the resonant terms, we
obtain the same equation as in (2.132) but substituting the off-resonant integrals (

∫ ′′∞) by
the on-resonant integrals (

∫ ′∞). Since the frequency integral now run over the resonance
region, we may approximate the ζ function by the δ function

ζ(ω ± ω̃i)→ πδ(ω ± ω̃i). (2.148)

Then, inserting equations (2.147) and (2.148) into the first term at the right-hand side of
equation (2.134), we can the derive the following equation of motion

˙̂
O = −i

N∑
i=1

ω̃i[Ô, σ̂
†
i σ̂i] + F̂free −

1

2

N∑
i,j=1

{γi∗j [Ô, σ̂†i ]σ̂j + γij∗ σ̂
†
j [Ô, σ̂i]}

+ i
N∑

i,j=1
i 6=j

{g−i∗j [Ô, σ̂
†
i ]σ̂j + g+

ij∗ [Ô, σ̂i]σ̂
†
j + g−ij∗ σ̂

†
j [Ô, σ̂i] + g+

i∗j σ̂j [Ô, σ̂
†
i ]},

(2.149)

where

γij =
2ω̃2

j

~ε0c2
diImG(ri, rj , ω̃j)dj , (2.150)

are related with the spontaneous emission coefficients, i.e., dissipative coefficients, of each
atom due their local-field (i = j) and the ones due to medium-assisted interaction with the
other atoms (i 6= j). Additionally, we have the term

F̂free = F̂ ′free + F̂ ′′free, (2.151)
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which in the absence of medium-assisted excitations, the free-field is in the vacuum state,
and thus

〈F̂free〉 = 0. (2.152)

Tracing out the on-resonant and off-resonant field variables and recalling the steps that we
took from equation (2.134) to (2.146), we can derive the following equation for the reduced
density operator

˙̂ρ = −i
N∑
i=1

ω̃i[σ̂
†
i σ̂i, ρ̂]− 1

2

N∑
i,j=1

{γi∗j(σ̂†i σ̂j ρ̂− σ̂j ρ̂σ̂
†
i ) + H.c.}

+ i
N∑

i,j=1
i 6=j

{g−i∗j [ρ̂, σ̂
†
i ]σ̂j + g+

ij∗ [ρ̂, σ̂i]σ̂
†
j + g−ij∗ σ̂

†
j [ρ̂, σ̂i] + g+

i∗j σ̂j [ρ̂, σ̂
†
i ]}.

(2.153)

We can simplify equation (2.153) even more if we take into account that the frequency
scale variation of the Green’s tensor is slow in comparison with the atomic frequency differ-
ences, as in the case of broadband PWs. In these cases, the coefficients are approximately
reciprocal

g±i∗j ' g
±
ji∗ , (2.154)

γi∗j ' γji∗ (2.155)

and then equation (2.153) becomes

˙̂ρ = −i
N∑
i=1

ω̃i[σ̂
†
i σ̂i, ρ̂] + i

N∑
i,j=1
i 6=j

gi∗j [σ̂
†
i σ̂j , ρ̂]

−1

2

N∑
i,j=1

(γi∗j(σ̂
†
i σ̂j ρ̂− 2σ̂j ρ̂σ̂

†
i + ρ̂σ̂†i σ̂j)).

(2.156)

This master equation contains the information about the dynamics of N two-level emitters
in the presence of an arbitrary absorbing medium, fulfilling the weak atom-field condition,
and in the absence of free-evolving fields.

Plasmonic waveguide master equation coefficients

In order to apply the master equation (2.156) for plasmonic waveguides, we need to perform
the calculation of the Green’s tensor for evaluating the coupling coefficients (2.150) and
(2.141). By means of using the numerical method described in subsection (2.3.3) and the
electric-dipole formula (2.25), the total Green’s tensor (2.40) is numerically calculated. In
particular, we are interested in the contribution of the guided plasmons to the total Green’s
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tensor, for quantifying their roles in the dynamics of the system. For this analysis, we can
use the general formula (2.40) in order to evaluate the guided Green’s tensor. Nevertheless,
due to the larger values of the transverse EM fields, we will focus on transverse alignments
of the emitter dipole moment and therefore formula (2.44) is valid for such purpose. This
equation can be calculated by performing numerical calculations with the computational
model described in subsection (2.3.3). After substituting the classical EM fields in (2.44),
we can insert this guided Green’s tensor in equation (2.150) in order to obtain the plasmonic
spontaneous emission coefficient, γij,pl,

γij,pl =
ω̃j [dien] [djen]

~
∫
S1(en × h∗n) · ẑ dS

e−Imk(z−z′) cos[Rek(z − z′)], (2.157)

which for i = j, becomes the contribution of plasmons to the ith emitter decay rate, γpl.
Analogously, if we substitute equation (2.44) in the dipole-dipole coefficient (2.141) we
obtain

gij,pl = − ω̃j [dien] [djen]

2~
∫
S1(en × h∗n) · ẑ dS

e−Imk(z−z′) sin[Rek(z − z′)]. (2.158)

For emitters positions close to the waveguide surface, these semi-analytical formulas give
an excellent approximation to the crossed (i 6= j) coupling coefficients terms [(2.141) and
(2.150)], as it will be shown in chapter (4), and this fact emphasizes the relevance of the
surface plasmons in the dynamics. Additionally, this approximation facilitates the calcula-
tion of the coupling coefficients since it involves a 2D simulation instead of a 3D one, which
avoids the computation of large domains and therefore it saves important computational
time and resources.

Coherent influence on the evolution due to the presence of a resonant laser

So far in order to derive equation (2.156) we have assumed that the free field of the system
starts in the vacuum state and then 〈F̂free〉 = 0. The dissipation associated to the presence
of a plasmonic environment will finally make the system excitation to decay on time. Since
in nanophotonics the use of lasers is customary, it is attractive to consider its pumping
effect on the system to avoid the decay of the excitations. A full quantum-mechanical
description of the laser is certainly very interesting but, as a first approach to this problem,
it is convenient to do some simplifications. Specifically, we are going to assume that the
medium-assisted electromagnetic free-field is described by a nearly monochromatic coherent
laser (with angular frequency ωlaser), with a spectrum much narrower than the spectral
width of the atoms, γii. In such case the laser dynamics is barely affected by the presence
of the the atomic systems and we can substitute the laser operator Êfree by its c-number
〈Êfree〉. Within such approximations, the laser contributes only to the coherent dynamic of
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the system and we may include the following additional terms in the Hamiltonian (2.119)
as in resonance-fluorescence problems [87, 88, 51, 82, 89–91]

Hlaser ' ~ωlaserf̂ †freef̂free −
∑
i

[~Ωi σ̂
†
i e
iωlasert + H.c.], (2.159)

where the weak atom-field strength and the phase of the laser are characterized by the Rabi
frequencies Ωi = diEL e

ikLri/~, where EL and kL are the amplitude and wavevector of the
driving laser field, respectively. With the additional term (2.159), the total Hamiltonian
(2.119) will be time-dependent but we can perform the time-dependent unitary transforma-
tion Û = e−iωlaser(f̂

†
free f̂free−

∑
i σ̂
†
i σ̂i)t, such that we obtain a time independent Hamiltonian

Ĥrotated = ÛĤÛ † + iÛ∂tÛ
† [88, 82]. The physical interpretation of such transformation

corresponds to a frequency shift to the laser frame and the resulting Hamiltonian is [51, 82]

Ĥrotated =

∫
d3r

∫ ∞
0

dω ~ωf̂ †(r, ω)f̂(r, ω) +

N∑
i=1

~(ωi − ωlaser)σ̂†i σ̂i

−
N∑
i=1

∫ ∞
0

dω [d̂iÊ(ri, ω) + H.c.]−
∑
i

[~Ωi σ̂
†
i + H.c.],

(2.160)

where the frequencies of the emitters have been shifted by the laser frequency.
Repeating the arguments and steps taken to derive equation (2.156), we may derive the

following master equation

˙̂ρ = −i
N∑
i=1

(ω̃i − ωlaser)[σ̂†i σ̂i, ρ̂] + i
N∑
i=1

[~Ωi σ̂
†
i + H.c., ρ̂]

+ i
N∑

i,j=1
i 6=j

gi∗j [σ̂
†
i σ̂j , ρ̂]− 1

2

N∑
i,j=1

(γi∗j(σ̂
†
i σ̂j ρ̂− 2σ̂j ρ̂σ̂

†
i + ρ̂σ̂†i σ̂j)),

(2.161)

where the coefficients γi∗j and gi∗j are defined according to formulas (2.150) and (2.141),
respectively. In chapter 5, we will make use of this master equation to study the generation
of stationary entanglement between two qubits. In order to solve both equations (2.156)
and (2.161) we have made use of the Matlab quantum numerical toolbox [92], which solves
the evolution of the density operator. In the absence of laser we have compared with the
analytical data [93] and both methods provide numerically identical results, whereas in the
presence of laser we have checked with Mathematica numerical calculations as in references
[57, 56], and the differences were below 0.01%.

2.5 Conclusions

In this chapter we have derived the theoretical framework for studying both classical and
quantum phenomena involving plasmonic waveguides.
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2.5 Conclusions

Specifically, in section 2.1, the classical phenomenological Maxwell equations have been
presented for an arbitrary absorbing environment, which optical properties are described
by means of a response function that is local in spatial coordinates and non-local in time.
After introducing the constitutive relations, including a noise polarization in them, we have
shown the Maxwell’s equations in the Fourier frequency space with the presence of noise
sources. Next, the wave equations form of those equations have been presented which permit
us to give a formal solution of the electromagnetic fields in terms of the Green’s tensor for
inhomogeneous mediums. Importantly, the explicit contribution from plasmonic waveguide
modes to this tensor has been derived.

Since a large number of interesting electromagnetic problems in plasmonic waveguides
have a cumbersome analytical resolution, we have made use of the finite element method
to obtain a computational solution in these systems. In particular, we have described the
general structure of this numerical method in its Galerkin’s approach, and we have spec-
ified the main steps to solve realistic electromagnetic models: translational invariant and
periodical waveguides mode calculations, harmonic propagation in periodical devices, and
electric dipole excitation of waveguides.

Finally in section 2.4, we have presented a quantum mechanical formalism to study the
interaction of emitters and electromagnetic fields. As a result of the quantization of the
classical Maxwell’s equations, we have shown the electromagnetic field-matter Hamilto-
nian that represents the energy of the elementary light-matter excitations. In addition, the
minimal-coupling Hamiltonian that accounts for the interaction of electric charge distri-
butions from quantum emitters with the quantized medium-assisted potentials has been
presented. After performing a Power-Zienau-Woolley unitary transformation, this interac-
tion Hamiltonian has been transformed to the multipolar Hamiltonian that is expressed
in terms of the electromagnetic field operators. Finally, within the electric-dipole approxi-
mation and considering two-level emitters, we have derived the master equation governing
the dynamics of N-qubits in the presence of plasmonic waveguides for the weak coupling
regime. Both the absence and presence of a resonant coherent laser have been considered
in this equation.
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3 Plasmonic waveguides: from the optical to
the terahertz regime

3.1 Introduction

Surface plasmon polaritons (SPPs) have a great potential for telecommunications as circuit
interconnections [1] and key elements for subwavelength circuitry [6]. The potential of SPPs
is based on the subwavelength nature of their electromagnetic (EM) modes, which allows a
strong localization of their EM fields and the building up of ultra-small SPP-based circuits
[94]. In addition, such localization of the SPP implies high energy densities which enhance
the emission and the efficiency of EM sources coupled to the SPP [47]. Whereas most of the
studied applications have exploited the classical aspects of SPPs, encouraging and exciting
applications have started to exploit their quantum character [41, 45, 50, 95], as it will be
commented with further details in chapters 4 and 5.
Importantly, the SPP properties have been extended from the optical [6, 96, 97] to the tera-
hertz regime [32], thanks to the geometrical tailoring of their dispersion relations [31]. Such
geometrical tailoring consists in the design of corrugations in the metal surface which al-
lows the creation of deeply confined SPP-like modes, or spoof plasmons [32, 34, 33]. These
corrugations are crucial in order to achieve subwavelength confinement in open metallic
waveguides for frequencies ranging from the telecom to the terahertz regime, since non-
corrugated plasmonic waveguides are highly delocalized [19, 98]. For both classical and
quantum applications exploiting the deep localization of SPPs, it is interesting to research
SPP waveguides with higher degree of subwavelength confinement. In addition, it is also
highly desirable to find new, simpler and more robust SPP waveguides for longer wave-
lengths, in which SPPs get largely localized.

In this chapter we describe some of the most suitable plasmonic waveguiding approaches
to built subwavelength circuitry from the optical to the terahertz regime. In subsection 3.2.1
we introduce the concept of SPP in flat surfaces, which naturally arises from the optical
properties of metals on interfaces. In order to confine and control the SPPs into one dimen-
sion, we study some of the most promising plasmonic waveguides [6] in the optical regime.
In subsections 3.2.3-3.2.4, we show how to obtain subwavelength confinement in plasmonic
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waveguides for the telecom regime making use of corrugations in the metal. In particular,
in subsection 3.2.4, we pay special attention to a new corrugated waveguide mode that we
call domino plasmon. Finally, in subsections 3.3.1-3.3.4, we exploit the domino approach in
order to create subwavelength confined electromagnetic (EM) modes for designing robust
circuitry in the terahertz regime.

3.2 Optical and telecom plasmonic waveguides

3.2.1 Surface plasmon on a flat surface

In this subsection, we describe briefly the main features of flat surface plasmon polaritons
(SPPs) which have the properties that mainly inspired the present work. SPPs are collective
interactions between photons and electrons at metal-dielectric interfaces. These collective
modes can be described macroscopically as solutions of Maxwell equations, in which the
materials are described by their respective macroscopic dielectric functions [2]. The dielec-
tric function of the dielectric domain εdie is taken as a positive real constant for frequencies
far from material resonances, e.g., optical phonons [99]. However, the dielectric function for
the metal varies strongly with the frequency due to the presence of free electrons, and it
has a complex value because of the energy loss mechanisms of the electron. Such function
can be described by a damped-Drude model [100]

εmetal = 1−
ω2

p

ω2 + iγω
, (3.1)

where ωp is the plasma frequency, ω the EM field angular frequency and γ is the damping
rate of the electrons due to scattering processes in the metallic lattice. In Figure 3.1, we
can see the dispersion from the real part of the dielectric function for silver (ωp = 9eV

and γ = 0.07eV). Notice that such dependence is qualitatively the same for several metals
[100, 73], and therefore also their properties for supporting SPPs. From Figure 3.1 we can
observe two main characteristics of the metallic dielectric constant. Firstly, it is increasingly
negative for frequencies smaller than the SPP resonance frequency ωp√

2
(or equivalently

λ > 195nm). Secondly, we can observe that at the surface plasmon resonance wavelength
λ = 195nm, εmetal is very close to −1. Such condition can be deduced by inserting ω =

ωp√
2

in equation (3.1), if we neglect the small imaginary part of εmetal which is one order of
magnitude smaller than the real part (see the inset of Figure 3.1). The negative values and
the condition εmetal → −1 are crucial for the confinement of the SPPs as it will be clarified
below.

The SPP solutions are surface EM waves confined in the metallic surface with a char-
acteristic TM (or equivalently P) polarization, i.e., no-magnetic vector components along
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Figure 3.1: Real part of the damped-Drude dielectric function for silver versus the EM wavelength.
The parameters of the silver model are (ωp = 9eV and γ = 0.07eV). Inset: Imaginary
part of the silver dielectric function versus the EM wavelength. The damped-Drude
model for silver have the same parameters as in the main figure.

the propagation direction. We can see an example of such solution in figures 3.2(a) and (b),
which show the electric field norm for a SPP propagating in the z-direction for an air-silver
interface. It can be seen in both figures that the electric field arrows are mainly aligned
vertically, but it also has a small z component of the electric field (see Figure 3.2(a)). Such
quasi-orthogonal polarization respect to the metallic surface is general for PWs and is a
consequence of the realistic metallic boundary. We can also appreciate the change of sign
in the y-component of the arrows along the propagation direction due to the spatial phase
of the SPP field, which is modulated by the SPP spatial wavelength λplasmon. Also we can
observe how the electric field fades away from the surface, thus showing its confined na-
ture. Importantly, the higher confinement implies a magnification of the SPP electric fields,
because of the Poynting’s energy conservation.

Let us study the SPP properties with further details, including the reasoning of the
mechanisms that generate the confinement of the SPP on the surface. The SPP complex
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Figure 3.2: (a) Transverse y-z cut of the electric field norm of a SPP propagating in the z direction
for a silver-air interface at λ = 600nm. For both panels, the electric field magnitudes are
displayed in arbitrary units. The intensity goes from red (highest) to blue (lowest). Also
for both panels, the white arrows represent the electric vectorial field. (b) Corresponding
transverse y-x cut of the electric field norm of the SPPs in a flat surface shown in panel
(a).

wavevector kzSPP, can be written analytically as [2]:

kzSPP =
ω

c

√
εmetalεdie

εmetal + εdie
, (3.2)

where c is the speed of light. This last relation has a real and an imaginary part which
are related to the phase and the damping of the SPP, respectively. Because of the implicit
frequency dependence of the metallic dielectric function, the SPP propagating properties
depends non-linearly with the energy ~ω.
Firstly, we discuss the phase properties of the SPPs in flat surfaces. In Figure 3.3 (a)
we illustrate the typical dispersion relation of SPPs for an Ag-Vacuum interface, i.e., the
energy ~ω against the real part of equation (3.2), Re(kzSPP). We can observe how the
real part of the SPP wavevector departs from the light cone (ω = ck0), increasing its
value for higher energies. Consequently, the SPP has a spatial modulation eiRe(kzSPP)z with
a periodic length (λSPP = 2π

kzSPP
) smaller than the one in free space (λ = 2π

k0
) and the

plasmon wavelength decreases for higher energies. Such reduction is specially pronounced
at energies close to the SPP resonant energy, in which the dispersion relation presents an
asymptote (~ ωp√

2
). Additionally, it can be deduced from equation (3.2) that the SPP band

starts infinitesimally from the zero energy (~ω = 0) and so the SPP has no lower energy
cut-off.
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Figure 3.3: (a) Dispersion relation for the SPP fundamental band (magenta line) in a flat silver-air
surface. The calculations for both panels have been done using the dielectric constant
of silver for the Drude model as specified in the main text. The black line represents
the light cone or equivalently the free-propagation dispersion ω = ckzSPP. The blue line
represents the plasmon energy resonance asymptote ~ ωp√

2
. (b) Propagation length versus

the operating wavelength for the same flat surface as in panel (a).

We can easily understand the mechanism of confinement in a SPP propagating in the z-
direction. In the general SPP dispersion relation, k2

zSPP +k2
y = (ωc )2 [2], we can see that the

transverse momentum ky is imaginary mainly because Re(kzSPP) > ω
c and therefore k2

y < 0.
Consequently, the SPP EM fields have a factor proportional to an exponential e−|Im(ky)|y

which confines the SPP to the surface [2]. Importantly, the inequality RekzSPP >
ω
c comes

from the negative value of the metallic dielectric function. Such negative value makes the
denominator inside the square root in equation (3.2), εmetal + εdie = −|εmetal + εdie|, to be
smaller, in absolute value, than the modulus of the numerator, |εmetalεdie|, and therefore the
square root multiplying ω

c is larger than 1. Accordingly, the main mechanism for confinement
is the negative value of the metallic dielectric function. For increasing energies, kzSPP and
|Im(ky)| grow and the confinement increases. When the energy comes closer to the SPP
energy asymptote ωp√

2
, the denominator in equation (3.2) gets closer to zero due to the

condition εmetal → −1 and the subwavelength confinement can be achieved. Therefore, it is
the approach to the εmetal = −1 condition, associated to the SPP resonance, what permits
the SPP to achieve subwavelength confinement.

Let us turn our attention to the propagation losses of the SPP. It is intuitive that a
higher mode confinement is followed by a larger damping of the SPP. This intuition comes
from the higher fraction of the EM fields penetrating inside the metal, which lose their
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energy due to the electrons decay mechanisms [2]. This energy loss can be seen from the
complex character of the SPP wavevector, which comes from the imaginary part of the
metallic dielectric function. The imaginary part of kzSPP implies an exponential decay in
the z-direction, e−|ImkzSPP|z. We define the propagation length as the distance along the
propagation direction in which the incoming modal power has decreased to 1/e of its initial
value, i.e., 1

2Im(kzSPP) . In Figure 3.3 (b) we plot the SPP propagation length versus the EM
wavelength. We can indeed observe how the propagation length diminishes for decreasing
wavelengths due to the higher confinement of the plasmon. A compromise between the
degree of confinement and the losses is always present in any metallic waveguide due to
the electron energy losses. Therefore, the damping of the SPP must be considered for the
design of any application done with plasmonic waveguides.

We can provide some representative propagation values to identify clearly the challenges
that must be tackled in order to achieve subwavelength confinement with SPPs. The asymp-
tote of the SPP lies in the ultra-violet regime and consequently the mode confinement is
poorer at smaller energies. For realistic silver [72] at an optical wavelength of 600nm, the
modal size (defined as 1

|Im(ky)|) and the propagation length are 0.55λ and 30λ, respectively.
Moreover, for the same metal, those numbers are 1.68λ and 198λ for the telecom at a
wavelength of 1500nm. Finally, for the terahertz at the wavelength of 100µm, the same
normalized numbers are 37λ and 1.4 · 104λ, respectively. Therefore, we can see from the ob-
tained values of the modal size, that both the telecom and terahertz SPP in flat surfaces are
not subwavelength confined in contrast with optical SPPs. Therefore, the intrinsic subwave-
length nature of SPPs at optical frequencies is lost at wavelengths longer than the telecom
regime, and consequently, other approaches are necessary to recover the confinement at
sub-λ scales.

3.2.2 Conventional plasmonic waveguides

In this subsection we give a brief review of some of the most important 1D plasmonic waveg-
uides (PWs) which show deep transversal confinement in the optical regime. In particular,
we study the dispersion and confinement characteristics of a metallic cylinder, a wedge and
a channel. All these PWs share a 2D transversal confinement which is achieved confining
one of the delocalized dimensions in the SPP of a flat surface (orthogonal to the propagation
direction). The additional confinement is obtained by breaking the translational symmetry
of such delocalized direction, which is materialized by modifying the flat metallic surface
with different cross-sections. Such spatial modifications increase the effective index experi-
enced by the new SPP, which is higher than the one for free space and that for the SPPs
in flat surfaces. Accordingly, the new SPP becomes confined in the broken-symmetry di-
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rection, and it can only propagate in the 1D invariant direction. The tighter confinement
of the SPP in the 1D PW permits to further control the directionality of the SPP, and it
increases the field-enhancement close to the PW cross-section.

Cylindrical plasmonic waveguide

One of the canonical PWs in the optical regime is the cylindrical plasmonic waveguide
(CYPW). Such structure consists in an infinite metallic cylinder characterized by a radius R,
as represented by its transverse cut in Figure 3.4(a). The main properties of the CYPWs are
fixed by the radius R, thus showing a simple characterization of its properties. However, the
lack of additional structural parameters limits a further control over the SPP propagation
and field-enhancement characteristics. This structure has been extensively studied [101, 102]
because of its simplicity, but also due to the possibility of fabricating nanowires even at the
monocrystalline level [11]. Even though some simple devices like splitters have been tested
[103], the development of circuitry seems difficult. Such difficulty resides in the chemical
synthesis of the wires which spreads them randomly in the samples [41, 44, 104]. Therefore,
a post-processing method is required to select the wires and fabricate the circuit, which
complicates the circuitry production.

As in the case of the SPP in a flat surface, the dispersion characteristics of the CYPW
fundamental mode are intimately related with its propagation properties. In Figure 3.4(b)
we display the dispersion relation for the fundamental CYPWs bands for three different
radius R: R = 35nm, R = 50nm and R = 100nm. For comparison purposes, the SPP
dispersion relation in a flat surface is also displayed. In the numerical calculations, we use
the permittivity values of silver [72] and vacuum claddings. The CYPWs bands lie on the
right side of the light cone in the dispersion diagram, thus confirming their confined nature
as in the case of the SPP in a flat surface described in subsection 3.2.1. In addition, the
SPP wavevector grows at higher energies and therefore its modal confinement increases.
Similarly to the SPP in a flat surface, the CYPW fundamental mode does not posses a
lower energy cut-off, a fact that it is confirmed from the analytical study of CYPWs [101].

However, there are large differences between the CYPW and the SPP in flat surfaces.
For example, we can see how the bands for the cylinder lie far at the right side of the
SPP band in a flat surface, therefore indicating a larger surface confinement of the first
in comparison to the latter. It can be also observed how the bands get more confined for
smaller radii. Consistently with such radius dependence, we can observe the tendency of the
CYPW bands to recover the SPP results in flat surfaces for increasing radii, which is due to
the higher resemblance of the cylindrical surface with the flat interface. Another important
difference with the SPP in a flat surface is the spatial confinement of the EM fields, which

65



3 Plasmonic waveguides: from the optical to the terahertz regime

R

(b) (c)

(a)

spp

Figure 3.4: (a) Scheme of the transverse cut of the CYPWs in the plane orthogonal to the prop-
agation direction. The main structural parameters are displayed as commented in the
main text. (Surface plot) Transversal electric field norm of its fundamental SPP mode
for λ = 600nm in arbitrary units. The intensity goes from red (highest) to blue (lowest).
The white arrows represent the vectorial electric field. (b) Dispersion relation of the
CYPWs fundamental bands of different radius. For comparing purposes it is shown the
SPP band in a flat surface, the second CYPW mode and the light cone as indicated
in the figure. (c) Propagation length versus the operating wavelength for the CYPWs
fundamental modes with the same radiuses as in (b). For all the panels the chosen metal
is silver, which dielectric constant is taken from [72], and the cladding is air, εdie = 1.

66



3.2 Optical and telecom plasmonic waveguides

are transversally concentrated at the surface of the cylinder. Such confinement is illustrated
in Figure 3.4(a) for the electric field of the CYPW fundamental mode with R = 35 nm at
a wavelength λ = 600 nm. The mechanism of confinement is equivalent to that of a SPP
in a flat metallic surface that is curved into a cylindrical geometry [101]. Accordingly, the
electric field vectors are radially polarized in Figure 3.4(a) and they correspond to the TM
polarization of a SPP in a flat metallic interface (as shown in subsection 3.2.1) that is
confined in a cylindrical surface. However, we can observe how the electric field norm of the
cylindrical SPP mode has diminished importantly one radius far away from the metallic
surface. In particular for a radial distance of 82 nm (0.1λ) from the surface of the cylinder,
the SPP carries 70% of the total energy, clearly showing the deep subwavelength scale of
its radial confinement length.

The effect of confinement for the different radii and wavelengths are also reflected in the
propagation length that is displayed in Figure 3.4(c). We can observe how the propagation
lengths decrease for smaller wavelengths and also for smaller radiuses due to the increase
of confinement commented above. The large degree of confinement can be also observed in
the smaller propagation lengths compared to the SPP in a flat surface. For example, at an
operating wavelength of λ = 600nm, the propagation lengths for R = 35 nm, R = 50 nm
and R = 100 nm are respectively 3λ, 5λ and 10λ. These propagation lengths are consid-
erably smaller than the 30λ corresponding to the SPP in a flat surface. Such propagation
lengths have to be considered for CYPWs applications and they limit their use to optical
interconnections or ultra-small circuits on the order of several free-space wavelengths.

Finally, in Figure 3.4(b), we have also displayed the CYPW second mode with radius
R = 35nm. It can be observed that the second CYPW mode for R = 35nm lies far at
the left of the CYPW fundamental band. Therefore the second mode is much less confined
than the fundamental one, a fact that is general for other PWs that support a SPP that
is deeply confined in its fundamental mode [19]. Since we are interested in highly compact
SPP modes, in the following structures, we focus only on their fundamental modes.

Wedge plasmonic waveguide

The wedge plasmonic waveguide (WPW) has been shown to be a good candidate for achiev-
ing large degrees of confinement and practical propagation lengths [9]. The wedge structure
consist of a triangular tip, which is invariant in the propagation direction and is fused
on the top of a flat metallic surface (see Figure 3.5(a) for a transverse cut of the WPW).
Different WPWs cross-sections are characterized by three parameters: the height L, the
taper angle θ and the radius of the tip R. In comparison with the CYPW, the wedge is
structurally more complex and its larger number of parameters permits a further control
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Figure 3.5: (a) Scheme of the transverse cut of the WPWs in the plane orthogonal to the propagation
direction. The main structural parameters are displayed as commented in the main text.
(Surface plot) Transversal electric field norm of the fundamental WPW SPP mode for
λ = 600nm in arbitrary units. The intensity goes from red (highest) to blue (lowest). The
white arrows represent the vectorial electric field. (b) Dispersion relation of the WPWs
fundamental bands of different taper angles, with tip radiuses R = 5nm and height
of L = 200nm. For comparing purposes it is shown the SPP band in a flat surface as
indicated in the figure. (c) Propagation length versus the operating wavelength for the
WPWs fundamental modes with the same parameters as in (b). For all the panels the
chosen metal is silver, which dielectric constant is taken from [72], and the cladding is
air, εdie = 1.
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Figure 3.6: Effective mode index variation with the height L for a wedge SPP with fixed tip radius
and taper angles of 5nm and 300 respectively. The operating wavelength is set to 600nm

for these calculations. The chosen metal is silver, which dielectric constant is taken from
[72] and the cladding is air εdie = 1.

on the plasmon propagation and enhancing field capabilities. Moreover, focused-ion beam
[9] and high-quality photolithography-procedures [105] have been successfully used for the
fabrication of WPW, though large technological improvements are necessary in order to
perform complex optical circuits [106].

In Figure 3.5(b) we display the dispersion relation of the fundamental WPW band for
several taper angles with heights L = 200nm and tip radii R = 5nm. The SPP dispersion
relation in a flat surface is also shown for comparison purposes. In order to perform the
calculations, we have used the values of silver dielectric constants [72] and air claddings.
There are large differences between the WPW and the SPP propagation characteristics.
We can clearly observe how the bands lie far at the right side of the SPP band in a flat
surface, thus showing a higher degree of confinement than in the flat interface. It can be also
observed how the modal wavevector increases for decreasing wedge angles θ and accordingly,
the modal size of the wedge SPP mode diminishes for smaller angles. Consistently with such
behaviour, it can be seen the tendency of the wedge bands to recover the SPP band in a
flat surface for large angles, which is a consequence of the higher resemblance of the wedge
with the planar interface.
Importantly, there is one difference from the bands of the SPP in a flat surface and the
CYPW previously analyzed. For smaller energies the WPW bands present cross-overs with
the SPP band in a flat surface due to the finite height L of the wedge. Therefore, the WPW
shows a low energy cut-off at which the mode becomes delocalized at both sides of the tip
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and it propagates similarly to the SPP mode in a flat surface commented in subsection
3.2.1.

Another important difference from the previous PWs, is the modal confinement of the
WPW mode. As shown in Figure 3.5(a), the WPW concentrates the electric fields on
the tip, which produces large field enhancements due to its small size [106]. The electric
field follows the normal direction of the metallic surface and therefore, the WPW mode is
predominantly polarized in radial fashion around the tip (see the arrows in Figure 3.5(a)).
In particular, approximating the transversal modal size of the WPW mode to a circular
shape, the equivalent modal radius is only 0.1λ, thus showing its strong sub-λ confinement.
The tip confinement is well understood by means of the effective index method [94]. In that
method, the boundary conditions of the wedge are seen as stacks of finite metallic films, that
have different widths [94]. The effective indexes of such finite metallic films increases with
smaller films widths. In addition, those effective indexes are higher than the corresponding
ones for the SPP in a flat surface. Therefore, the wedge has a higher effective index nearby
the tip and consequently the EM field becomes confined close to it. Logically, similar tip-
shaped waveguides like ridges [107] have a similar confinement mechanism and consequently,
alike propagating properties. Due to the similarity of the CYPW and WPW electric fields,
one would naively think that a cylinder of radius R = 5 nm will give the same degree of
confinement. However a CYPW with such radius will hardly propagate along the waveguide
and the computed propagation distance is only 0.29λ. The main difference between both is
the effect of the metallic substrate which pushes the SPP outside the tip, thus reducing the
penetration of the electric fields. The effect of the height in the confinement will be clarified
below but let us first study the influence of the radial confinement in the propagation length
for the WPW.

In Figure 3.5(c) we can see the propagation length versus the wavelength for WPWmodes
with the same parameters displayed in (b). For decreasing wavelengths, we can observe how
the propagation length diminishes due to the general trade-off between confinement and
loss for SPPs. Also, we can see how for smaller wedge angles θ, the propagation length
diminishes due to the larger degree of confinement commented above. In general, as a
consequence of the increase of localization, the propagation length of the WPW mode is
reduced respect to the one in a flat surface. For example, for wedge modes with angles
θ = 30◦, 40◦ and 50◦ at a wavelength λ = 600 nm, the propagation lengths are 3λ, 4λ and
6λ, respectively.

Let us finally focus on the effect of the height in the modal confinement. In Figure 3.6
it is shown the variation of the modal effective index n = kSPP

k0
as a function of the height

L, where k0 is the free-space wavevector in air. The parameters λ, θ, and R, are fixed
to 600 nm, 30◦ and 5nm, respectively. The confinement for large heights is mainly due
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to the tip as discussed above and therefore we can observe how the effective index vary
slowly for heights L > 170nm. For smaller heights the mode on the tip feels the presence
of the substrate more significantly. Consequently the substrate start expelling the mode
from the tip and the modal effective index decreases. Logically, for very small heights, the
WPW mode is so pushed by the flat surface that it tends to the SPP effective index in
a flat surface (nflat SPP = 1.04 for λ = 600 nm). Similar to the effect of very large angles
commented above, the modal index crosses with the one in a planar interface at a height
L = 25 nm in which the mode becomes delocalized in the substrate at both sides of the tip.

Channel plasmonic waveguide

The channel plasmonic waveguide (CPW) has shown promising properties for deep con-
finement in PWs [6]. Such structure consists of an triangular trench carved in a metallic
substrate, whose cross-section is displayed in Figure 3.7(a). The channel properties are
characterized by the height L, taper angle θ and the radius of the tip R. As in the case of
the wedge plasmon, these parameters allows a large range of variations in order to further
control the channel mode dispersion relation and its field-enhancing abilities. The CPW
properties have been shown in an extensive number of experiments mostly with focused-ion
beam lithography [17, 18], but also with photo-lithographic technics [108]. In contrast with
the two previous PWs, complex plasmonic circuits have been experimentally demonstrated.
Such experiments include passive elements like Mach-Zehnder interferometers, ring res-
onators, tapers, beam splitters [17, 18, 109, 14, 15] and active devices like lasers for similar
U-shape structures [110].

In order to describe their propagation properties, we start studying the dispersion relation
of the CPW fundamental mode. In Figure 3.7(b) we display the bands for the fundamental
modes of several CPWs with different taper angles. For those channels, the heights are
L = 139nm and the tip radii R = 5nm. In order to perform realistic calculations, we
have used the dielectric constant of silver, measured from optical experiments [72], and air
claddings. Firstly, it can be observed how the bands reside on the right part of the light cone,
thus showing their confined character. We can also see how the confinement of the channel
SPP increases for higher energies, thus displaying the typical behaviour of plasmonic bands.
In addition, we can observe the tendency of the bands to have larger SPP wavectors for
smaller taper angles. Therefore sharper angles θ confine more the CPW mode. Such trend
is due to the larger departure of the channel shape from the flat surface, since the SPP in
a planar interface is less confined, i.e., the SPP band lies at the left of the channel ones.
Nevertheless, that higher confinement is limited in energy because the CPW bands crosses
the SPP band in a flat surface, thus showing low energy cut-offs. Accordingly, for those
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Figure 3.7: (a) Scheme of the transverse cut of the CPWs in the plane orthogonal to the propagation
direction. The main structural parameters are displayed as commented in the main text.
(Surface plot) Transverse electric field norm of the fundamental CPW SPP mode for
λ = 600nm in arbitrary units. The intensity goes from red (highest) to blue (lowest).
The white arrows represent the electric vectorial field. (b) Dispersion relation of the
CPWs fundamental bands of different taper angles, with tip radiuses R = 5nm and
height of 139nm. For comparing purposes it is shown the SPP band in a flat surface as
indicated in the figure. (c) Propagation length versus the operating wavelength for the
CPWs fundamental modes with the same parameters as in (b). For all the panels the
chosen metal is silver, which dielectric constant is taken from [72], and the cladding is
air, εdie = 1.
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Figure 3.8: Effective mode index variation of CPW with height. The tip radius and taper angles
are fixed to 5nm and 200, respectively. The operating wavelength is set to 600nm for
these calculations. The chosen metal is silver, which dielectric constant is taken from
[72] and the cladding is air εdie = 1.

cut-off energies, the CPW becomes spread at both sides of the trench, thus losing their
lateral confinement, similar to the SPP in a planar interface. Also, it can be observed how
the energy values of those cut-offs decrease for sharper angles, a fact consistent with the
higher confinement of channels with smaller angles. The origin of such cut-offs is intimately
related to the finite height of the channels, whose effect in the confinement will be clarified
at the end of this subsection.

Let us understand the confinement mechanism in the channel SPP. The EM fields of the
CPW fundamental mode are confined in the gap region, as it is displayed for the electric
field in Figure 3.7(a). 70% of the energy propagates within the gap which, approximating
such confinement area by a rectangular shape, and averaging both vertical and horizontal
transversal sizes, has an average length of 0.1λ (with 139 nm and 34 nm of vertical and
horizontal confinement, respectively). The confinement mechanism provided by the gap is
well understood within the effective index method [94]. In such method, the triangular
trench is seen as stacks of finite metal-dielectric-metal gaps with different widths. The
effective index of those gaps is larger for smaller widths and larger than the SPP effective
index in a flat surface. Accordingly, the channel effective index is higher at the bottom of
the channel, a fact reflected in the confinement of the electric field in the lower part as
shown in Figure 3.7(a). The effect of the gap in the confinement can be also appreciated in
the polarization of the electric field which is mainly horizontal, thus following the normal
direction of both sides of the gap. Such gap boundary conditions are present in other PWs,
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like slots or rectangular trenches and therefore they share similar confinement mechanisms
and propagating properties [111].

The effect of confinement is also reflected in the propagation losses of the channels. In
Figure 3.7(c) we display the propagation length versus the wavelength for the same param-
eters of the channels considered in panel (b). The propagation lengths diminish for larger
energies and smaller angles, accordingly to the increase of confinement described above. The
propagations lengths of the channel are in general much smaller than the ones for the SPP
in a flat surface, due to the higher degree of confinement. For example, in comparison with
the propagation length for the SPP in a planar geometry (30λ at λ = 600 nm), the channels
with angles θ = 20◦ and θ = 30◦ only propagate 3λ and 4λ, respectively. Only for larger
angles, the propagation are comparable but at the expense of large lateral delocalization.

The dependence on the height L largely affects the confinement of the channel SPP. For
studying such dependence, the modal effective index variation n = kSPP

k0
with the height is

displayed in Figure 3.8 for a fixed wavelength (λ = 600nm), angle (θ = 20◦) and tip radius
(R = 5nm). At very large heights the modal index is practically constant because the CPW
mode is confined deeply in the gap, nearby the tip. Consequently, the channel mode does not
feel the upper part of the metallic substrate [19]. When we decrease the height, the mode
starts to be pushed outside the gap and it starts feeling the wedge borders of the channel
which have a confining effect as commented in the previous subsection. Accordingly, the
effective index of the channel SPP increases until it reaches a maximum at L = 200nm. For
smaller heights than the maximum, the mode starts to be importantly expelled from the
gap and the wedges. Therefore, we can observe how the effective index decreases. Finally
at the height L = 72 nm, the channel modal size is so delocalized that its effective index
equals the one of an SPP in a flat surface (nflat SPP = 1.04). In other words, the channel
presents a cut-off for that height in which the mode is highly delocalized at both sides of
the gap.

3.2.3 Effect of corrugation on conventional waveguides

In order to fulfill the potentialities of light guiding based on SPP excitation, it is convenient
to search for improved ways to control and tune the propagation characteristics of SPP
modes. The research is specially critical for longer wavelengths, like the telecom regime, due
to the high vertical delocalization of the SPPs in a flat surface, as commented at the end of
subsection 3.2.1. The use of corrugations [31, 112, 113, 20, 32, 33] has proven to be crucial
in expanding the SPPs properties to the far-infrared, terahertz and microwave regimes.
Such approach, also known as spoof plasmonics, permits to confine the otherwise highly
delocalized SPP modes and it will be further explained in section 3.3. In this subsection we

74



3.2 Optical and telecom plasmonic waveguides

transfer the spoof concept to conventional PWs modes in the optical and telecom regime.
We demonstrate how the introduction of a subwavelength periodic modulation in a PW
strongly modifies the guiding characteristics and the confinement of its SPP modes.

First we consider a SPP mode that is bound to and propagates along the channel plas-
mon waveguide (CPW) similar to that studied in subsection 3.2.2 (see the upper illustration
in Figure 3.9). In Figure 3.10(a) we plot the dispersion relation (frequency versus parallel
momentum) of the fundamental CPW mode whose geometrical parameters are taken from
experiments [16]. The metal considered is gold and its frequency-dependent dielectric func-
tion is taken from [74]. Due to the finite depth of the grooves, this CPW mode presents a
cutoff wavelength with the SPP in a flat surface which, for the chosen set of geometrical
parameters (see caption of Figure 3.10), appears at around 1.3µm. Grey curves in Fig-
ure 3.10(a) illustrate the modification of the CPW dispersion relation induced by a sub-λ
periodic modulation in the CPW (see the lower illustration in Figure 3.9, and the inset
of Figure 3.10). The depth of the grating is fixed at 30nm for all the considered periods.
We can observe that the main effect of the corrugation is to shift the cutoff wavelength of
the CPW mode to longer wavelengths, reaching a value of 1.6µm for the shortest period
analyzed, d = 25 nm. Also, as its dispersion relation departs more from the light line, the
bands for the corrugated CPW becomes more localized than the smooth one. Our finding
that cutoff wavelength shifts to longer wavelengths in corrugated V-grooves could explain
why in the experiments exists a propagating CPW mode in the wavelength range between
1424-1640 nm [17], despite the fact that calculations for a non-corrugated V-groove with the
same geometrical parameters (θ = 25 degrees) predict a cutoff wavelength of 1440 nm [19].
Scanning electron microscope images reveal the presence of a weak periodic modulation
in CPWs that are fabricated with focused ion beam techniques (see an example in Figure
3.11). When a shallow corrugation of 30 nm with a period d = 25 nm is now introduced
in the V-groove, our calculations show that the cutoff wavelength moves from 1440 nm to
1750 nm, larger than the wavelength range analyzed in the experiments.

A much stronger effect associated with a longitudinal sub-λ periodic corrugation is seen
for another type of SPP modes: a slot SPP mode that propagates along a gap carved
between two metal plates. Here we consider a waveguide structure that is composed of
a slot perforated on a thin silver film deposited on top of a glass substrate (ε = 2.25),
see inset of Figure 3.10(b). The main geometrical parameter that controls the dispersion
relation of these modes is the width of the slot, w. Figure 3.10(b) shows two different non-
corrugated structures, w1 = 75 nm (red line) and w2 = 135 nm (grey line). The geometry
of the corrugation is chosen so the distance between two widest points, W , is equal to w2

whereas the minimal distance is equal to w1, see inset of Figure 3.10 (b). The introduction
of a periodic modulation has a drastic effect on the dispersion relation. One could naively
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d

Figure 3.9: 3D illustration of a non-corrugated (upper) channel and a corrugated one (lower) with
periodicity d. The rest of the defining geometrical parameters are displayed in the inset
of Figure 3.10(a).
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Figure 3.10: (a) Dispersion curves for CPWs. Red and blue curves represent those for a CPW
mode without corrugation for two different angles, θ = 300 and θ = 150. The depth
of the CPW is L = 1.1µm and the radii of curvature at the edges are r = 10nm
and R = 100nm. Grey lines display the dispersion curves for CPW corrugated modes
(θ = 300) where the depth of the grating is fixed at 30 nm and three different periods
are studied: d = 400nm, d = 100nm and d = 25nm. Inset shows the geometry. (b)
Dispersion curves for slot waveguide modes. Red and grey curves are those for the slot
without grating. Blue curve is the dispersion curve for a corrugated slot. The period
of the grating is d = 100nm.
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Figure 3.11: Scanning electron microscope image from the V-groove used in reference [17], where
a corrugation can be observed inside the groove.

expect that the resulting dispersion curve would be located between those for the non-
corrugated cases. However, the band for the corrugated slot departs strongly from those
two curves, resulting in a much longer cutoff wavelength and larger confinement. Then, our
results clearly show that a sub-λ periodic modulation could also be used to improve the
guiding properties of slot waveguide modes.

In the following we show that a sub-λ periodic modulation could indeed create a SPP
mode in structures where, without corrugation, laterally confined SPP modes are not sup-
ported. As an example we consider a metallic ridge (height h and width L) placed on top
of a substrate made of the same metal (see Figure 3.12). For small enough heights the
metal substrate expels the mode and there is a cutoff with the SPP in a flat surface. The
cut-off origin is similar to the one appearing for the WPW discussed in subsection 3.2.2.
For the parameters h = 120 nm and L = 37.5 nm, the ridge structure does not support the
propagation of SPP modes transversally localized due to such cut-off. In Figure 3.12(a) we
render the dispersion relations of the geometrically-induced SPP modes that emerge when
a sub-λ periodic modulation is introduced into a gold ridge. The six curves correspond to
different values of the modulation depth, g. As clearly seen in the figure, even the weakest
modulation (g = 20 nm) is able to create a laterally confined SPP mode (i.e., the dispersion
curve is lower than the SPP-curve for the flat metal surface). When the depth g is enlarged,
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Figure 3.12: Creation of a geometrically-induced ridge SPP mode. (a) Dispersion curves for SPP
modes running on a corrugated ridge with different modulation depths. (b) Geometry of
the ridge structure without (upper one) and with a modulation (lower one): corrugation
period d = 75nm, width of the ridge L = 37.5nm, height of the ridge h = 120nm and
the grooves width a = d/2 = 37.5 nm. (c) Corresponding propagation lengths for the
cases analyzed in panel (a).

the dispersion relation further departs from the light line, increasing the mode localiza-
tion. Accompanying this movement, the cutoff frequency shifts to lower frequencies. The
increase in the mode localization also affects the propagation length of these geometrically-
induced SPP modes. For a fixed wavelength, the transversally confined mode propagates
less distance for larger g, as seen Figure 3.12(c). In addition, we can also observe that the
propagation is strongly reduced for optical wavelengths λ < 800 nm but not so much for
telecom wavelengths. For example for a telecom wavelength λ = 1.31µm, the most confined
case (g = h = 120 nm ) has a propagation length of 13λ. Therefore we can conclude that
the effect of corrugation strongly modify the dispersion properties of conventional PWs and

79



3 Plasmonic waveguides: from the optical to the terahertz regime

it permits to increase deeply the SPP confinement at telecom wavelengths.

3.2.4 Domino plasmon polaritons

In this subsection we present a new waveguide inspired by the increase of confinement due
to the corrugation on a ridge structure. In the case where a ridge has a grating depth
equal to the height of the ridge, the geometry resembles a 1D chain of metallic box-shaped
particles placed on top of a metal film (see Figure 3.13). Due to the structure resemblance
with a domino chain, we call this new type of SPP as domino plasmon polariton (DPP).
The properties of its guided modes are defined by the geometric parameters characterizing
the dominoes as illustrated in Figure 3.13, i.e., periodicity d, height h, lateral width L,
and inter-domino spacing a. Importantly, the DPP, due to its planar symmetry, presents a
full geometrical compatibility with lithographic technics in contrast to other suitable but
complex waveguides in the telecom regime, like channels and wedges.

The DPP mode has a high electric field localization near the top part of the domino
structure, see Figure 3.13. In this figure the horizontal slice renders the electric field intensity
evaluated in a xz-plane that is parallel to the metal substrate and located 5 nm above the
domino’s top face. The intensity also presents a strong subwavelength confinement in the
transverse direction. Regarding the vectorial nature of the EM-fields associated with a DPP,
the electric field has mainly y and z components (see yellow lines in the vertical plane of
Figure 3.13) whereas the magnetic field has predominant x and z components (see blue
lines in the horizontal plane of Figure 3.13).

It is worth discussing the differences between the DPP modes described above and the
plasmon modes supported by 1D arrays of metal nanoparticles placed on top of a dielectric
film [114, 115]. In this last case, the near-field coupling between the localized plasmon modes
of the metal nanoparticles leads to the formation of a very flat plasmon band characterized
by a deep sub-λ confinement but very short propagation lengths. However, in the case of
DPP modes, the presence of the metal substrate results in the emergence of a ”polaritonic”
part in the dispersion relation that runs close to the SPP band of the flat surface [see
Figure 3.14(a)]. Accordingly, DPP modes operating within this polaritonic regime posses
a very long propagation length but, as expected, are much less confined than the modes
supported by a chain of metal nanoparticles. The propagation properties of a DPP mode
depend on the lateral size (L) of the structure. By varying this dimension we could find
optimal properties of the DPP mode, like enhanced field confinement and/or longer propa-
gation length. Figure 3.14(a) shows the DPP dispersion curves for four different values of L.
As this width is reduced from L =∞ to L = 0.5d = 37.5 nm, the cutoff frequency increases
and, for a fixed frequency, the wavevector is smaller for narrower dominoes. Accordingly,
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Figure 3.13: Electric and magnetic fields associated with a domino plasmon polariton mode. Yel-
low (blue) lines represent the electric (magnetic) vector field. Electric field intensity
map is evaluated on a horizontal plane located on top of the domino structure. The
geometrical parameters of the domino structure are: modulation period d = 75 nm,
lateral width of the ridge L = 37.5 nm, height h = 120 nm and the grooves’ width
a = d/2. The operating wavelength is λ = 1.5µm. The definition of the cartesian axes
is also depicted.

the DPP propagation length for very narrow dominoes is larger than that for a wider one
(see Figure 3.14(b)). Interestingly, even for a domino width of only L = d/2 = 37.5 nm,
the propagation length at λ = 1.5µm is around 80µm, a value that is larger than those
predicted for other types of SPP modes that present high confinement like channels [19] or
wedge plasmon polaritons [106].

Figures 3.15(a-c) render the electric field intensity distribution for three DPPs in a plane
perpendicular to the propagation direction located at the center of the gap between two
dominoes. The lateral sizes analyzed are L = 0.5d, L = 3.5d and L = 10d and the op-
erating wavelength is λ = 1.5µm. The color scale is the same for the three distributions.
As expected from the dispersion curves, the DPP mode is more confined for the wider
domino, L = 10d. When the domino width is decreased, the EM energy is carried within a
bigger volume. This is illustrated in Figs. 3.15(a-c) by representing the energy isocurves for
the three different dominoes. The percentage associated with each isocurve measures the
amount of EM energy (with respect to the total one) carried out through the area inscribed
into the curve. This is a valid way to define the modal size of a waveguide mode [116]. A
closer look at the intensity distributions shows that the electric field in the case L = 3.5d
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Figure 3.14: Dependence of the DPP propagation characteristics with the domino width. (a) Dis-
persion curves of the DPP modes for four different widths L of the structure. The
geometrical parameters of the domino structure are the same as in previous figure. (b)
Propagation length versus free-space wavelength for the four structures analyzed in
panel (a).

presents a stronger field enhancement than L = 10d or L = 0.5d cases. In all cases, a com-
parison of electric field distributions with the operating wavelength (white bars) in Figure
3.15 illustrates the strong sub-λ transversal confinement associated with the propagation
of DPP modes. These results show a superior confinement compared to conventional CPW
and similar to the WPW in the telecom regime [106].
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Figure 3.15: (a-c) Electric field intensity distributions evaluated at λ = 1.5µm in a plane perpen-
dicular to the propagation direction for three different values of L. The blue lines show
several energy isocurves: the percentage measures the amount of energy (with respect
to total one) carried through the area bounded by the corresponding isocurve.
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3.3 Terahertz plasmonic waveguides

3.3.1 Concept of spoof plasmon

The terahertz (THz) electromagnetic (EM) spectrum covers one of the most interesting
and multidisciplinary research fields in science nowadays [24, 25, 23]. Such interest is due
to its potential applications in astronomy [29], medicine [26], imaging [117] and information
processing [118]. An important goal within the THz research is the development and integra-
tion of photonic circuits that must be efficiently coupled to THz sources and detectors [30].
Within this endeavor, several approaches for THz waveguides have been proposed recently,
mainly divided in dielectric [36, 37] and conventional SPP PWs [119, 98]. In general, the
miniaturization of dielectric waveguides is diffraction-limited and they are not monolithic,
which make their integration more difficult for circuitry purposes. The extremely high delo-
calization of SPPs in the THz, as we illustrated in subsection 3.2.1, also makes conventional
SPPs unpractical for THz circuitry purposes. In order to provide a solution to such high
delocalization, the concept of spoof plasmons (SPOOFSPs) was introduced [31, 76]. The
SPOOFSPs has proven to be a very promising route in transferring the optical SPPs prop-
erties to the design of ultra-compact THz waveguides [20, 34, 33, 120–122, 31, 76]. In this
subsection we describe the concept and main characteristics of SPOOFSPs in corrugated
grooves within the approximation of perfect electric conductor for the metal [67]. Such
approximation is very good for the THz frequencies due to the high values of the plasma
frequency of the metal (∼ 103THz).

Let us understand the main ingredients for supporting SPOOFSPs in the surface of a
perfect electric conductor (PEC), with properties analogous to those of SPPs in a flat
surface for the optical regime. In the PEC approximation, the electrons of the metal shield
perfectly the EM fields, its conductivity gets infinite and no energy can be stored inside the
metal. Since the existence of the SPPs is linked to the storage of electromagnetic energy in
the surface of the metal, no surface EM modes exist in a flat PEC interface. If we want to
mimic the behavior of optical SPPs in a flat surface in this limit, we can perforate tiny holes
or trenches in order to store effectively the EM energy in the flat interface (see an example
of a sketch in Figure 3.16(a)). The indentations, that act like open cavities, must be smaller
than the wavelength in order to create modes with transversal modal sizes at sub-λ scales.
In addition, the cavities need to be sufficiently close, at subwavelength distances, in order
to couple to each other, a requirement that allows the propagation in such effective medium.
Finally, we need some degree of symmetry in order to avoid the radiation to escape to the
far-field, and therefore to have confined surface modes. This confinement can be achieved
through a sub-λ periodic modulation of the indentations. The subwavelength periodicity
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Figure 3.16: (a) Cross-section of the grooves array along the propagation direction. The parameters
a, h and d characterizing the groove structure are displayed. (b) SPOOFSP dispersion
relation for a groove metallic structure with parameters a = 0.5d and h = 1.5d. The
frequency and the modal wavevector are normalized by the periodicity d due to the
universal scaling of PEC metals as explained in the main text. Inset: Spatial surface
plot of the electric field norm, in arbitrary units, of a flat SPOOFSP at kz = π

d . The
intensity goes from red (highest) to blue (lowest).

makes the radiation of each periodic element to destructively interfere at the far-field due
the opposite phases between the elements [123]. Therefore, with such periodic symmetry,
these modes are confined and do not radiate outwards the surface. Accordingly with such
sub-λ features, the perforated metal behave like an effective metallic homogeneous material
or metamaterial [31, 124] which supports SPOOFSPs.

Once we have identified the main ingredients to have SPOOFSPs, let us study the
geometrically-induced modes supported by an array of grooves in a PEC substrate with air
cladding. The properties of the groove structure are defined by the periodicity d, groove
width a and height h (see Figure 3.16(a)). Such structure supports a SPOOFSP which prop-
agates in the z-direction and is confined in the y-direction. In Figure 3.16(b), we show the
dispersion relation of the fundamental SPOOFSP for an array of grooves with structural
parameters a = 0.5d and h = 1.5d, where d is the periodicity. Once a and h are chosen
proportional to d, the choice of the periodicity only scales the operating frequency. Such
property is due to the scale invariance of Maxwell equations and the PEC condition in the
metal, since the latter does not depend on the frequency. Therefore, for universal frequency
characterization, we make use of the normalized frequency d

λ and normalized propagating
wavevector kd

π , since it permits us to characterize spoof (PEC) structures independently of
the chosen d.
We can observe in Figure 3.16(b) the high similarity between the SPOOFSP dispersion
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relation and that for the SPP band in a flat surface at optical frequencies (recall Figure
3.3(a)). At small frequencies, the SPOOFSP is very close to the light line and accordingly,
the mode is poorly confined. For larger frequencies the modal wavevector increases and the
SPOOFSP gets subwavelength confinement. Finally, for higher frequencies, we can see in
Figure 3.16(b) that the band reaches an asymptote. At such limit, the group velocity is
zero and therefore the mode has an upper cut-off, which coincides with the border of the
first Brillouin zone (kz = π

d ). The physical origin of the asymptote is the Bragg’s condition
imposed by the periodicity, i.e., a π phase difference between the periodic elements, which
cancels the radiation along the propagation z-direction due to the destructive interference
between the elements. Therefore, at the Braag condition, the SPOOFSP supported by the
groove must resonate vertically in the y direction inside the gaps, as displayed in the inset
of Figure 3.16(b).

The guided mode of a groove array is the analogous spoof version to the SPP in a flat
surface, studied in subsection 3.2.1 at optical frequencies, since its confinement properties
can be understood in a similar fashion. The confinement mechanism in the interface of the
grooves apertures is, as in the case of the SPP in a planar interface, related to the equation
k2
z+k2

y = (ωc )2. The condition kz > ω
c force ky to be purely imaginary and consequently, the

mode gets confined in the transversal y-direction, as shown in the inset of Figure 3.16(b).
Because of such analogy, the SPOOFSP supported by the groove is not localized in the
transverse x-direction, which limits its use for confined THz circuits. To better understand
the dispersion physics of the SPOOFSP, let us make use of a simplified model that consider
a single mode inside the groove, that neglects diffraction effects, and for the condition
λ >> d. The approximation for the dispersion relation in such model is [76]

kz = k0

√
1 +

(a
d

)2
tan2(kyh), (3.3)

where kz is the modal wave vector, k0 = 2π/λ, and the y component of the wave vector inside
the grooves, ky, is related with the corresponding z and x components by k2

x + k2
y + k2

z =

k2
0 = (ωc )2. The EM fields inside the grooves are independent of z and x for the chosen

longitudinal polarization and thus kz = kx = 0, ky = k0, which corresponds to a TEM
mode. This means that equation (3.3) presents an asymptote for k0h = π/2 or, in other
words,

d

λ
=

d

4h
, (3.4)

which corresponds to the resonance condition for the TEM mode inside the groove. With
such resonant condition the estimated normalized frequency is 0.17 and the numerical
calculation is 0.14, thus showing a reasonable agreement with the simplified model. The
departure from the single mode model is due to the effect of the borders in the groove
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apertures. In fact, we can certainly see at the inset of Figure 3.16(b), that the maximum of
the electric field is displaced slightly outside the groove. Therefore the height h in the pure
resonant condition (3.4) is effectively elongated, and the normalized frequency asymptote
in the full calculation is shifted to a smaller value.

3.3.2 Domino spoof plasmons

Due to the relatively recent development of the THz technology, there is a need to design
photonic circuits for the THz regime in order to develop integrated-applications [23, 30].
For such purpose, it is highly desirable to develop THz-waveguides that fulfill the requisites
of easy fabrication, subwavelength confinement, low loss, and device flexibility. In this
subsection, we study the domino plasmon approach, considered in section 3.3.4, as a novel
SPOOFSPs waveguide [38] fulfilling all those requisites for the THz regime. Since the
electrons oscillations are completely damped at THz frequencies, i.e., ω < γ in equation
(3.1), the physics of the domino structure, at THz frequencies, substantially differs between
the same structure at telecom wavelengths. To remark such difference, we specifically call
its supported modes as domino spoof plasmons (DSPs).

Dispersion relation

The properties of the domino spoof plasmon, are mainly controlled by the geometric param-
eters defining the dominoes, i.e., periodicity d, height h, lateral width L, and inter-domino
spacing a (see the inset of Figure 3.17(a)). In contrast with corrugated wires [20], this is
a planar system and should not pose significant manufacturing problems which is much
simpler than corrugated V-grooves [34] or wedges [33].

In the following we describe the dispersion properties of DSPs and to gain physical
insight, we model the metal as a perfect electric conductor (PEC). Later, realistic metals
will be considered, letting us discern what is the frequency regime where DSPs display the
most promising behaviour. Due to the simple scaling properties of PECs, we choose the
periodicity d as the unit length. We first set the inter-domino spacing to a = 0.5d, but
this value is not critical for the properties of DSPs as it will shown below. DSP bands
present a typical surface plasmonic character, i.e., the bands approach the light line for low
frequencies and the curve reach an horizontal frequency limit at the edge (kedge = π/d) of
the first Brillouin zone (see Figure 3.17(a), notice that only fundamental modes are plotted).
In all cases DSP modes lie outside the light cone, a fact that explains their non-radiative
character in the transverse directions. While the limit frequency of SPPs for large k is related
to the plasma frequency, the corresponding value for DSPs is controlled by the geometry as
in the case of the SPOOFSP supported by grooves, that were shown in the subsection above.
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Figure 3.17: (a) Dispersion relation of DSPs for various lateral widths L. Black and grey (blue)
lines correspond to height h = 1.5d (h = 0.75d). Dashed line stands for infinitely wide
dominoes (L =∞). Metals are modelled as PECs. Inset: diagram of the domino struc-
ture and geometric parameters (the arrow depicts the mode propagation direction).
(b) Dispersion relation of DSPs for three inter-dominoes spacings a for lateral widths
L = 0.5d (squares) and L =∞ (dashed lines). The height is set to h = 1.5d. The three
different a values are: a = 0.25d (red), a = 0.5d (black) and a = 0.75d (blue). Notice
that the bands corresponding to a = 0.25d for both L are almost indistinguishable.

The influence of the height h in a DSP with L = 0.5d is clear: the band frequency rises for
short dominoes (h = 0.75d, blue line) as compared with that of taller ones (h = 1.5d, black
line). In particular, the values of the normalized frequencies asymptotes are 0.25 and 0.14

for the two heights, respectively. Interestingly, the ratio between both frequencies 0.25
0.14 ≈ 2

coincide approximately with the ratio of both heights ( 1.5
0.75 = 2). Such behaviour would

be expected for the (1D) array of grooves studied in the previous subsection, which has
approximately a normalized resonant frequency equal to d

4h . In fact, the similar behavior
between both structures is supported by the representation of a DSP band, with L = ∞
(1D groove array) and h = 1.5d (see the dashed line in Figure 3.17(a)). In comparison
with the corresponding band for L = 0.5d (black line), the L = ∞ bands display similar
quantitative values and almost identical qualitatively results.

Let us study the variation of the bands with the domino interspace a, fixing the height
(h = 1.5d). In Figure 3.17(b), we display the dispersion relations for L = 0.5d at three
different a values: a = 0.25d (red squares), a = 0.5d(black squares) and a = 0.75d (blue
squares). For comparison purposes, we have represented the case L =∞ for the same values
of a, which are displayed by dashed-lines with the same colors, respectively. We can observe
the same qualitative SPOOFSP behavior for all the bands independently of a. The bands
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Figure 3.18: (a) and (b), Modal shape of DSPs: transverse (xy) electric field (arrows) and horizontal
(xz) electric field (color shading) for DSPs of height h = 1.5d and widths L = 0.5d

(a) and L = 8d (b). (c) and (d), Same as in panels (a) and (b), but now for a 1D
array of free-standing metallic rods (h = 3d). The designations even and odd label the
symmetries of the modes with respect to the corresponding white lines. The fields in
(a)-(c) are plotted for d/λ = 0.125, marked with a red open dot in fig 3.17, the white
bar in (b) being the wavelength (valid for panels (a)-(c)). The field in (b) is computed
for the same k as in panels (a)-(c), corresponding now to d/λ = 0.056. In panels (a)-(d)
metals are modelled as PECs.

are not displaced far from the case a = 0.5d, thus showing that a is not as critical as the
height h (recall Figure 3.17(a)). Additionally, it can be seen the tendency of the bands to get
higher normalized wavevectors for larger values of a. Such qualitative behaviour coincides
for both L representative cases. That characteristic is consistent with the TEM model for
the 1D groove structure. The smaller values of a decrease the effects of diffraction inside
the groove, since both L = 0.5d and L =∞ modes converge numerically to the same TEM
mode. Therefore, the resonant condition (3.4) is fulfilled more accurately for both L, and
the values of the normalized asymptote frequency increases to 0.15, which is closer to the
0.17 pure TEM model. In fact, in agreement with that interpretation, we can observe that
in the case a = 0.25d, both, L = 0.5d and L = ∞ bands, can hardly get distinguished. In
the rest of the section, we set the inter-domino spacing to an intermediate value, a = 0.5d,
which impose less demanding conditions for fabrication purposes.

Those results lead us to the most striking characteristic of DSPs, which is their behaviour
when the lateral width L is changed. All bands in the range L = 0.5d, . . . , 3d lie almost on
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top of each other (Figure 3.17(a), grey curves). In other words, the modal effective index,
neff = k/k0, is rather insensitive to the lateral width L. If we now look at the numerically
computed dispersion relations of Figure 3.17(a) in the light of equation (3.3) for the grooves,
it seems that the DSPs fulfill ky ≈ k0 in equation (3.3) for a wide range of L. Remarkably,
the bands remain almost unchanged even for L = 0.5d, whose modal size is well inside
the subwavelength regime, as observed in the field distribution plotted in panel (a) of
Figure 3.18 for L = 0.5d. Notice that the white bar representing λ in panel (b) is valid for
panels (a)-(c), and the modal size, defined as the FWHM of the modulus of the Poynting
field distribution, is 0.21λ for panel (a). Therefore the DSP shows a deep subwavelength
traversal size, which makes it promising for sub-λ circuitry at very long-wavelengths, in
which the PEC condition applies.

The insensitivity of DSPs to the lateral size L constitutes the foundation of some of the
devices presented later, and can be linked in an intuitive way to the structure geometry.
The key role played by the metallic substrate can be explained by comparison of DSPs
and the modes of a Yagi-Uda structure, i.e., a periodic array of free standing metallic
rods [123, 114, 125]. For small L, the dispersion of DSPs of height h is identical to that of
the fundamental mode of a Yagi-Uda structure of height 2h. The field of the DSP is simply
the upper half of the fundamental mode of a rod array of height 2h, see Figs. 3.18(a) and
(c). For large L this correspondence does not hold anymore, as demonstrated by comparison
of panels (b) and (d) which display completely different symmetries. For dominoes, a mode
with the same symmetry as the Yagi-Uda mode shown in panel (d) is forbidden because
the horizontal electric field has to be zero at the metallic ground. This mode suppression
is critical because the frequency of the fundamental mode of a Yagi-Uda structure, which
is essentially controlled by the length of the long axis of the rods, is very sensitive to the
lateral width L, being very different for short vertical rods and long horizontal rods.

It is also important that the air gaps between the dominoes are laterally open. Let
us imagine that, instead of being open, they were laterally closed by PEC walls. Since the
electric field inside the gap points longitudinally from one domino to the next one, it should
then vanish at both PEC lateral walls, giving a cosine-like x dependence. It is then clear
that the mode frequency should increase when the lateral size L is decreased, arriving to the
conclusion that the modes of such structure have L-sensitive bands. In contrast, for DSPs,
the boundary conditions at the laterally open gaps are more akin to perfect magnetic walls,
and the corresponding field is approximately x-independent inside the air gaps even when
L → 0. For instance, Figure 3.18(a) suggests that for L = 0.5d a substrate of lateral size
about 2λ should be sufficient to achieve the mentioned effects.
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Figure 3.19: DSP modal effective index as a function of lateral dimension L in units of wavelength.
Various operating frequency regimes are considered: λ = 1.6mm (red), λ = 0.16mm
(green), λ = 0.016mm (blue), and λ = 1.5µm (magenta). To compute them, a realistic
description of the metals is used. As described in the main text, the periodicity d is dif-
ferent for the various operating frequencies, and h = 1.5d, a = 0.5d, L = 0.5d, . . . , 24d.
Inset: Electric vector field (modulus) distribution in the transversal plane between
dominoes for L = 0.5d and λ = 0.16mm. For appreciating the x-dependence in the
gap, we have drawn with a black line the cross-section of the nearby dominoes.

The effect of realistic metals

The lateral insensitivity in the dominoes at terahertz frequencies is very different from
DPPs at the optical and telecom regimes where the skin depth penetrates importantly
into the metal. Therefore the PEC condition breaks and so the simplicity of the DSP
physics, including the lateral insensitivity (see Figure 3.14). Such situation is general to
conventional plasmonic modes in the optical and telecom regime for which sub-λ lateral
confinement is not a trivial issue ( [126] or see subsection 3.2.2). When the lateral size of the
structure supporting such modes becomes subwavelength, either the modal size grows, or
the effective index increases largely. Let us scrutinize in more detail the role played by the
lateral dimension L, considering now realistic metals in DSPs in which the frequency regime
can change its properties. The periodicity d is chosen to set the operating wavelength in the
desired region of the EM spectrum, and L is varied in the range L = 0.5d, . . . , 24d, while
the remaining parameters are kept constant (a = 0.5d, h = 1.5d). Aluminum is selected for
low frequencies, where metals behave almost like PECs. To take into account the realistic
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effect of the metal, we use surface impedance boundary conditions [67] with the dielectric
permittivity of Aluminum taken from Ref. [73]. This approximation is justified in the THz
regime due to the nanometer sized skin depths in real metals [127]. In order to work at
λ = 1.6mm, providing an operating angular frequency of the order of 0.2 THz, we first
consider d = 200µm. The evolution of the modal effective index as a function of the lateral
dimension normalized to the wavelength is plotted in Figure 3.19. The curves corresponding
to a PEC (black line) and aluminum at λ = 1.6mm (red line) are, as expected, almost
identical. We can now quantify the sensitivity of the effective index to L, its variation
being only about 12% even when L goes from L = ∞ to L = 0.5d = λ/16, well inside
the sub-λ regime. The rapid variation of neff when L << d can be understood with the
help of equation (3.3). In this limit the EM fields start to be x-dependent inside the air
gaps, as verified by inspection of the fields (inset of Figure 3.19). Such variation is reflected
in the fact that kx 6= 0 and consequently ky < k0 inside the gap. Then, if we assume
that equation (3.3) is still valid in this limit, it predicts that the modal effective index is
reduced when L → 0. To investigate the performance of DSPs at higher frequencies, the
structures have been scaled down by factors 1/10 and 1/100. The fact that the curves
corresponding to λ = 0.16mm (green line) and λ = 0.016mm (blue line) do not lie on top
of the previous ones is a signature of the departure of aluminum from the PEC behaviour.
Nevertheless, even at λ = 0.016mm, the variation of the effective index is still smaller
than 15%, a property that can be exploited for taper design in the far infrared, albeit with
slightly reduced performance as compared with the THz case. When the operating frequency
moves to the telecom regime (λ = 1.5µm, magenta line) the variation of the effective index
is much larger (about 38%). Let us mention in passing that, for this wavelength, we use
gold due to its lower losses and so the geometric scaling had to be different (the periodicity
is now d = 0.13µm) in order to support a domino plasmon polariton mode. The important
message of Figure 3.19 is that, although a variation of neff begins to be noticeable when
the lateral dimension L goes below λ/2, DSP bands are fairly insensitive to L in the range
L = 0.5d, . . . , 24d when operating at low frequencies. Such property has, to our knowledge,
never been reported for spoof plasmon modes in corrugated wedges, channels, or wires.

Propagation and bending losses

Now that we have identified the THz range as one of the most promising spectral regimes
for the DSP, we will characterize the corresponding absorption (ohmic) and bending losses.
Figure 3.20(a) displays the propagation length (` = [2Im(k)]−1) of DSPs as a function of
wavelength for various widths L (d = 200µm for all curves). The only source of damping in
the domino structure is absorption by the metal as no radiation losses occur in the straight
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Figure 3.20: (a) Normalized propagation length of DSPs in rectilinear guides of various L as a
function of λ (h = 1.5d, a = 0.5d, d = 200µm). (b) Bend loss of DSPs for three radii of
curvature as a function of λ (h = 1.5d, a = 0.5d, L = 0.5d, d = 200µm). Inset: Poynting
vector field (modulus) distribution in a horizontal plane slightly above (30µm) the
height of the bend (top view). The chosen wavelength and radius of curvature are
marked with an open black dot in panel (b). The red solid vertical lines in both panels
indicate the operating wavelength used later, λ = 1.6mm.

waveguide configuration. In order to take into account the inherent ohmic losses in the
metal, we use surface impedance boundary conditions [67] with the dielectric permittivity of
Aluminum taken from Ref. [73]. The propagation length is very short for small λ, when the
first Brillouin zone edge is reached, but it rises at increasing wavelengths as the dispersion
curve approaches the light line. Several lateral widths L are considered and it is observed
that DSPs structures of smaller L travel longer distances before their modes are damped.
The radiation losses occurring in a waveguide of L = 0.5d with a 90◦ bend are analyzed
in panel (b). In this case the metal is modelled as a PEC for easier evaluation of radiation
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losses. Data for three radii of curvature of the bend, R = λ/2, λ, 2λ, are presented. In all
three cases, losses are low for small λ but they grow as the wavelength is increased, i.e.,
when the modal wave vector approaches k0. The dependence with the radius of curvature
of the bend is not surprising either, radiation losses being higher for smaller radius of
curvature. Consideration of absorption and bending losses suggests that λ = 1.6mm can
be an appropriate operating wavelength. For λ = 1.6mm and L = 0.5d = 100µm, the
modal size is 0.34mm, i.e., about λ/5. The propagation length is about 20λ, much larger
than the size of the devices presented later, and the bend loss for R = λ is reasonably
low, about 10%. Notice that for corrugated V-grooves, the bend loss for R = 2λ is around
50% [34].

3.3.3 Circuitry elements based on dominoes spoof plasmons

We have characterized the main properties of domino plasmons and shown its promising
propagation characteristics for applications in THz circuitry. In this subsection we design
some DSPs passive devices enabling the spatial and temporal modulation of EM fields in
the THz. We choose the operating wavelength to be λ = 1.6mm and d = 200µm, which
correspond to the far THz [23]. In all the next computations the metal is considered as a
PEC, to easily quantify the device radiation loss.

Waveguide tapering [20, 35, 128, 33] is interesting for field concentration and amplifica-
tion, both important requirements for imaging applications [129, 130] and circuit integra-
tion [131]. Tapering is expected to be easy in domino structures due to the insensitivity
to lateral width L of the dispersion relation of DSPs. This hypothesis is confirmed in Fig-
ure 3.21(a), which shows a top view of the propagation of power along a tapered domino
structure. The lateral widths of the waveguide are Lin = 16d at the input port (bottom) and
Lout = 0.5d at the output port (top). The length of the taper is 16d, i.e., two wavelengths
at the operating frequency, corresponding to a taper semi-angle of θ = 31◦. Remarkably,
reflection is smaller than 2% and only 5% of the incoming power is lost as radiation due
to the shrinkage of the lateral dimension along the taper. Panels (b)-(e) are cross sections
at different positions along the taper, vividly showing the process of field subwavelength
concentration and enhancement. A similar design does not work in the telecom regime due
to the sensitivity of DSP bands to the lateral dimension L at those frequencies, as shown in
subsection 3.2.4. A more adiabatic taper, with smaller change of neff per unit length, would
not circumvent the problem because absorption loss can be high in the telecom regime (for
instance, for λ = 1.5µm, d = 0.13µm, and L = 16d, the propagation length is ` = 1.2µm).

We now discuss how to construct power dividers and directional couplers [37, 132]. Fig-
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Figure 3.21: (a) Poynting vector field (modulus) distribution in a horizontal plane slightly above
(30µm) the height of the tapered domino structure (top view). The lateral width is
tapered from Lin = 16d to Lout = 0.5d (h = 1.5d, a = 0.5d, d = 200µm, λ = 1.6mm).
(b)-(e), Amplitude of electric field in transverse vertical planes (longitudinal views) at
the locations shown by white dashed lines in (a). The white bar in (b) showing the
operating wavelength is valid for the last four panels.

ure 3.22 plots the dispersion relation of the modes supported by one and two parallel domino
chains. Black solid line corresponds to the DSP of L = 0.5d. For two parallel waveguides
(both with L = 0.5d), interaction gives rise to symmetric and antisymmetric supermodes
which, for a separation s = 0.5d, are shown by magenta curves with the solid line depicting
the even supermode, whereas the dashed one represents the odd supermode. Blue dashed-
dotted line corresponds to a wider structure of L = 1.5d and, importantly, this band stays
very close to that of the s = 0.5d even supermode. Due to this good overlapping, a simple
linking of a wide domino structure with L = 1.5d to two parallel domino chains (widths
L = 0.5d and separation s = 0.5d) should not result in an important impedance mismatch.
This is verified in Figure 3.23(a), displaying a top view of a power divider based on the
previous idea. The input port (L = 1.5d) at the bottom feeds the wide domino which,
after 5 periods, is linked to two parallel domino structures (L = 0.5d, s = 0.5d). Due to
symmetry only the even supermode is excited. The lateral separation s between the indi-
vidual waveguides is then increased, followed by 90◦ waveguide bends. Simulations show
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Figure 3.22: Dispersion relations corresponding to one and two parallel domino structures. Black
solid (blue dashed-dotted) line is for DSP of L = 0.5d (L = 1.5d). Magenta solid
(dashed) line is for the even (odd) supermode of parallel domino structures separated
a distance s = 0.5d, whereas green solid (dashed) line is the corresponding supermode
for s = 1.25d. The individual dominoes in double structures have L = 0.5d. The
red solid horizontal line indicates the operating wavelength, λ = 1.6mm, used later.
Insets: longitudinal electric field for the odd and even supermodes of two parallel
domino structures separated a distance s = 1.25d at the operating wavelength, and
displayed in a transverse cross section lying at the center of the inter-domino gaps. For
all structures h = 1.5d, a = 0.5d, d = 200µm.

that reflection is also negligible in this power splitter. Total radiation loss in the device is
equal to that happening in the bends (previously discussed in Figure 3.20(b)), each being
5% of the incoming power, which is small taking into account that the bend radius is equal
to the operating wavelength.

Coupling between parallel domino structures can also be easily understood with the help
of Figure 3.22, displaying with green lines the even (solid) and odd (dashed) supermodes
for parallel domino chains separated a distance s = 1.25d. The insets show the modal
shape of both modes. A larger s is chosen in this simulation to prevent the cut-off of the
odd supermode. The coupling length needed to exchange the carried power between the
waveguides is estimated as π/|keven − kodd| = 2.05mm. This value agrees with the result
found in the simulation of a directional coupler. Figure 3.23(b) displays a top view of two
parallel domino chains (L = 0.5d) separated a distance s = 1.25d. A mode is launched in
the left bottom waveguide and characteristic beatings with the predicted coupling length
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Figure 3.23: Top view of: (a) Power divider. (b) Directional coupler. (c) Waveguide ring resonator.
The Poynting vector (modulus) is displayed in a horizontal plane slightly above (about
30µm) the height of the domino structures. White bars show the operating wavelength
in each panel. The various geometric parameters are described in the main text, the
periodicity being d = 200µm in all cases.

are observed when a second waveguide is located close to it.

As a final example a waveguide ring resonator is demonstrated, able to route various
frequencies to different output ports [18]. To show once more the robustness of our proposal,
this device has been designed with posts of circular cross section as seen from above (radius
r = 0.28d), instead of square cross section parallelepipeds. The top view of this device is
displayed in Figure 3.23(c). For the chosen geometric parameters (ring radius R = 2mm,
minimum separation in the coupling sections s = 1.25d), it is possible to drop a resonant
wavelength λ = 1.54mm at the output port. Non-negligible radiation losses only occur at
the bends in the waveguide ring and they are about 25% of the input power, reasonably
small considering that no optimization was attempted.

All the devices described in this section have been studied with PEC condition and
therefore are scalable to other regimes as it was pointed in subsection 3.3.2. Recently almost
all the previous calculated domino devices and properties have been successfully tested with
experiments in the GHz regime [121, 122, 133] and in the far-infrared [134]. These results
encourage the realization of the domino structure for the THz regime in which there are
specially distinctive and important applications.

3.3.4 A planar approach: L-shape Domino

In this subsection we present a new design for a THz waveguide, based on the concept
of domino plasmons described in the previous subsections. The structure consists of a
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Figure 3.24: Inset: sketch of the structure under study with a description of the geometrical pa-
rameters (the arrow defines the mode propagation direction). Main panel: the bands
associated with the fundamental EM modes supported by the system for d = 400µm,
h = 0.2d, h′ = 0.6d, g = 0.06d and several lateral widths L: L = 0.5d (red), L = 1d

(green), L = 2d (blue), L = 4d (cyan), L =∞ (orange). The band for the fundamental
EM mode in which h = d and h′ = 0.6d and L = ∞ is also shown (dashed orange
line).

periodic chain of 3D L-shaped metallic particles attached to a metallic substrate. A sketch
of the structure analyzed in this work is shown in the inset of Figure 3.24. This illustration
also displays the geometrical parameters of the THz waveguide: the periodicity d, particle
base-width g, inter-particle spacing a, lateral width L, and the short and long sides of
the letter L, h and h′, respectively. Two-dimensional arrays of mushroom-shaped metal
particles (similar to L-shaped) have been studied before [135, 136] mainly in the context
of plasmonic metamaterial surfaces. Here we propose to reduce the dimensionality, aiming
for one-dimensional (1D) THz waveguiding.

Figure 3.24 displays the bands of the fundamental surface EM modes for L-shape domi-
noes waveguides with different lateral sizes (L = 0.5d, 1d, 2d, 4d,∞). The rest of the pa-
rameters are fixed to h = 0.2d, h′ = 0.6d, g = 0.06d and a = 0.4d. All the geometrical
parameters are referred to the period of the array, d, that is chosen to be d = 400µm, in
order to have an operating wavelength within the THz regime. In order to take into account
the inherent ohmic losses in the metal, we use surface impedance boundary conditions [67]
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Figure 3.25: (a) Normalized propagation length of the L-shaped spoof domino for different L’s as
a function of λ. Upper (lower) inset: the electric (magnetic) field contour cut along
a xz-plane that shows a single unit cell for L = ∞ and evaluated at λ = 1.45mm.
(b) Normalized modal size δ (see definition in the main text) for different L’s as a
function of λ. Inset: Poynting vector field (modulus) distribution in a transverse xy-
plane placed between the particles also evaluated at λ = 1.45mm for L = 0.5d. The
magenta line shows the area that carries 70% of the total modal power. In both panels,
the geometrical parameters are the same as those used in Figure 3.24.

99



3 Plasmonic waveguides: from the optical to the terahertz regime

with the dielectric permittivity of Aluminum taken from Ref. [73].
As observed in Figure 3.24, the surface EM modes supported by the array of L-shaped

metallic particles display dispersion relations resembling those of the DSPs described in
subsection 3.3.2. The bands depart progressively outside the light cone, thus correspond-
ing to confined propagating EM modes, and they reach a frequency asymptote at the first
Brillouin zone. The most remarkable property of the L-shaped dominoes is the weak de-
pendence of the bands with the lateral size L as shown in Figure 3.24. It can be seen that
relatively large lateral changes do not severely modify the bands, similar to the DSP disper-
sion properties shown in subsection 3.3.2. In the case of the DSPs, the asymptote frequency
is mainly dictated by the height of the dominoes, whereas in the L-shape domino, such
role is mainly played by the sum of the two sides of the letter L, h+ h′. The empty space
between consecutive metal particles create an effective groove whose depth is defined by
h+ h′ [137]. The resonance wavelength of this groove, 4(h+ h′), determines approximately
the asymptote of the bands. From that estimation, we would obtain a normalized asymp-
totic wavelength, d/λ, of 0.31, close to that observed in Figure 3.24, around 0.28. Following
that simple estimation, an increase by a factor of 2 on h+ h′ results in a reduction by half
of the asymptote frequency. Accordingly, such reduction is observed in Figure 3.24 (orange
dashed line). The fact that the propagating properties in the L-shaped THz waveguide can
be tuned by two geometrical parameters (h and h′) adds more flexibility respect to the con-
ventional domino one. Moreover, the L-shaped domino can also present a very high planar
aspect ratio by making h << h′, which could have important implications for fabrication
purposes.

For any practical implementation of the L-shape dominoes, it is important to characterize
their propagation losses. Figure 3.25(a) depicts the propagation length versus wavelength
for the lateral sizes L considered above. In general, it can be observed how the propagation
length decreases at smaller wavelengths for all the lateral sizes. In addition, we can observe
the propagation length diminishes for larger lateral sizes at a fixed wavelength. Those
decreases are a consequence of the deeper confinement at higher frequencies due to the larger
modal wavevectors (see Figure 3.24). Nevertheless, there is a broad wavelength bandwidth
presenting long enough propagation lengths for the whole range of lateral sizes. For example,
for an operating wavelength of 1.45mm, the propagation length ranges from 8λ (for L =∞)
to 24λ (for L = 0.5d).

As can be seen in the upper and lower insets of Figure 3.25(a), the electric and magnetic
fields of the fundamental surface EM mode are very strongly confined to the waveguide.
In order to evaluate this localization more quantitatively, we make use of the modal size
δ, defined as the transverse size corresponding to the circular area that carries 70% of the
modal power (see the inset of Figure 3.25(b) for an illustration). Figure 3.25(b) shows the
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evolution of δ as a function of the wavelength for the lateral sizes considered above. As
expected, the modal size diminishes at higher frequencies until the asymptote frequency
is reached. Notice however the very deep-subwavelength confinement associated with the
surface EM modes: at the operating wavelength λ = 1.45mm, the modal size ranges from
0.19λ (for L = ∞) to 0.36λ (for L = 0.5d). The insensitivity to lateral sizes L and the

Linput=8d
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λ=1.45mm
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Figure 3.26: Poynting vector field (modulus) distribution in a yz-horizontal plane above (x = 0.5d)
the tapered L-shaped dominoes. The lateral width is changed gradually from Lin = 8d

to Lout = 0.5d with an angle θ = 30◦. The rest of the parameters are as in previous
figures. The vector field is evaluated at λ = 1.45mm and is in arbitrary units.

long-enough propagation lengths, can be exploited to concentrate THz energy along the
waveguide, by using, for instance, a tapered configuration (such as in Figure 3.26). In this
structure, the lateral width of the waveguide is reduced in the direction of propagation. As
the effective mode propagation constant presents a weak dependence with lateral width, it
is expected that the change in L does not increase the scattering and reflection losses of the
surface EM mode when it propagates along the tapered waveguide. As shown in Figure 3.26
this is indeed the case in our structure. The device performance is analyzed at an operating
wavelength of 1.45mm, where the lateral width of the input waveguide is L = 8d and that
of the output one is L = 0.5d. The aperture angle of taper is chosen to be θ = 300. By

101



3 Plasmonic waveguides: from the optical to the terahertz regime

analyzing the Poynting vector both at the input and output sides of the device and on the
boundaries of the 3D simulation region, the reflection loss is calculated to be less than 7%

whereas the scattering loss is 3%. Therefore, if we ignore ohmic losses, more than 90% of
the input power is channeled through the narrow L-shaped domino.

3.4 Conclusions

We have analyzed extensively the propagation characteristics of promising one dimensional
plasmonic waveguides in the optical regime: metallic cylinders, wedges and channels. Their
propagation properties has been studied within a large range of their structural parameters
and the relation of them with the modal confinement has been pointed. The additional
confinement mechanism of the PWs respect to the SPP in a flat surface has been explained
and the consequent higher degree of confinement and control of the PWs respect to the
SPPs in planar interfaces have been emphasized.

Next, we have illustrated the abilities of geometrical corrugations to strongly tailor the
SPPs dispersion relations and confinement of conventional metallic waveguides in the opti-
cal and telecom regime. In particular we have demonstrated the ability to lower the cut-off
frequencies even for slightly corrugated channels, slots and ridges. We have also demon-
strated how the corrugation of a ridge leads to the emergence of new transversally confined
SPP modes that conventional non-corrugated ones does not support them. Importantly, we
have identified a new plasmonic waveguide for the telecom regime, the so-called domino
plasmon polaritons, which is fully compatible with lithographic technics. Their dispersion
relations, propagation lengths and modal sizes have been studied for several lateral widths
of the dominoes. Interestingly, we have found a good trade-off between transversal subwave-
length confinement and propagation lengths, which can be superior to conventional telecom
SPP waveguides like wedges and channels.

Finally, it has been introduced the concept and main ingredients of spoof surface plasmons
which naturally arises from sub-λ indentations in the surface of perfect electric-conducting
metals. It has been illustrated how a 1D groove structure permits to transfer the dispersion
properties of optical SPPs to long wavelengths, like the THz regime. Then, we have ex-
tended the domino concept to the THz regime, as a novel spoof plasmon waveguide which
present easy fabrication and full transverse subwavelength confinement. We have analyzed
its dispersion relation for several dominoes parameters and we have pointed their relation
with the 1D groove structure. Interestingly, we have found a remarkable band insensitivity
with the lateral width of the domino. Their properties for realistic metals in different fre-
quency regimes have being studied, and the suitability of the dominoes for the THz regime
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has been demonstrated. In addition, an extensive study of the bending and propagation
losses has shown the reasonable low losses for the application of the domino structure in
integrated THz circuits. To illustrate such goal, we have analyzed the robustness of the
THz domino approach presenting key passive elements for THz circuitry that work at deep
subwavelength scales. Based on the lateral band insensitivity, the performance of tapers,
couplers, beam splitters and waveguide-ring resonators has been demonstrated. In order
to facilitate possible experimental realizations, we have presented an alternative L-shape
domino structure with higher planar geometry and more controlling parameters. We have
analyzed its dispersion and propagation losses properties for different parameters showing
similar properties to the original dominoes. For testing its potential for THz applications,
we have shown the performance of a concentrator based on the variation of its lateral width.
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4 Quantum emitters coupled to surface
electromagnetic modes

4.1 Introduction

Controlling the radiation of atoms, molecules, or quantum dots is a hot topic in the current
nanophotonics agenda. It is well known [138] that the spontaneous decay rate of a single
emitter can be enhanced or suppressed by careful modification of the photonic density
of states accessible to the oscillating dipole. Optical nanoantennas are one example of
structures providing such command [139]. When several sources are present, the emitted
radiation can be exchanged among them. Depending on the distance between emitters and
the directionality of radiation, various phenomena may occur, such as radiationless energy
transfer [140], radiative energy transfer [141], and even the emergence of collective super-
or subradiant states [142] with correspondingly altered emission rates. In the last decades
it has been demonstrated that metallic structures are a powerful mean to attain the above-
mentioned control [10, 62], thanks to the high confinement of the surface plasmons (SPPs)
supported by them. In fact, due to their subwavelength character, SPPs are believed to
be one of the best candidates to act as an intermediate between quantum emitters and
light. The control of the radiation with SPPs has been also shown to increase the optical
interaction of quantum emitters on metallic interfaces [143]. Metallic nanospheres [5, 144],
wires [77], and more complex structures [145] have been also considered to reach these
goals, and strongly enhanced spontaneous emission decay rates of quantum dots have been
demonstrated with a view in future quantum plasmonic applications [41, 43]. One further
step consists in exploiting the one-dimensional character of waveguides to provide an intense
coupling between two emitters [146].

In this chapter we study the coupling of nano-scale emitters to various plasmonic environ-
ments. In section 4.2 we begin studying the problem of single photon emission. Particularly,
in subsection 4.2.1, we illustrate the problem of spontaneous emission in homogeneous me-
dia. Next, in subsection 4.2.2, we show how surface plasmons can enhance the spontaneous
emission and we introduce the most significant magnitudes that characterize such process.
In subsection 4.2.3 we analyze the emission-enhancement and the control over single pho-

105



4 Quantum emitters coupled to surface electromagnetic modes

ton sources using the conventional plasmonic waveguides that were studied in chapter 3.
Next, in section 4.3, we study the coupling of two quantum emitters mediated by plasmonic
waveguides (PWs). In particular, in subsection 4.3.1, we obtain the coupling parameters
mediated by PWs, which arise from the master equation formalism presented in chapter 2.
Finally in subsection 4.3.2 we apply the enhanced coupling of emitters mediated by PWs
to analyze resonance energy transfer, and in subsection 4.3.3 for super and subradiance
phenomena.

4.2 Single photon emission in homogeneous and plasmonic

inhomogenous mediums

4.2.1 Single photon emission in homogeneous mediums

One of the most important concepts of quantum mechanics is the spontaneous emission of
photons from matter. This physical effect explains a large amount of light emitting sources
(atoms, quantum dots, fluorescent molecules [47], LEDs [147], thresholdless lasers [148]) and
it is important to understand other light mediated interactions (resonance energy transfer
[140], superradiance [142] and Raman signals [10], among others).
In one of the first pioneering works in quantum mechanics, Albert Einstein suggested with
very general arguments that a molecule can emit a photon without the presence of an
incoming radiation field [149]. The concept is illustrated in Figure 4.1. The atom, starting
from a excited energetic state E2, with wavefunction Ψ2, can decay to a state Ψ1 with lower
energy E1 in a short characteristic time τ due to the emission of a single photon. τ can be
evaluated from its relation to the spontaneous emission decay rate γ0 (τ = 1

γ0
), which can

be calculated from quantum electrodynamics using Fermi’s Golden rule [47]:

γ0 =
ω3|d|2

3π~ε0c3
, (4.1)

where, apart from the fundamental constants, ω is the angular frequency of the photon
transition and d = 〈Ψ2| d̂ |Ψ1〉 is the vectorial matrix element containing the average of the
electric dipole moment operator d̂. In principle, to calculate this spontaneous emission decay
rate, one should solve the atomic hamiltonian and compute the dipole matrix elements
d averaging with the atomic wavefunctions. Nevertheless, a frequent and more practical
approach in quantum optics is to obtain the spontaneous emission decay rate from single
photon emission experiments with photodetectors [47]. For example, the measured lifetime
of the zero phonon line of an NV-center with such approach is 11ns [150]. In the case of
weak coupling (γ << ω), there is a relation between the total average power P dissipated
by a single-photon source, the photon energy (~ω) and the time that it takes to emit the
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photon which is 1
γ0
. This relation is given by [47]

P0 =
~ω
1
γ0

. (4.2)

Basically equation (4.2) expresses the energy conservation, so the average energy flow out-
side the emitter must come from the statistical emission of single photons with energy ~ω
at the characteristic time 1

γ0
. Interestingly, relation 4.2 is convenient to calculate sponta-

neous emission decay rates ratios from the classical calculation of the power emitted by an
infinitesimal electric dipole in an arbitrary dielectric medium. Such relation has been mea-
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Figure 4.1: (a) Schematic representation of spontaneous emission from a two level system.

sured and tested not only for atoms [151] but also for larger atomic systems like quantum
dots [152], NV centers [153] and organic molecules [5]. Only for the case of large emitters
the electric point dipole approximation [154, 155] may fail.

The decay of such single emitters in the presence of macroscopic absorbing materials
can be calculated as explained in chapter 2. Such approach is very convenient in order
to calculate spontaneous emission decay rates in large atomic systems, which would be
cumbersome to do from ab-initio calculations, though important steps in this path are
being taken [156, 157]. In the macroscopic approach the spontaneous emission decay rate
for both homogeneous and inhomogeneous environments is calculated by the formula (as
seen in chapter 2)

γ =
2ω2

~ε0c2
d∗ ImG(r, r, ω) d, (4.3)

where ImG(r, r, ω) refers to the imaginary part of the classical Green’s tensor and is r the
position of the quantum emitter. Notice that the spontaneous emission decay rate depends
on the electric dipole orientation and this expression is general for any surrounding dielectric
absorbing media. In fact, if we introduce the quantity ImG(r, r, ω) for vacuum ω

6πcI [64] in
formula (4.3), where I is the unit operator, we recover the spontaneous emission decay rate
in vacuum from microscopic QED, i.e., equation (4.1).
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It is also illustrative to calculate the spontaneous emission decay rate γ when the emitter
is embedded in a inhomogeneous dielectric medium, and compare it with the vacuum one
γ0. The ratio γ

γ0
is called the Purcell factor, in honor to Edward Mills Purcell [138], who first

pointed out that the decay rate is a magnitude intrinsically dependent on the environment
of the emitter. The Purcell factor is an important magnitude because it measures the
enhancement or suppression of the emitter decay rate in that particular environment. In
the weak coupling regime (γ << ω), and making use of equation (4.2), we can evaluate γ

γ0

as [47]

γ

γ0
=

P

P0
, (4.4)

where P refers to the average power emitted in the presence of the inhomogeneous environ-
ment. For example, in the particular case of an emitter placed in a homogeneous dielectric
with relative dielectric permittivity ε, ImG(r, r, ω) equals to ω

√
ε

6πc I [64] and then γ
γ0

=
√
ε.

It can be observed that γ
γ0

has increased, so the dielectric environment has an enhancing
effect on the emitter emission. This increase is due to the higher number of states available
due the presence of the surrounding atoms which form the dielectric.

The spontaneous emission in homogeneous mediums can be also modified by the presence
of inhomogeneous environments like photonic crystals [158], dielectric waveguides [159] or
metallic surfaces [10]. In the next subsection we introduce the enhancing effects of SPPs in
the decay of quantum emitters on flat metallic interfaces, which will permit us to introduce
very useful quantities to characterize the spontaneous emission in SPPs.

4.2.2 Single plasmon emission on a metallic surface

Surface plasmon polaritons (SPPs) in flat metallic surfaces have shown a tremendous capa-
bility to enhance the photon-emission and interaction of quantum emitters [62, 143, 160].
The advantage of SPPs in a flat surface comes from their subwavelength modal confinement
on the metal surface. Such confinement enhances the electric fields at optical wavelengths
close to the SPP resonance, as we saw in chapter 3. Those enhanced electric fields rise the
photonic density of the states available to the emitter and consequently its decay rate is
increased [47]. Physically, the emission enhancement can be understood as a consequence
of the EM fields reflected back to the emitter at the metallic interface [10]. The collective
response of the surrounding metallic atoms strongly modifies the photon emission rate and
the spatial probability of finding the emitted photons. Mathematically, that modification
can be extracted from formula (4.3). Now the electric field in the homogeneous medium,
which is directly proportional to the homogeneous Green’s tensor Ghomo, must be replaced
by the total electric field, which is a summation of the electric field due to the homoge-
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neous medium and the back-scattering coming from the metallic surface [47]. Such total
summation is directly proportional to the total Green’s tensor (Gtotal = Ghomo + Gscatter)
and inserting it in equation (4.3), it allows to calculate the emitter decay rate modified by
the metallic interface.
The back-scattered field has different contributions which modify with different weights
the enhancement of the emitter emission [10]. Basically, we can split the different decay
contributions in three main terms, thus the total Green’s tensor can be written as

Gtotal = Gfree-radiative + Gspp + Gnon-radiative, (4.5)

where Gfree-radiative corresponds to the free-radiative term, Gspp is the SPP contribution and
Gnon-radiative is the non-radiative term. Those different contributions in the optical regime
depend strongly on the spatial position of the emitter respect to the metallic surface. The
Gfree-radiative term accounts for the generation of photons to free-space and it is dominant
approximately at emitter-to-surface distances longer than the emission wavelength λ. At
intermediate distances (∼ λ/20 − λ/2) and optical frequencies, the generation of single
plasmons is important and so the Gspp term plays a relevant role. For distances smaller
than approximately λ/20, the non-radiative term starts to increase significantly due to the
non-radiative energy transfer at the available states in the surrounding metallic atoms. Such
available states are reflected in the imaginary part of the metal dielectric function and they
generate extremely short (� λ) propagating waves [10]. Importantly, formula (4.5) is valid
in general for one dimensional PWs [77] and we will make use of it in the next subsections.

We can illustrate the different decay contributions with the representation of γ
γ0

as a
function of the emitter-surface distance for a quantum emitter. Using formula (4.5), in
combination with formulas (4.3) and (4.4), we find that

γ

γ0
=
γradiative
γ0

+
γspp
γ0

+
γnon-radiative

γ0
. (4.6)

Equation (4.6) shows the different decay contributions originating from equation (4.5) and
it can be calculated using the classical EM methods described in chapter 2. Figure 4.2(a)
shows γ

γ0
(black line) as a function of the emitter-surface distance Z (see the illustration in

the inset), for an emitter with its dipole moment aligned perpendicularly to a flat silver-air
surface, and emitting at an optical wavelength λ = 600 nm. In order to perform the calcula-
tions, we have used the values of silver dielectric constants taken from optical measurements
[72]. In the same figure it is represented the guided SPP contribution to γ

γ0
, γspp

γ0
, in red

line, calculated analytically according to reference [10], i.e.,

γspp
γ0

=
3πRe

{√
−εmetal

1−εmetal
k5
zSPP exp

(
−2
√
−Z
εmetal

kzSPP

)}
k5

0

, (4.7)
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where kzSPP is the SPP wavevector and εmetal is the metal dielectric constant, both defined
as in equation (3.2). We can observe that for distances Z larger than the wavelength,
γ
γ0

slightly oscillates around the unit value. Such oscillations arise from the phase of the
electric fields reflected in the metallic interface which propagate in free-space. Accordingly,
the factor γradiative

γ0
dominates and γspp

γ0
is well below γ

γ0
due to the small value of the SPP

electric field in a flat surface. Once we approach the emitter closer and closer to the surface,
the SPP electric field enhances the emitter emission exponentially, as shown in equation
(4.7), and it is manifested in the linear behaviour of γspp

γ0
in Figure 4.2(a). That growth

is superposed to the radiative contribution, and the presence of both is reflected in the
small departure of γspp

γ0
from γ

γ0
. Nevertheless we can appreciate that γspp

γ0
is dominant for

distances smaller than λ/2. Finally, at very small distances (Z ≈ 20nm), there is an abrupt
increase of γ

γ0
that departs even further from γspp

γ0
. Such sudden increase is a signature of

the predominant contribution of the non-radiative decay γnon-radiative
γ0

due to the presence of
available states in the surrounding atoms that constitute the metallic surface.

(a) (b)
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Figure 4.2: (a) γ
γ0

(black line) in logarithmic scale as a function of the emitter-surface distance
Z in the optical regime (λ = 600nm). The cladding is air and the metal is silver,
whose dielectric constant is taken from reference [72]. Depicted with red line, the SPP
analytical contribution to γ

γ0
, γspp
γ0

. In the inset: schematic view of the system and electric
field norm contour plot (arbitrary units) at a plane parallel to the surface Z = 50nm. (b)
γ
γ0

(black line) in linear scale Z = 50nm.(b) γ
γ0

(black line) in linear scale as a function
of the emitter-surface distance Z in the terahertz regime for an aluminum interface
whose value of the dielectric constant is taken from reference [73]. Depicted in a linear
scale with red line, γspp

γ0
, for this regime. The vertical scale has been broken in order to

see the small SPP contribution. In the inset, schematic view of the system.

Let us clarify the contribution to γ
γ0

from the SPP confinement in the optical regime.
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For such purpose, we analyze the emission of SPPs in a flat surface in the THz regime
in which the SPPs are highly delocalized as we saw in chapter 3. In Figure 4.2(b) we
show γ

γ0
and γspp

γ0
as a function of the distance, at λ = 86µm (frequency = 3THz) and

for an aluminum-air interface. The values of the aluminum dielectric constants have been
taken from optical measurements [73] and the dipole moment is oriented orthogonally to
the interface. For distances approximately below Z = 30µm, there is an enhancement of
γ
γ0

which comes purely from the free-propagating electric fields reflected at the metallic
surface. In large contrast to the optical regime, we can see that such enhancement is not
due to the SPP in the flat surface, whose γspp

γ0
contribution is negligible for all distances

in the terahertz regime. This fact agrees with the characterization of the SPP confinement
given in chapter 3, where we saw that the SPP is no longer sub-λ confined in the terahertz
regime. Accordingly, the energy is distributed in a large volume and the enhancement of the
emission due to the SPP is extremely poor. In consequence, the values of γ

γ0
at intermediate

distances is always less than 2 which is the expected behaviour for an emitter in front of a
perfect electric conductor interface [161]. In addition, most of the energy is emitted in the
form of free propagating photons spread in all directions around the emitter. Therefore, we
can conclude that the subwavelength confinement is vital to increase and further control
the emitter emission in SPPs.

We are particularly interested in the decay of the emitter into SPPs due to their enhancing-
emission properties and also in the further control achieved in the emission due to the
generation of confined SPPs. Therefore, we need an expression to characterize such process
over the other possible decay channels, i.e., free-propagating and non-radiative channels. A
good magnitude for that purpose is the spontaneous emission β factor, which is defined as
the ratio between the decay rate in SPPs, γspp, and the total decay rate of the emitter, γ,

β =
γspp
γ
. (4.8)

Notice that, in the light of formula (4.6), equation (4.8) is equivalent to the ratio between
γspp
γ0

and γ
γ0
. Interestingly, this quantity gives the probability of emitting SPPs and therefore

it characterizes the efficiency of such process. In Figure 4.3 we display β as a function
of the wavelength for four representative emitter-surface distances Z, and for a silver-air
interface in which the dipole moment orientation of the emitter is perpendicular to the
surface. In general, we can observe how for all the distances Z, the curves present a similar
qualitative behaviour, showing a maximum of the beta factor within the optical spectrum.
However, there are important differences between them as a consequence of the different
decay contributions commented previously. For very close distances (Z = 30nm) the non-
radiative losses are present importantly in the whole spectrum and therefore the maximum
is only 74%. For large distances (Z = 300nm) the weight of the free-propagating fields is
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Figure 4.3: (a) β factor as a function of the wavelength for different emitter-surface distances Z.
The cladding is air and the metal is silver whose values of the dielectric constants are
taken from reference [72]. The electric dipole moment is aligned perpendicularly to the
metal surface.

larger, due to the farther distance from the SPP exponential tail, and the maximum is 82%.
This is not the case for intermediate distances (Z = 170nm, Z = 220nm) where we see
that the maxima are 94% and therefore the SPP emission can be very efficient. Notice the
accordance with the previous results displayed in Figure 4.2 (a), in which we see that both
γspp
γ0

and γ
γ0

curves are very close each other at Z ≈ 200 nm.

It is important to realize that the generation of the SPPs alters the spatial probability
of detecting the emitted photons. For distances Z of high β, the probability of detecting
a single plasmon is higher close to the surface than in free space, due to the more intense
electric fields. This probability is isotropic around the emitter position due to the symmetry
of the planar structure. Such isotropy is reflected in the electric field norm of the SPP in a
flat surface as shown in the inset of Figure 4.2(a). Consequently, the fields diminish radially
with a factor ( 1√

x
) [162] due to the spread of the SPP in all the directions parallel to the

flat metallic surface. Such radial redistribution is added to the exponential decay of the
SPP due to the electron scattering losses, as commented in chapter 3.
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4.2.3 Single plasmon emission on conventional plasmonic waveguides

The additional radial redistribution of SPPs in a flat surface is inconvenient in order to
carry the plasmon signal at a particular direction in circuits, e.g., in order to process
information. In general, in quantum optical circuits [163], the photon signal is sent to
a particular direction where another emitter, optical passive device (like a cavity, beam
splitter, etc...) or detector are present. In order to avoid the unnecessary redistribution
and to gain more control over the plasmon directionality, it is more reasonable to use one
dimensional waveguides. In addition, due to the reduction of the confining dimensions, the
SPP modal volumes diminish, as we illustrated in chapter 3, and therefore, in the light of
equation (4.3), the emission is further enhanced. This enhancement speeds the dynamics of
the emitters through the Purcell effect which can be important for technological applications
using quantum plasmonic circuitry [50], e.g., for a faster generation of entanglement between
emitters, as it will be shown in chapter 5.
There are important motivations for studying PWs in contrast to excellent low-loss dielectric
waveguides. In order to have good coupling with the emitter, some dielectric approaches
mainly rely on very limited bandwidths nearby the slow light frequency regime [158]. The
operation in this regime implies more restrictive fabrication constraints due to the strong
modification of the propagating properties of guided photons with the imperfections of
the waveguide. Moreover, broadband dielectric waveguides rely on the coupling of a single
emitter at very close emitter-waveguides distances or even on emitters embedded inside
the dielectric waveguide [159, 158, 146]. At such small distances spatial variations of the
surface, and non-local effects in the dielectric surface, could affect the emitter dynamics and
the photon extraction efficiency [64, 84]. Moreover, for the embedded cases, the possibility
of using external optical forces for fixing the emitters to the waveguide or manipulating
them is restricted. In contrast, the emission in PWs relies on the intrinsic and robust
field-enhancement of SPPs which in general is larger in comparison to regular dielectrics
[159, 146, 45]. Due to the intrinsic confinement of SPPs, such enhancement can be achieved
with air or liquid claddings, whose material allows the use of external forces that can fix the
emitters to the PW [164]. A second advantage of PWs compared to dielectric waveguides
based on the slow-light regime, is its broadband frequency operation as we saw in subsection
3.2.2. That broadband operation permits to relax the restrictive fabrication conditions
needed for dielectrics that exploit the narrow bands associated with the slow-light regime.
Another advantage of PWs is the broad spatial positions at which a very good emission
into the PW occurs. Such positions are far from the interfaces, which make the PWs an
alternative for avoiding the local effects commented above for dielectrics. In addition, PWs
have transversal subwavelength confinement and therefore they permit the development of
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ultracompact circuitry [1, 18], which can be important for spatial scalability purposes, i.e.,
the possibility to scale spatially an increasing amount of information. The main limitation
of PWs is its reduced propagation distance compared to dielectric waveguides. Those short
distances restrict their direct applications in long telecommunications distances. However, a
possible solution to such constrain can be achieved through the coupling of both plasmonic
and dielectric waveguides [45, 165, 166], thus combining the best of both approaches: higher
photon-extraction efficiencies, higher decay rates and low propagation losses. For all these
advantages, a study of different PWs for single-plasmon emission seems mandatory in order
to identify some of the best plasmonic candidates.

In this subsection, we analyze both namely, the increase in the emission enhancement
and further control on single-photon emitters induced by the conventional PWs studied in
chapter 3, at optical frequencies. In the calculations for all the metallic PWs we have taken
the values of silver dielectric constants extracted from optical measurements [72] and the
cladding material is air.

Single plasmon emission on a metallic cylinder

The cylindrical plasmonic waveguide has been one of the chosen candidates for the pio-
neering works showing the generation of optical single plasmons with one dimensional PWs
[45, 41]. In the following, we study the main magnitudes associated with the coupling of
single-photon emitters with cylindrical PWs. For such study we use the methods explained
in chapter 2 in order to calculate γ

γ0
and γspp

γ0
. In Figure 4.4 we show in three columns: γ

γ0
,

γspp
γ0

and the spontaneous emission β factor as a function of the emitter-surface distance
Z (see the illustration in the inset of panel (a)). The different rows of panels represent
different emitting optical wavelengths and for comparing purposes in each panel we display
the behavior for three different radii. In all the panels the dipole moment of the emitter is
aligned radially, thus coinciding with the main polarization of the fundamental cylindrical
SPP as shown in subsection 3.2.2, chapter 3.

Let us start describing the single-photon emission properties for a certain radius and
wavelength, for example, R = 35nm and λ = 600nm (panels (d)-(f)). In panel (d) we can
observe how γ

γ0
is close to one for distances Z & 175nm and therefore the emission is almost

the one in the homogeneous medium. Consequently, the γradiative
γ0

contribution dominates and
γspp
γ0

and β are almost zero as we can see in panels (e) and (f), respectively. For distances
Z below 175nm, γ

γ0
starts increasing significantly from 1 due to the contribution of γspp

γ0
,

which curve is slightly non-exponential due to the radial confinement of the cylindrical SPP
[167]. At the distance Z ≈ 20nm, we can see there is a maximum of β factor (β = 0.62)
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Figure 4.4: Single-photon emission characteristics in the presence of a metallic cylinder for different
radius. γ

γ0
(a), γspp

γ0
(b) and spontaneous emission β (c) as function of the emitter-

surface distance Z for an emission wavelength of λ = 550nm. The different colors
represent different radii being R = 35nm the black line, R = 50nm the red line and
R = 100nm the blue line. Panels from (d) to (f) and from (g) to (i) corresponds to
the same representations for two additional emission wavelengths: λ = 600nm and
λ = 650nm respectively. Inset of panel (a): Scheme showing the structure parameters,
the dipole moment orientation (arrow direction) and the emitter-surface distance Z.
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in figure (e), which is due to the trade off between the non-radiative losses and the SPP
contribution. This trade-off is reflected in the high values of γ

γ0
(panel (d)) together with

the increasing difference from γspp
γ0

for smaller distances (panel (e)), where non-radiative
emission dominates.

Apart from the qualitative similarities, there are remarkable differences between the
single-plasmon emission on a metallic cylinder and on the flat surface shown in the previous
subsection. For example, at λ = 600nm, the maximum β factors are 0.62 and 0.94 for the
wire and the planar geometry, respectively. In spite of the higher efficiency for plasmon
generation shown by the flat surface, the emission in the cylinder is produced in a one
dimensional channel instead of a two dimensional one. In addition, for the distances at which
the beta factor is maximum, respectively in each structure, γspp

γ0
is an order of magnitude

higher in the cylindrical case. This fact reflects the increase of the emission enhancement in
the cylinder due to the reduction of the transversal SPP modal size. Both properties, i.e.,
the one dimensional character and the higher emission rates, show the important advantage
of 1D PWs over flat interfaces for controlling and speeding up the dynamics of emitters, for
possible applications in quantum plasmonic circuitry.

Additionally, in contrast to the SPP in a flat surface, there is an extra control on the
emission properties, which can be tuned by the radius of the wire independently of the
single emitter properties. For example, for a single emission wavelength, such variation pa-
rameter permits to provide different degrees of modal confinement and propagation lengths.
Let us keep focusing on λ = 600nm for discussing the radius dependence in the emitting
magnitudes. Panels (d)-(f) display the behavior of all the previous magnitudes for three
different radii. All curves of γ

γ0
in panel (d) increases with smaller Z due to the different

decay rate contributions discussed above. In general, we can observe that the radius be-
haviour is quite complicated, a fact reflected in the several crossovers between γ

γ0
curves at

different Z, which are due to the different weights of the decay contributions. Nevertheless,
we can roughly distinguish in panels (e) and (f) two regions separated by the distance at
which there is a crossover between the curves of each radii. For short distances, below the
crossover, γspp

γ0
and β are larger for smaller radii, and for distances above the crossover the

radius dependence is reversed. Such behaviour is consistent with a larger SPP confinement
for the cylinders that have a smaller radius, and that affirmation is in accordance with the
dispersion curves described in subsection 3.2.2, in which cylinders with smaller radii imply
larger SPP wavevectors.

Finally, we discuss the behavior of the previous magnitudes characterizing the emission
for two additional nearby emission wavelengths, λ = 550nm, and λ = 650nm (panels
(a)-(c) and (g)-(i), respectively). In general we can observe slight changes in γ

γ0
and γspp

γ0

respect to the case λ = 600nm. In particular, a small increase in the maximum value of β
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can be appreciated for larger wavelengths (panels (c), (f) and (i)). The robustness of those
magnitudes against variations in the emission wavelength is a consequence of the broadband
properties of the PWs. Therefore, typical variations on the order of 0.001% of the emission
wavelength, which can occur due to fluctuations of the atomic systems, does not change the
good emission properties into SPPs. Such small modifications on the emission properties
for different wavelengths are in agreement with numerical [77] and analytical [45] results of
single photon emission on cylinders, and they are in high contrast with dielectric waveguides
that rely in the very slow light regime [158].

Single plasmon emission on a metallic wedge

In this subsection we study the main magnitudes associated with the coupling of single-
photon emitters with wedge PWs. In contrast to the cylinder, the wedge structure has been
barely studied in the context of single plasmon emission at optical wavelengths [58]. Due to
the electric field enhancement associated with the tip confinement, an improvement in the
emission properties is expected. In addition, the larger number of parameters compared to
the cylinder is advantageous to further control the emission of single plasmons.

In order to study those possible controlling capabilities, we start studying the variation of
the single-plasmon emission properties due to different wedge angles and wavelengths. We
start fixing the height to L = 200nm and the tip radius to R = 5nm, since they provide a
good modal confinement and propagation lengths longer than the free-radiation wavelength,
as shown in subsection 3.2.2, in chapter 3. In Figure 4.5 we show in three columns of panels:
γ
γ0
, γspp
γ0

and the spontaneous emission β factor as a function of Z as illustrated schematically
in the inset of panel (a). Three curves are represented in each panel, that corresponds to
different wedge angles: θ = 30◦ (black), θ = 40◦ (red) and θ = 50◦ (blue). The different rows
of panels represent different optical emission wavelengths whose values are specified in each
panel. In all panels, the dipole moment of the emitter is aligned vertically, thus coinciding
with the main polarization of the fundamental wedge SPP as shown in chapter 3. The results
have some similarities to those for the cylinder in the previous subsection. For example, it
can be observed in figures of the β factor (panels (c),(f) and (i)) three dominating regions
of decay: the free-propagating one (large distances), the SPP dominating region (close
distances) and the non-radiative region (for very close distances). We can see how the γ

γ0

curve (panels (a),(d) and (h)) follows in general the increasing tendency of γspp
γ0

(panels
(b),(e) and (h)) for smaller Z. The wedge angle plays a similar role to the cylinder radius as
reflected in γspp

γ0
(panels (b),(e) and (h)), which presents a Z-crossover between the different

curves. For distances Z below the crossover, the values of γspp
γ0

are higher for smaller θ and
such trend is reversed for distances above the crossover. That behaviour is consistent with
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Figure 4.5: Single-photon emission characteristics in the presence of a metallic wedge for tip radius
R = 5nm, height L = 200nm and different wedge angles θ. γ

γ0
(a), γspp

γ0
(b) and spon-

taneous emission β factor (c) as function of the emitter-tip distance Z for an emission
wavelength of λ = 550nm. The different line colors represent different wedge angles
being θ = 30◦ black, θ = 40◦ red and θ = 50◦ blue. Panels from (d) to (f) and
from (g) to (i) corresponds to the same representations for two additional emission
wavelengths: λ = 600nm and λ = 650nm respectively. Inset of panel (a): Scheme show-
ing the structure parameters, the dipole moment orientation (arrow direction) and the
emitter-surface distance Z.
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Figure 4.6: Single-photon emission characteristics in the presence of a metallic wedge for tip radius
R = 5nm, wedge angle θ = 30◦ and three different heights L. γ

γ0
(a), γspp

γ0
(b) and

spontaneous emission β (c) as function of the emitter-tip distance Z for an emission
wavelength of λ = 600nm. The different line colors represent different heights L [L =

50nm (black), L = 98nm (red) and L = 170nm (blue)]. Inset of panel (a): Scheme
showing the structure parameters,the dipole moment orientation (arrow direction) and
the emitter-surface distance Z.

the larger degree of confinement of the wedge plasmon with decreasing angles as shown in
chapter 3 for the wedge dispersion bands.
Regarding to the variations of the emission wavelength (see panels (a)-(c) and (g)-(i)), we
can also observe that in comparison with panels (d)-(f), the differences between the curves
with identical angles can hardly be distinguished. Thus the wedge shows single plasmon
emission properties that are broadband as in the case of the cylinder, making the wedge
emission properties robust for possible variations of the emission wavelength.

Nevertheless, there are important differences between the wedge and the wire. For ex-
ample, we can compare both PWs with identical propagation lengths, which permit a fair
quantitative comparison between both structures. An identical propagation length can be
achieved by means of the tuning of the wedge parameters. Let us focus on the curves for
wedge angles θ = 30◦ and λ = 600nm, which provides an identical propagation length of 3λ

(see subsection 3.2.2). Both γ
γ0

(panel (d)) and γspp
γ0

(panel (e)) are higher in the presence of
the wedge than in the best case for the cylinder (see fig 4.4 for R = 35 nm, panels (d) and
(e)). Such increase is a consequence of the deeper tip confinement compared to the weaker
one achieved for the wire, even though their propagation lengths are identical. Accordingly
to the higher degree of confinement, now in the wedge SPP contribution (panel(e)), we
can clearly see the non-exponential Z dependence, barely observable in the wire (Figure
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4.4, panel(e)). Another interesting difference, related to the larger confinement commented
above, is the high single plasmon efficiency of the wedge shown in panel (e). In particular,
it can be seen that the maximum of β factor in the wedge (at Z ≈ 30nm, β = 0.83) is
21% larger than in the cylinder, while γspp

γ0
remains of the same order (≈ 10). Additionally,

at the expense of less efficiency, γspp
γ0

can achieve a value of two orders of magnitude for
distances Z < 10nm in contrast to the wire. These results clearly show the advantage of
the wedge in single plasmon emission compared to the wire.

We can further tailor the single plasmon emission properties of the wedge modifying the
height L. In order to illustrate such further control, we study the emission properties for
variations on the wedge heights L at a particular wavelength, λ = 600nm. The rest of the
wedge parameters are fixed to R = 5nm and θ = 30◦, which show good γ

γ0
magnitudes as

deduced from the previous analysis. In Figure 4.6, we display the dependence of γ
γ0
, γspp

γ0

and β factor as a function of the emitter-tip distance Z (see the inset) for three wedge
heights: L = 50nm, L = 98nm and L = 170nm. Those wedge heights are representative
of the different effective index variations of the wedge, as displayed in Figure 3.6, chapter
3. Therefore, considering those wedge heights, we sweep the main confinement regions
of the wedge guided modes, which can give rise to different control in the emission of
the atomic-system. In all curves, the dipole moment of the emitter is aligned vertically
respect to the top part of the tip. We can observe that the trend of γ

γ0
for different L

has a more complex Z dependence than respect to different wedge angles. In fact, the
values of γspp

γ0
for different L in panel (b) have a different order compared to those of

γ
γ0

at the same Z (panel (a)). Such complexity arises from the larger influence of the
substrate in the wedge plasmon propagation for those representative heights, as commented
in chapter 3. The substrate influences the different emission contributions for the same
emitter-tip distances, i.e., the radiative, the SPP and the non-radiative emitting channels.
In spite of the complex behaviour of the different contributions, we can still glimpse the
dependence of γspp

γ0
with L. For very close distances (Z = 10 nm) in panel(b), the decreasing

trend in γspp
γ0

for smaller wedge heights L is observed, whereas for larger distances Z >

154 nm, such tendency is reversed. That behaviour is consistent with the decrease of the
confinement for smaller height L, as reflected in the drop of the effective index shown in
Figure 3.6, chapter 3. In relation with that effective index drop, we can see how β (panel
(c)) also decreases importantly with smaller wedge heights L, which shows the importance
of the height election for the efficient generation of wedge single plasmons. Since we are
interested in the generation of confined SPP modes, it is convenient to work with large
heights. The further control over the emission compared to the wire, the high plasmon
efficiencies and decay rates demonstrated above, clearly show the wedge as a robust and
promising candidate for single plasmon emission.
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4.2 Single photon emission in homogeneous and plasmonic inhomogenous mediums

Single plasmon emission on a metallic channel

In this subsection, we study the single-plasmon emission in the presence of channel PWs
due to the promising confinement provided by the channel gap. Interestingly, the channel
has been hardly studied for optical single plasmon generation [58, 168]. Moreover, the large
number of parameters permits, as in the case of the wedge, an extra control compared to
other structures like the flat surface or the cylindrical wire.

In order to show the controlling properties of the channel for single-plasmon emission,
firstly we consider the variation on the emission magnitudes due to different channel angles
and wavelengths. For such study, we fix the channel height (L = 139nm) and the tip
radius (R = 5nm), due to the good confinement properties shown in subsection 3.2.2 in
chapter 3. In Figure 4.7, we show in three columns of panels: γ

γ0
, γspp

γ0
and the spontaneous

emission β factor as a function of the emitter-surface distance Z for three different channel
angles. The rows of panels represent different emitting optical wavelengths, whose values
are specified in each panel. Additionally for all panels, the dipole moment of the emitter
is aligned horizontally at an emitter-surface distance Z (see the the inset of panel (a)),
thus coinciding with the predominant polarization of the channel SPP (see Figure 3.7(a)).
The three emission magnitudes dependence with Z, with the channel angle, and with the
emission wavelength have general similarities with the ones for the previous PWs. Therefore,
the channel display the three Z regions of dominant emission in the beta factor (panels
(c),(f),(i)). Additionally, we can observe how the values of γspp

γ0
(panels (b),(e),(h)) rise

for increasing channel angles at distances Z below the crossover for the different curves,
and such tendency is reversed at distances above the crossovers, in agreement with the
confinement angle dependence of the channel (see Figure 3.7, chapter 3). Nevertheless,
some of the results for all the panels differ from those displayed for the cylinder or the
wedge. For example, most of the curves between different rows change for the considered
variations of the emission wavelengths. Such differences arise from the channel gap which
introduces a propagation cutoff as deduced from Figure 3.7, chapter 3.

In order to provide a fair comparison of the differences between the previous PWs, let
us tune the channel angle to θ = 20◦, in order to provide an identical propagation length
(3λ) at λ = 600nm. In contrast to the previous PWs, the dependence of γ

γ0
and γspp

γ0
inside

the channel is practically exponential (see panels (g) and (h)) for the distances considered
inside the channel aperture, and it diminishes abruptly for regions outside the upper channel
aperture at Z = 139nm. This behavior in the SPP contribution is due to the channel walls
confinement which permits γspp

γ0
to be larger inside the channel than in the cylinder for

the small Z (see R = 35 nm, Figure 4.4(e)). In comparison to the wedge PW, for wedge
regions Z < 10nm, γspp

γ0
is larger than in the channel, as it can be observed by comparing
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Figure 4.7: Single-photon emission characteristics in the presence of a metallic channel for tip radius
R = 5nm, height L = 139nm and different channel angles θ. γ

γ0
(a), SPP γ

γ0
(b) and

spontaneous emission β (c), as a function of the emitter-tip distance Z for an emission
wavelength of λ = 500nm. The different line colors represent different channel angles
being θ = 20◦ black, θ = 30◦ red and θ = 40◦ blue. Panels from (d) to (f) and from (g) to
(i) correspond to the same variations of the channel angles for two additional emission
wavelengths: λ = 550nm and λ = 600nm respectively. Inset of panel (a): Schematic
showing the structure parameters,the dipole moment orientation (arrow direction) and
the emitter-surface distance Z.
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Figure 4.8: Single-photon emission characteristics in the presence of a metallic channel for tip radius
R = 5nm, channel angle θ = 20◦ and three different heights L. γ

γ0
(a), γspp

γ0
(b) and

spontaneous emission β (c) as function of the emitter-tip distance Z for an emission
wavelength of λ = 600nm. The different line colors represent different heights L being
L = 100nm (black), L = 240nm (red) and L = 440nm (blue). Inset of panel (a): Scheme
showing the structure parameters, the dipole moment orientation (arrow direction) and
the emitter-surface distance Z.

the values of Figure 4.7(h) (θ = 20◦) with those of Figure 4.5(e) (θ = 30◦). However, the
values of γspp

γ0
for the channel structure are higher than the one for the wedge for regions

Z > 10nm, in which both PWs have their maximum β factor (see θ = 20◦, Figures 4.7(h)
and (i), compared to Figures 4.5(e) and (f) for θ = 30◦). Additionally, as displayed in
panel (i), the values of β for the channel PW are higher than the maximum for the wedge
(β = 0.83) for a wide spatial region (from Z = 100nm to Z = 188nm) with its maximum
value at Z = 170nm (β = 0.90). That higher β region is even larger for the cylindrical wire
whose maximum β is 0.62. Therefore these properties show the advantages of the channel
for single-plasmon generation compared to the wire and the wedge. The broad region of
high β in the channel can be interesting for possible experimental realizations due to the
challenging positioning of the emitter nearby structures [169, 44]. That is in contrast to
broadband dielectric waveguides, in which the emitter has to be placed close to the surface
of the dielectric fiber, and in general with smaller β factors [159]. Moreover, PWs with air, or
alternatively water, cladding permit in principle the optical manipulation and positioning
of the emitter through optical tweezers [164]. Such broad region would permit to do an
optical spatial positioning of the emitter with few precision restrictions, and preserving
high β factors in contrast to dielectric waveguides.

Finally, we study the control on the single plasmon emission by tuning the height L of the
channel. In order to show such control, we focus at a particular wavelength (λ = 600nm),
and we fix the rest of the parameters (R = 5nm and θ = 20◦), due to the good properties
shown above. In Figure 4.8 we display the dependence of γ

γ0
, γspp
γ0

and β factor as a function
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4 Quantum emitters coupled to surface electromagnetic modes

of the emitter-tip distance (see the inset, panel (a)) for three representative channel heights:
L = 100nm, L = 240nm and L = 440nm. Those heights L are representative of the main
variations in the effective index (see Figure 3.8 in chapter 3), and therefore they take into
account the main regions of control in the emission. In panel (a), we can observe how
γ
γ0

qualitative behaviour is quite different for all the curves due to the very different and
complex dependence of the emission contributions with the height L. Moreover, in panel (b),
we can see the increase of γspp

γ0
for small distances (Z < 50nm), which lead the increasing

tendency of γ
γ0

curves in panel (a).
The confinement dependence with the height L in the SPP emission is not as evident as
in the case of the wedge because there is a more complex play between the gap and the
edges of the channel. As a consequence, in panel (b), for distances Z inside the channels,
γspp
γ0

shows higher values for the smaller heights L considered. Such complex behaviour also
can be appreciated in the two qualitative different behaviours of β. In panel (c), the case
L = 100 nm shows a broader region of high β in contrast to the two remaining heights. In
particular, the height L = 240nm shows the highest maximum of β (β = 0.91) compared to
L = 100nm (2% less) and L = 440nm (26% less). Nevertheless, the height L = 100nm shows
a wide Z region of 80nm, with β factors only 7% less than the maximum for L = 240nm.
The same corresponding region for L = 240nm is only about 30nm. The reason of these
two different behaviours comes from the interplay between the modal confinement for the
channel and the parameter L (recall the confinement discussion of Figure 3.8 in chapter
3). The transversal confinement changes abruptly the weights of the different emission
contributions in the Z direction, depending on the election of L. In particular, for heights
L > 200 nm, the channel SPP is confined mainly inside the gap, and therefore, the associated
curves for L = 240 nm and L = 440 nm in panel (c), only have one maximum due to the
trade off between the non-radiative contribution and γspp

γ0
. For heights L < 200 nm, the SPP

is confined inside the gap and also outside the channel aperture, a fact which is reflected
in the large values of γspp

γ0
for Z > 100 nm for the L = 100 nm curve in panel (b). The

high values of the electric field in both regions, associated with the guided SPP, allows for
two different trade-offs of γspp

γ0
with the non-radiative contributions, since there is a abrupt

reduction of the non-radiative losses for regions outside the gap. Therefore, we find two
local maximum of β, one is located inside the channel gap at Z = 90 nm, and the other one
outside the gap at Z = 137 nm. Due to the higher non-radiative losses inside the channel
aperture, the largest maximum of β is the one outside the gap. The above-mentioned L

behaviour shows the large possible control over the emitter plasmon emission with the
parameter L. In practice, it is interesting to have both high beta factors and large γ

γ0
in

broad regions, which makes the emission more robust against possible experimental bad
positioning of the emitter. Therefore for practical purposes in single plasmon generation at
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4.2 Single photon emission in homogeneous and plasmonic inhomogenous mediums

λ = 600 nm, it is convenient to work with heights smaller than L = 200nm to have such
broad spatial behaviour.

From the high plasmon emission efficiencies, high emission rates and large emission con-
trol shown in this section for all the PWs studied, we can conclude that the wedge and the
channel are robust and superior candidates for single plasmon emission compared to the
wire.

Influence of the dipole orientation on the single emission in conventional
plasmonic waveguides

In this subsection we study the modification on the emission properties of single-plasmon
sources due to variations on the dipole moment orientation. As opposed to the results
studied above for the previous conventional PWs, now the emitter alignment differs from the
predominant polarization of the guided mode. This can be important from the experimental
point of view since a controlled alignment of the emitters is technically challenging [41, 170,
171, 44]. In general, when the orientation of the emitter is different, the decay rate and
the spontaneous emission β factor, induced by the PW, change. The dependence of β with
the angular deviation of the dipole from the main electric field polarization is illustrated
in Figure 4.9. Panels (a), (b) and (c) correspond to such representations for the cylinder,
the channel and the wedge, respectively for an emission wavelength λ = 600nm. In all
cases the emitter position is chosen to have a high β for the predominant SPP polarization:
Z = 20 nm for the cylinder, Z = 150 nm for the channel and Z = 30 nm for the wedge.
The dipole moment is parallel to the transverse plane, and the definitions of the angular
deviation θ are sketched in the diagrams of the corresponding panels. As a general rule, the
deviation of the dipole moment from the main electric field polarization has a detrimental
effect. In fact β becomes null for θ = 90◦ in all cases. Nevertheless, there is a broad angular
range where β remains relatively stable and therefore it is not critically affected by relatively
large misalignments. Figure 4.9 shows that β deviates less than a 10% of the maximum
value within a θ-range of ∆θ = 60◦ for cylinders and ∆θ = 40◦ for channels and wedges.
The functional dependence of β with θ is not simple because although γspp ∝ cos θ (see
equation (2.157) in chapter 2), γ has a more complex dependence on the radiative and non-
radiative losses. This behaviour can be observed by comparison of the curves tendencies
in the insets of Figure 4.9. Nevertheless we can appreciate how γspp diminishes for smaller
angles and so does γ due to the high β values. After the results shown above we can conclude
that the emission properties on PWs are robust against transverse dipole misalignments.
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Figure 4.9: Beta factor of one emitter as a function of the angle, θ, formed by the SPP electric field
and the dipole moment. (a) Cylinder, (b) channel and (c) wedge. The insets show the
total (continuous line) and plasmon (dashed line) decay rates normalized to the vacuum
decay rate, (γ/γ0, γspp/γ0), as a function of θ. The positions of the dipoles are detailed
in the main text.
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4.3 Quantum emitters coupled to plasmonic waveguides

4.3 Quantum emitters coupled to plasmonic waveguides

In this section, we first show the calculations of the main coupling parameters governing
the dynamics between two spatially separated quantum emitters and PWs. Additionally,
we test the model for the interaction that is mediated by single plasmons as developed in
chapter 2. Both favorable and unfavorable alignments are considered.
Finally, we study some of the possible applications for the plasmonic mediated coupling
between two atomic-systems. In particular, in subsections 4.3.2 and 4.3.2, we test the use of
conventional PWs in resonance energy transfer and superradiance phenomena, respectively.
We will emphasize on such possible applications for the wedge and channel PWs, due to
their good single-plasmon emission properties, as shown in the previous section.

4.3.1 Plasmonic coupling: Coherent and dissipative terms

Emitter 1

z
dx

y

z

Emitter 21D plasmons

Figure 4.10: (a) Two single-photon emitters interacting with a plasmonic waveguide, in this case a
wedge PW.

The coupling parameters for quantum emitters that interact in a macroscopic medium
arise from the master equation that governs the system dynamics, as presented in chapter
2. There, we identified two main coupling parameters: the coherent dipole-dipole coupling
parameter gij , and the dissipative terms γij which represent the decay rates induced by self
(γii) and mutual (γij) interactions of the emitters. These parameters are computed using the
total Green’s Tensor Gtotal satisfying the classical Maxwell equations. In particular, we are
interested in the coupling of two emitters mediated by a PW, as illustrated in Figure 4.10,
due to their good properties for single-plasmon generation, and their propagation lengths
which can be significantly longer than the wavelength in free-space. Such properties makes
the PWs a good platform for the interaction of emitters mediated by 1D plasmons. For
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Figure 4.11: Comparison of the exact coupling parameters (γij , −2gij) with their plasmonic con-
tributions (γij, pl, −2gij, pl), as a function of the emitter-emitter horizontal separation
normalized to the plasmon modal wavelength, d/λpl. All parameters are normalized to
the vacuum decay rate γ0. (a) Cylindrical (b) wedge and (c) channel waveguide. The
position and orientations of the dipoles are detailed in the main text.
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4.3 Quantum emitters coupled to plasmonic waveguides

high β factors, a electric-dipole couples mainly to surface plasmon modes and this, in
turn, warrants that the emitter-emitter interaction is predominantly plasmon-assisted at
emitters separations d on the order of the propagation length. Under this condition, gij
and γij (equations (5.15) and (5.16) in chapter 2) can be evaluated using the plasmonic
contribution to the Green’s tensor, Gpl(r, r

′), instead of the total one, Gtotal(r, r
′). The

resulting approximations for the dipole-dipole shift and decay rates for identical emitters,
using equations (2.158),(2.157) and (4.8), read as [57, 56]:

gij ' gij,pl = −γii
2
βe−d/2` sin(ksppd), (4.9)

γij ' γij,pl = γiiβe
−d/2` cos(ksppd), (4.10)

where it has been assumed that the transverse position of both emitters, and their orienta-
tions are identical. Importantly, these semi-analytical expressions emphasizes the relevance
of the plasmon as a carrier of the electromagnetic interaction. Additionally, as explained in
further detail in chapter 2, such analytical approximation facilitates the numerical calcula-
tions of gij and γij , since the calculation of the Gpl(r, r

′) implies a 2D simulation, whereas
Gtotal(r, r

′) needs to be computed in a 3D one.
In order to check the validity of this approximation, a comparison of the exact parameters

(−2gij , γij) and the approximate ones (−2gij,pl, γij,pl) is presented in Figure 4.11 for the
cylinder (panel (a)), the wedge (panel (b)) and the channel (panel (c)). All the coupling
parameters are normalized to the vacuum decay rate γ0 at the emission wavelength λ =

600nm. The dielectric permittivity of silver at optical frequencies [72] and air claddings are
used to calculate the simulations that are described in chapter 2. In all cases, the position
and orientation of the emitters are chosen to have high β, e.g., Z = 20 nm and vertical
orientation for the cylinder, Z = 30 nm and vertical orientation for the wedge, and Z =

150 nm and horizontal orientation for the channel. In Figure 4.11, the normalized coupling
parameters are represented as a function of the emitter-emitter separation, d, normalized to
the plasmon modal wavelength, λpl = 2π/kspp (at the emission wavelength, λpl is 417 nm for
the cylinder, 473 nm for the wedge, and 474 nm for the channel). Let us discuss the results
for the normalized coupling parameters calculated with full numerical precision, and the
ones calculated approximately. As expected, the approximation is good for the cylinder and
excellent for the wedge and the channel, in consonance with the corresponding β factors
(0.62, 0.84 and 0.9, respectively). For the cylinder at the chosen Z, the radiative modes
play a small but non-negligible role which shows up as a small disagreement between the
exact and approximate results. For all the PWs and very small d, the radiative and non-
radiative contributions participate in the interaction and the approximation breaks down.
A different approach to this issue leading to the same results can be found in reference [83].
The coupling parameters gij and γij are functions of the separation d which oscillate with
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4 Quantum emitters coupled to surface electromagnetic modes

a periodicity given by the plasmonic wavelength, λpl, and they decay exponentially due
to the ohmic absorption of the plasmonic mode. Notice that the maxima of γij and those
of gij are shifted a distance λpl/4, which implies that the dissipative and coherent terms
of the master equation have different weights for different emitter-emitter separations. We
will see the relevance of these maxima in the dynamic of the emitters populations, which
give rise to the collective decay rates as further explained in subsection 4.3.3.

Let us now consider the effect of misalignment and assume that both dipoles have different
fixed orientations respect to the waveguide: one emitter has an orientation θ1 and the other
has an angle θ2 (see the insets in Figure 4.12). When the orientations of the two dipoles
are different, the mutual dipole-dipole coupling and decay rates parameters are obtained
similarly than equations (4.9-4.10), which can be expressed as

gij,pl = −1

2

√
γiiγjj

√
βiβje

−d/2` sin(ksppd), (4.11)

γij,pl =
√
γiiγjj

√
βiβje

−d/2` cos(ksppd), (4.12)

where βi refers to the beta factor of emitter i. Notice that each emitter, in general, will
have different values of βi and different spontaneous emission decay rate γii due to their
different orientation, as shown in subsection 4.2.3. In Figure 4.12 we consider the behaviour
of −2gij and γij and the plasmon contribution −2gij,pl and γij,pl for the same heights Z
with high β consider above. Those heights are Z = 20 nm for the cylinder, Z = 30 nm for
the wedge and Z = 150 nm for the channel. In general, we may observe that different dipole
moment alignments have a detrimental behavior in the plasmon coupling parameters. This
observation is in agreement with the behaviour of Figure 4.9 in subsection 4.2.3, where it
is seen that the β factor diminishes for angles deviated from the predominant electric field
polarization. As a consequence, we can observe how the radiative modes play a small but
non-negligible role in all panels. In particular for θ2 = 90◦, the coupling to plasmons is zero
and the phase of the Green’s tensor is modulated by the propagation constant in free space
(panels (c), (f) and (i)). Notice how the scale is reduced compared to the other columns
of panels. Specially at distances of the free-space wavelength (d ∼ 1.2λpl), the free radia-
tive mediated coupling is much smaller than the plasmon mediated one in more favorable
alignment conditions. Such situation is also encountered when two emitters interact in a
homogeneous environment [91] and it emphasizes the superior properties of plasmon medi-
ated coupling for those distances. In spite of the absence of plasmonic coupling at θ2 = 90◦,
we can see that the plasmonic approximation for the coupling parameters is good for the
two first columns of panels (i.e., θ1 = 0◦, θ2 = 60◦ and θ1 = θ2 = 60◦) with noticeable differ-
ences between the structures. For example, it can be appreciated the worse approximation
of the plasmon mediated coupling for the cylinder compared to the wedge and the channel.
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Figure 4.12: Comparison of the exact coupling parameters (γij , −2gij) with their plasmonic con-
tributions (γij, pl, −2gij, pl), as a function of the emitter-emitter horizontal separation
normalized to the plasmon modal wavelength, d/λpl. The orientation of the dipoles θ1,
θ2 are displayed in the lower part of each figure. All parameters are normalized to the
vacuum decay rate γ0. (a)-(c) Cylindrical, (d)-(f) wedge and (g)-(i) channel waveguide.
The position of the dipoles are identical to those in Figure 4.11.
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This worse behavior can be inferred from the beta factors of the emitters for θ = 60◦, which
are 0.5, 0.62 and 0.64 for the cylinder, the wedge and the channel respectively. Importantly,
these results show that the plasmon coupling is still very important and they are interesting
from the experimental point of view in case of accidental dipole misalignment. We can also
conclude that the wedge and the channel are more robust in case of transverse misalignment.

4.3.2 Resonance energy transfer mediated by plasmonic waveguides

In this subsection we study the unidirectional energy transfer between fluorescent molecules,
known as Resonance Energy Transfer (RET). RET can proceed through various mech-
anisms. Förster (radiationless) energy transfer strongly decays with the distance between
the molecules, and in vacuum it is most effective for distances smaller than about 10 nm. For
larger distances radiative transfer takes over, but the transfer rate in vacuum is nevertheless
very small [47]. It has been shown that the SPPs arising in an environment consisting of a
planar metallic film can enhance the transfer rate [62]. One of the goals of this subsection is
to find out the extent to which coupling to PWs can increase the radiative transfer. Given
both the one-dimensional character of the waveguides and the plasmonic field enhancement,
an important improvement is expected. Similar ideas have been considered for dielectric
[146] and very wide metallic waveguides [63]. Here, manufacturable PWs [6] with realistic
properties and sub-λ confinement are studied.

The setup is displayed in Figure 4.13: an emitter (the donor) is positioned in the neigh-
borhood of a metallic waveguide running along the Z-axis, and energy is transferred to a
second molecule (the acceptor) without back-scattering to the emitter, i.e., unidirectional.
Both molecules are located in the vertical symmetry Y Z-plane at identical vertical heights
h, and separated a distance d along the waveguide. For this study we make use of the PWs
studied in the previous subsection: cylinders, wedges, and channels. To simplify the study,
we consider emitters with the sharp emission spectrums, which it can be closely achieved
for low temperatures for some single-photon emitters [172], e.g., a two-level emitter. This
study can account for other emitters with broader emission spectrums [80] due to the broad-
band properties of the PWs shown in the previous section. In particular, the donor emission
wavelength chosen below in this subsection is λ0 = 600 nm, which is motivated by the large
number of fluorescent emitters available close to this wavelength [61, 150].

In order to quantify the unidirectional RET, we make use of the normalized energy trans-
fer rate (nETR), i.e., the energy transfer rate in the presence of the PW normalized to that
in vacuum, keeping the remaining factors (distances and dipole orientations) unchanged.
The unidirectional nETR can be written as [47]
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4.3 Quantum emitters coupled to plasmonic waveguides

Figure 4.13: Diagram of the considered setup including the donor (emitter), acceptor, and plas-
monic waveguide (a metallic wedge in this scheme). The various interaction channels
are also schematically shown, including radiated photons, ’radiated plasmons’ (1D
plasmons guided by the wedge and 2D plasmons supported by the horizontal metal-
lic substrate), and non-radiative excitations in the metal in the neighborhood of the
emitter.

nETR =
Im[µ∗A ·G(rA, rD) · µD]

Im[µ∗A ·G0(rA, rD) · µD]
, (4.13)

where µD is the donor dipole moment vector positioned at rD (with analogous definitions for
the acceptor), ∗ stands for complex conjugate, G(r, r′) is the Green’s tensor in the presence
of the PW (with similar definition for the case when both dipoles are in vacuum) and Im
stands for the imaginary part. Importantly, the acceptor has an induced dipole moment
which, within the linear approximation, can be written as

µA = αEA, (4.14)

that is the contraction of the polarizability tensor α and the electric field in the acceptor
position EA. This polarizability tensor is in general complex-valued and it can be calcu-
lated solving the Schrödinger equation from ab-initio calculations for structurally complex
emitters [173–175]. In some cases it is possible to simplify α for some emitters [47], assum-
ing that mainly two energy levels are involved in the photon absorption. In addition, if we
assume that it can only be polarized in a certain direction then

α =
|µ|2

~
nA ⊗ nA

ω0 − ω − iγ
, (4.15)

where ω is the photon incoming energy, ω0 is the two-level’s energy difference, γ is the
acceptor decay rate, |µ| is the acceptor transition dipole matrix modulus and nA is the ori-
entation of the acceptor dipole moment. The presence of γ in the polarizability makes the
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acceptor properties dependent on the environment. Such dependence adds additional com-
plexity and, for a fair characterization of the RET, we would need to identify a particular
molecule. In addition, we need to avoid the collective interaction between the acceptor and
the donor to define properly an unidirectional RET. In order to avoid both complexities, we
consider acceptors that both have large internal decay channels (e-e scattering, e-phonon
scattering, etc...) compared to the radiative decay channel. For such emitters the polariz-
ability is, in good approximation, independent of the environment and there is no possible
back-interaction between the acceptor and the emitter. Within this supposition, the power
transfer is ωIm{α}

2 |nA ·ED(rA)|2 [47] and therefore expression (4.13), using equations (4.14)
and (4.15), read as

nETR =
Im{α}
Im{α0}

|nA ·ED(rA)|2

|nA ·ED, vac(rA)|2
=
|nA ·ED(rA)|2

|nA ·ED, vac(rA)|2
, (4.16)

where ED(rA) is the electric field of the donor at the acceptor position in the presence of
the PW (with a similar definition when the dipoles are in vacuum). The electric fields in-
volved in equation (4.16) are obtained modeling the donor as a very short (2 nm) oscillating
current as explained in further detail in chapter 2. The upper panels of 4.14 display the
nETR as a function of d and h for a circular cylinder (a), triangular wedge (b), and trian-
gular channel (c). In order to have a meaningful comparison, the geometric parameters are
such that the fundamental mode in all three waveguides has the same propagation length
` = [2Im(k)]−1 = 1.7µm, k being the complex modal wavevector. The geometry of the
waveguides is summarized in the lower panels of Figure 4.14. Donor and acceptor are set
with identical orientation, which is chosen so that it matches the dominant polarization of
the plasmonic modes supported by the structures, i.e., vertical (Y -axis) for the wire and
wedge, and horizontal (X-axis) for the channel. For the range of distances d displayed in
the figure, the nETR essentially grows with increasing donor-acceptor separations. This is
due to the fact that in vacuum the energy is spread in all three dimensions, whereas the
presence of a waveguide provides a link between the locations of donor and acceptor. The
dependence with the vertical coordinate, h, of the molecules is directly related to the cor-
responding plasmonic modal shapes. These mode profiles are rendered in the lower panels
of Figure 4.14, as quantified by the amplitude of the transverse electric field normalized to
the carried power, which is proportional to γspp

γ0
. Thus, within the present framework, the

nETR reaches its maximum at the metallic surface (h = 0) for circular wires and wedges,
whereas the optimal height is h = 35 nm for channels. In absolute terms, the circular cylin-
der displays the lowest nETR, which is reasonable given its smaller field enhancement as
compared with wedges and channels. In the range of d and h shown in Figure 4.14, wedges
and channels feature nETRs up to 3×104, which is 20 times larger than the one correspond-
ing to cylinders. Let us stress that when the separation d is fixed at, e.g., half a wavelength,
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Figure 4.14: Normalized energy transfer rate (a, b, c) and modal shapes (d, e, f) for various plas-
monic waveguides: circular wire (a, d), wedge (b, e), and channel (c, f). In the upper
panels, the longitudinal separation between both dipoles is d (for its definition see
Figure 4.13), and their vertical height is h (for their definitions see the lower panels).
The lower panels display the geometry and the transverse electric field amplitude in
the XY -plane, normalized to the guided power. The radius of curvature of the wedge
tip is 5 nm.

the nETR in the wedge can be strongly enhanced by letting h become smaller than 10 nm,
reaching values higher than several tens of thousands. This enhancement is not possible for
channels whose maximum achievable nETR is about 5000 for the above-mentioned d. The
general conclusion is that the wedge is the most promising structure in terms of resonance
energy transfer.
We can estimate the efficiency of the RET process applied to PWs by means of the Förster
radius i.e., the efficiency of the transfer compared to the decay rate γ0 in vacuum of the
donor. Assuming that donor and acceptor molecules are characterized by a typical Förster
radius, which is on the order of R0 = 10nm [47], and assuming that both acceptor an donor
have parallel dipole moments, the efficiency in vacuum predicts that the energy transfer rate
of these two molecules separated by a distance d = 600nm in vacuum is [47] 2πR6

0
λ6
≈ 10−8
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4 Quantum emitters coupled to surface electromagnetic modes

times the donor’s decay rate. Typically, the nERT is on the order of 104 when donor and
acceptor molecules are appropriately placed along a channel or a wedge plasmonic waveg-
uide (see Figure 4.14 at d = 600nm). Therefore, multiplying the vacuum efficiency to that
typical cases, the resonance energy transfer ratio can be increased up to 10−4 due to the
presence of the plasmonic waveguide.

The values of the nETR can be quantitatively explained with the following simplified
model. The Green’s tensor appearing in formula (4.13) can be understood as the sum of
several processes involving the excitation of waveguide modes, free space radiation and non-
radiative absorption losses as explained in the previous section in detail. An illustration of
the various channels in the case of a metallic wedge is suggested in Figure 4.13. If the
waveguide is to play a major role, we can expect that the contribution to the Green’s
function stemming from the plasmonic guided mode is the most important one and neglect
the remaining channels. Using equation (4.16), with the guided Green’s tensor [equation
(2.43) in chapter 2], with the well known expression for the Green’s function in vacuum,
one arrives to the following approximation for the nETR

nETR =
(4π

3

)2(γspp
γ0

)2
exp
(
−d
`

)(d
λ

)2[
1−

( λ

2πd

)2
+
( λ

2πd

)4]−1
, (4.17)

where λ is the vacuum wavelength, ` is the mode propagation length, and where we have
nA = nD. In equation (4.17) γspp is the spontaneous emission rate into guided plasmons
by one single emitter in the presence of the PW, and γ0 is the spontaneous emission rate
of photons by one single emitter in vacuum. When losses are not too high, γspp can be
computed (see chapter 2) as

γspp = γ0
6πcε0
2k2

0

|nD · e(rD)|2

Re
[∫

dA z · (e(r)× h∗(r))
] , (4.18)

where the meaning of the various symbols is the following: c, ε0, k0 are the speed of light,
permittivity, and wavevector in vacuum; e(r), h(r) are the electric and magnetic fields cor-
responding to the guided mode; the normalization integral in the denominator is extended
to the transverse XY -plane; and z is a longitudinal unit vector. Let us remark that γspp
is an h-dependent magnitude as it can be extracted from Figure 4.14. It is interesting to
analyze the origin of the various factors in equation (4.17). Besides the geometric constant
prefactor, the factor (γspp/γ0)

2, which is independent of the donor-acceptor separation d,
accounts for the typical decay rate enhancement in both the donor and the acceptor due to
the neighboring metallic structure. The exponential decay with d comes directly from the
contribution of the plasmonic mode to the Green’s function in the numerator of equation
(4.13), and the remaining factors depending algebraically on d/λ stem from the Green’s
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4.3 Quantum emitters coupled to plasmonic waveguides

Figure 4.15: Normalized energy transfer rate between a donor and an acceptor as a function of their
separation d, for various heights h. (a) Wedge waveguide and (b) channel waveguide.
The symbols corresponds to numerical simulations, and the solid lines correspond to
the simplified model described in the main text. The insets display the same magnitude
for extended values of the abscissa.

function in vacuum, i.e., the denominator of equation (4.13). Notice that the power cou-
pled to the guided mode would keep propagating without decay for an ideal loss-free metal
(` = ∞), whereas the power emitted by the donor spreads in vacuum in the absence of
the waveguide link. Thus, although an ideal plasmonic guide would provide a monotonic
growth of the nETR with d due to the vacuum normalization, realistic waveguides should
display a maximum nETR with donor-acceptor separation. Figure 4.15 renders the nETR
as a function of the donor-acceptor separation d normalized to λ, for both full-numerical
(symbols) and simplified plasmon model (solid lines), for various heights h. Panels (a) and
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(b) correspond to the wedge and the channel, respectively. Notice that all magnitudes in
equation (4.17) are numerically computed so that there are no fitting parameters. The good
concord between the numerical results and our simple model justifies the validity of our ap-
proximation. For wedges (panel (a)) the agreement only breaks down for small separations,
d/λ < 0.6. This is most likely due to two reasons: (i) in this regime the contribution of
radiative modes is not negligible and is superimposed to the guided mode contribution, and
(ii) in the neighborhood of the donor location the fields present a spatial transient along the
longitudinal coordinate Z and our simplified model, which includes only one single propa-
gating mode, can obviously not reproduce this behavior. It is important to notice that our
model allows one to explore energy transfer rates at donor-emitter separations which are
too large to be numerically modeled. The inset of Figure 4.15(a) displays the nETR for
larger separations. The nETRs present maxima at d ≈ 2`, as can be easily obtained from
equation (4.17), clearly showing that nETR grows only up to the point where absorption
of the SPP mode starts to dominate the picture. The interpretation is analogous for the
channel waveguides. The proposed control of the radiative properties of nanosources and
enhanced resonance energy transfer may find important applications such as sensing or
single-atom spectroscopy.

4.3.3 Superradiance and subradiance phenomena mediated by plasmonic
waveguides

In the previous subsection we have demonstrated the enhancement of unidirectional energy
transfer via PWs modes, and therefore, it is natural to consider how the collective interaction
of two identical emitters can be mediated by 1D plasmons. The cooperative emission rates
of several coupled oscillating systems has been considered many times since the paper
by Dicke [142], including the recent all-optical analogue of two cavities connected by a
photonic crystal waveguide [176], and the effect of a metallic nanoparticle in the emission
of an ensemble of dipoles [177]. In this subsection, we show the collective decay rates arising
from the coupling between two two-level emitters mediated by a PW. The evolution of the
two emitters in interaction with the EM field supported by a PW can be represented
using the Green’s tensor approach, as explained with further details in chapter 2. In the
results shown in the previous subsection, the acceptor dipole moment was induced by the
donor’s field, but no interaction was coming back to the donor due to the very high internal
non-radiative decay rate of the acceptor. Now both emitters have ideally zero internal non-
radiative decay rate, they interact through the guided plasmon and, as a consequence, the
single emitter decay rate is modified by the presence of the other emitter. Although this is
a new situation as compared with the previous section, the above discussed results suggest
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4.3 Quantum emitters coupled to plasmonic waveguides

Figure 4.16: Normalized decay factor of two emitters coupled by a PW as a function of their
separation d, for various heights h. (a) Wedge waveguide and (b) channel waveguide.
The symbols correspond to numerical simulations, and the solid lines correspond to
the simplified model described in the main text.

that a PW should provide a very efficient coupling between the two emitters. Since the
wedge and the channel waveguides feature a higher nETR, we focus now only on them. We
consider that both emitters are identical, with identical dipoles moments d separated by a
distance d, and identical dipole orientations. The heights h from the emitters to the PW are
chosen in order to have a high β factor, and they are identical. In general, in the dynamics
of both quantum emitters coupled to the PW, the induced dipole phases of the emitters
are not well fixed since they depend on the quantum state of both emitters which depends
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on time. For illustration purposes, let assume that we start with a collective symmetric
state, |+〉 = 1√

2
(|g1e2〉+ |e1g2〉, in which |giej〉 represent the product state of each emitter

quantum state, where the subindexes refer to the emitter labeling, whereas e or g refer to
the excited and unexcited state of the emitter quantum state, respectively. Such collective
state has associated a decay rate γ11 + γ12 due to the coupling to the environment, which
appears directly in the master equations describing the dynamics of two quantum emitters,
as it is explained in further detail in chapter 5. That collective state will be superradiant or
subradiant depending on the phase induced by the plasmon. Making use of the spontaneous
emission coefficient [equation (5.16), chapter 2], and focusing on the results for identical
emitters and identical dipole orientations (γ11 = γ22, γ12 = γ21), such collective decay rate
of the symmetric state can be characterized by a normalized collective decay rate as

nγ =
γ11 + γ12

γ11
=

Im[d∗ ·G(r1, r1) · d] + Im[d∗ ·G(r1, r2) · d]

Im[d∗ ·G(r1, r1) · d]
. (4.19)

This normalized decay factor coincides with the ratio of the total energy rate dissipated
by two classical dipoles in the presence of the PW (oscillating in-phase), and the power
dissipated in the single dipole case, which it has been numerically computed and it is
rendered in 4.16 for a wedge (a) and a channel (b). The symbols are the results of the
full-numerical calculations of Maxwell equations for two separated dipoles. Whenever the
normalized decay factor is larger (smaller) than 1 the system is in a superradiant (subradi-
ant) state, which means that it has an enhanced (suppressed) collective decay rate respect
to the single emitter decay rate γ11. Notice that such superradiant and subradiant character
is reversed for a system starting in an antisymmetric state, |−〉 = 1√

2
(|g1e2〉− |e1g2〉), since

its associated collective decay rate is γ11 − γ12. The oscillations in the normalized decay
rate as a function of the normalized separation, d/λ, observed in both panels are due to the
plasmonic coupling that arises from the dissipative coefficient [equation (4.10)], in which
the periodicity is given by the plasmon wavelength (λpl = 474nm). The amplitude of the
oscillations is damped due to the lossy character of the plasmonic modes. It is known in the
literature that superradiance and subradiant phenomena are intimately related with the
dynamical generation of entanglement between two quantum emitters [93], and therefore,
PWs are good candidates for such purpose, as it is explained in more detail in chapter 5.

It is important to realize that the normalized decay factor, nγ, depends in a non-monotonic
fashion with the vertical height of the emitters, h. Let us focus our attention on the max-
ima in Figure 4.16(a) occurring at d/λ = 0.8. It is observed that superradiance grows when
the height increases from h = 10 nm to h = 40 nm, and then diminishes again when the
height increases from h = 40 nm to h = 100 nm. Initially this seems to be at odds with the
monotonic decrease of nETR as h is increased, displayed in Figure 4.15(a). However, what
is important in the present context is not the nETR but the fraction of photons that are
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Figure 4.17: Spontaneous emission β factor of one emitter in the neighborhood of a plasmonic
waveguide as a function of its height h. Black triangles (wedge waveguide), red solid
squares (channel waveguide), green open squares (circular metallic wire), blue open
triangles (dielectric circular wire). The metallic waveguides have the same parameters
as described in 4.14. The small black dots in the insets correspond to the locations
where β is maximum. The dielectric wire has radius 50 nm and relative permittivity
ε = 15, which is a typical value for GaAs.

coupled to guided plasmons. Indeed, for wedges the nETR grows when h is decreased, but
at the same time the non-radiative losses in the neighborhood of the emitter dominate when
h is smaller than about 5 nm, and this quenching reduces the plasmonic coupling between
emitters. Therefore, the variation of γ with h should be controlled by the spontaneous
emission β factor of one single emitter in the presence of the waveguide, β = γspp/γ11. Our
simplified plasmonic model of the Green’s tensor described in equation (4.10) supports this
view, since it predicts that the normalized decay factor of both emitters is given by

nγ = 1 + βcos(ksppd)exp
(
− d

2`

)
, (4.20)

where kspp = Re(k) is the real part of the complex wavevector of the plasmonic guided
mode. Equation (4.20) is rendered with solid lines in 4.16 for the chosen heights. Again the
agreement between the simplified model and the simulations is very good, except for small
separations, due to the presence of other radiative and non-radiative modes other than the
guided plasmon. In order to illustrate our explanation, the β factor has been computed
and plotted as a function of the vertical height h in 4.17 for several waveguides. The black
line (triangles) corresponds to a wedge waveguide, and a maximum is indeed observed for
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h = 40 nm, in accordance with the above-mentioned non-monotonic behavior observed in
Figure 4.16(a). In a similar way, the β factor for the channel waveguide (4.17, red squares) is
maximum when the emitter is slightly outside the channel (h = 170 nm), fitting the behavior
observed in Figure 4.16(b). It is important to emphasize that it is our simplified model what
demonstrates the relevance of the plasmonic guided modes and allows us to estimate that
the coupling may be large even for separations, d, larger than a few wavelengths. The
channel waveguide stands out as the best of the structures considered here, both because
it has the largest maximum β factor (β ≈ 0.9), and because it features a broader h-range
where β remains high. Therefore it would be better for cases when the vertical position of
the dipole are not well controlled or even the dipole alignment as pointed out in subsection
4.3.1 and subsection 4.2.3. Notice that Figure 4.17 also renders the β factors for metallic and
dielectric circular wires, showing that even for the most favorable h they are less apt for the
present purpose, reaching at most β ≈ 0.6. Therefore, we can conclude that the achieved
super and subradiance can be employed to couple quantum emitters at separations much
larger than the involved optical wavelength, and such large-separation coupling seems less
apt for vacuum, and for emitters coupled outside of the dielectric fiber core.

4.4 Conclusions

In this chapter it has been shown the main magnitudes quantifying the spontaneous emis-
sion of two-level emitters on inhomogeneous plasmonic waveguides environments, for one
and two quantum emitters.

Regarding to the case of a single emitter, we have illustrated the emission magnitudes for
the case of unidimensional plasmonic waveguides in which the strong modal confinement of
the guided plasmons enhances the single-plasmon emission. In particular, we have quanti-
fied the modification of the Purcell factor, the contributions of guided SPPs to the Purcell
factor and the beta factors for cylinders, wedges and channels. A large variation of their
geometrical parameters, emission wavelengths and positions of the emitters has been con-
sidered. From such study in the above-mentioned plasmonic waveguides, we have identified
the regions and favorable parameters for efficient single-plasmon emission. Those results
point out that the wedges and channels are two promising candidates for the generation of
single-plasmons, with higher efficiencies and higher rates compared to a cylindrical wire. In-
terestingly, those single-plasmon emission properties change slightly by small modifications
of the emission wavelength due to the broadband dispersion characteristics of plasmonic
waveguides. In particular, for all the cases considered, we conclude that wedges permit to
achieve the highest γspp

γ0
values, whereas the channels allow to achieve the highest β factors.

In addition for the channel, we have identified broad regions of high beta factor which are
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wider compared to the wedge or the cylinder. Such wide regions of high beta factor can
be very interesting for the experimental realization, in case of less accurate positioning of
the quantum emitter. Finally, we have studied the detrimental effect of unfavorable emitter
orientations. The results show a robust emission, with large beta factors and high single
plasmon generation rates, in case of reasonable transversal misalignments.

For two interacting quantum emitters, we have studied the dissipative and coherent
parameters involved in the formalism of two quantum emitters interacting by plasmonic
waveguides. The robustness for single plasmon emission in plasmonic waveguides has al-
lowed us to identify and check a simpler plasmon model where the plasmon is the main
carrier of the interaction between emitters. Such study includes the variation of those cou-
pling parameters, as a function of favorable and unfavorable emitters alignments. We have
checked that the plasmon mediated approximation in such both coefficients differs slightly
from the full-numerical one. Such result shows the relevance of the plasmon in the interac-
tion, which is manifested in the phase and damping behaviour of both coefficients due to
the characteristics of the guided plasmon. The results also show that the wedge and the
channel are more robust in case of transversal misalignments, and , for distances of the
order of the wavelength, they also permit higher coupling than free-space mediated one.
Finally, as an application of the plasmon mediated coupling, we have studied the main
features of resonance energy transfer and superradiance assisted by plasmonic waveguides.
We have shown that a resonant energy transfer assisted by a plasmonic waveguide is en-
hanced four-orders of magnitudes higher than the vacuum mediated one and for interaction
distances larger than the vacuum emission wavelength. In addition, we have shown how it
appears strong superradiant and subradiant oscillations with the emitters separations due
to the high plasmonic coupling, and therefore, plasmonic waveguides are good candidates
for generation of entanglement between two quantum emitters. Moreover, we have identified
with the plasmonic coupling model that the key magnitude for resonance energy transfer
is the contribution of the decay rate from guided surface plasmons, whereas in super and
subradiance phenomena, the main magnitude is the beta factor. We conclude that a metal-
lic wedge is better for donor-acceptor energy transfer due to the higher field enhancement,
whereas a metallic channel is more appropriate for the mutual coupling of two emitters.
Finally, we have shown that the wedge and the channel can display much better coupling
properties than a metallic cylinder and a typical dielectric waveguide.
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5 Entanglement mediated by plasmonic
waveguides

5.1 Introduction

Quantum mechanics has experienced a huge progress due to the advantages of their coun-
terintuitive results. One of the branches of quantum mechanics that has reflected these
large advances is quantum optics. This progress has been mainly motivated by the possible
applications in quantum computation and quantum information [178], which process the
information in non-classical manners. In such disciplines, the minimal quantity for process-
ing information is encoded within a qubit, which is represented by two possible quantum
states. The abstract concept of a qubit can be materialized through photons, atomic sys-
tems, solid-state devices and nuclear spins among others [179]. Most of the applications,
such as quantum teleportation, quantum cryptography, and other two-qubit operations, are
based on the availability of entangled two-qubit systems.

Within those applications, the EM field constitutes one of the most successful mode
reservoirs to prepare a system in a targeted entangled state or to couple two preexist-
ing entangled systems. In a number of proposed schemes, qubit-qubit interactions have
been suggested either by coupling to a common EM cavity mode [180–182] or, when large
separations between the qubits are desired, to a fiber-guided mode [146, 183]. With inde-
pendence of the chosen environment, the dominant paradigm in quantum-state engineering
relies almost exclusively on exploiting the coherent dynamics, or in other words, on using
the wavefunction interferences in order to implement the operations needed for quantum
information processing [184, 185, 179]. In those approaches, the coherent interactions or
equivalently unitary operations, are crucial to exploit the quantum operations needed for
quantum information theory. This initial approach was taken by cavity quantum electrody-
namics in order to perform universal quantum operations [180]. The traditional view holds
that dissipation, being responsible for decoherence (or equivalently, the destruction of the
interference phenomena), spoils the desired coherent operations therefore playing only a
negative role.

Nevertheless realistic systems are open in nature, which limits the applications of coherent
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approaches. An open system necessarily implies a coupling of the system (e.g. two qubits)
to an external environment reservoir (the background) for which the system gets entangled
with. These environmental couplings, or dissipative processes within the quantum optical
jargon, limit the time survival of the maximally entangled states of the system by the process
called decoherence. Therefore, the decoherence presented in dissipative systems restricts
the application of coherent approaches in quantum information. However, some theoretical
ideas have changed the negative role of dissipation, converting it into a positive property
that leads the system to a desired entangled state [42, 186, 187]. Those ideas are based on
the natural entanglement formation in systems that are coupled to a common dissipative
environment. When this dissipative environment is engineered, the systems can be fully
used for universal operations in quantum computation [42]. The experimental steps through
this quantum computational approach have already shown its potential applications with
remarkable theoretical [188, 189] and experimental [190, 191] results.

Among different proposals as possible key elements for dissipative quantum computation,
some pioneer ones have come from the field of quantum plasmonics [45, 50, 192, 51]. The
main practical advantage of SPPs in quantum optics is its deep spatial-confinement which
permits to largely control quantum emitters that act as qubits. This control is achieved
by means of the small photonic areas associated with SPPs which strongly modify the
emitter’s decay rate, as commented in chapter 4. Different plasmonic proposals have shown
the control of single-photon emitters by SPPs [41, 169, 58] and the detection of generated
single SPPs [46, 49]. Those experimental and theoretical steps pave the path to on-chip
quantum operations between single emitters mediated by SPPs [50, 51]. Towards the full
implementation of quantum operations mediated by plasmons, we have explored [57, 56]
the entangling capabilities of deep sub-wavelength plasmonic waveguides (PWs).

In this chapter we present a comprehensive study of the generation of two-qubit en-
tanglement mediated by PWs. First, in section 5.2, we study the generation of transitory
entanglement between two-qubits mediated by a homogeneous environment, which permits
us to illustrate the most significant magnitudes and physical processes that characterize
such phenomena. Next, in section 5.3, we study the creation of transitory entanglement
shared by two distant qubits coupled to a common PW, taking advantage of the enhanced-
emission capabilities and the large coupling control of the PWs shown in chapter 4. In
particular, we characterize quantitatively the entanglement of the system and explain the
main mechanisms that generate it. The variation in the entangling properties by changing
the main initial conditions in the system (populations, emitters separation and the emit-
ters orientations) are considered. In section 5.4, we go a step further introducing coherent
pumping that represents the effect of a laser impinging resonantly on the emitters. Such
addition allows the achievement of a stationary entangled state. In subsection 5.4.1, we per-
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5.2 Transitory entanglement mediated by a homogeneous medium

form a comprehensive study of the time evolution of entanglement for weak pumping and
analyze the main mechanisms that generate it by varying the qubit-qubit separation and
the pumping configuration. Next in subsection 5.4.2, we consider several issues related to
the experimental study: the behaviour of the laser intensity, its relation with the waveguide
efficiency, and the decoherent effect of laser-induced pure dephasing. Finally, we analyze
the second order correlation at zero delay that is strongly modulated by the two qubits
separation and pumping schemes.

5.2 Transitory entanglement mediated by a homogeneous

medium

rij

e
g

qubit 1 qubit 2
e
g

Vacuum

Figure 5.1: (a) Schematic representation of two identical qubits interacting at a separation distance
rij through vacuum electromagnetic modes.

In 1954, Dicke [142] discussed one of the pioneering systems where qubits were entangled
by a common bath of electromagnetic modes. In particular, he considered that two neutrons,
with two possible spin states and separated closely in vacuum, do not in general behave like
independent emitting objects but they interact collectively. A more abstract but equivalent
system is illustrated in Figure 5.1, where the emitters are substituted by identical qubits
separated by a distance rij and the common bath is regular vacuum in its fundamental
mode. The qubits represent any two-level emitter with a peak emission wavelength λ0.
The interaction of two-level systems mediated by vacuum has been extensively revisited
afterwards by many authors [193, 87, 91], including the possibility of initializing the vacuum
environment in some squeezed state [91, 194] (or equivalently, vacuum modes that have non-
zero correlations). In the following we focus on the generation of entangled states by regular
non-squeezed vacuum in order to illustrate its entangling capabilities.

The dynamics of the reduced density matrix operator ρ̂, associated to such system (see
Figure 5.1), can be described by the following master equation (for a formal derivation, see
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5 Entanglement mediated by plasmonic waveguides

chapter 2):
∂ρ̂

∂t
= − i

~
[Ĥs, ρ̂]− 1

2

∑
i,j

γij(ρ̂σ̂
†
i σ̂j + σ̂†i σ̂j ρ̂− 2σ̂j ρ̂σ̂

†
i ), (5.1)

where σ̂†i and σ̂i are the i-qubit raising and lowering operator respectively, and the hamil-
tonian Ĥs included in the coherent part of the dynamics is given by the expression

Ĥs =
∑
i

~(ω0 − δi) σ̂†i σ̂i −
∑
i 6=j

~gij σ̂†i σ̂j . (5.2)

The interpretation of the various constants appearing in equations (5.1) and (5.2) is the
following. The Lamb shift, δi, is due to the qubit EM self-interaction which for optical
emitters is in general of the order of a few GHz [47, 194] and therefore its role in the
dynamics is small at optical frequencies. The term gij represents the level shift induced
by the dipole-dipole coupling, and γij represents the self (γii) and collective (γij , i 6= j)
dissipative terms associated with the spontaneous emission from the qubits. In the case of
emitters with mutually-parallel dipole moments, such coefficients are specifically given by
[91]:

γij =
3
√
γiiγjj

2

{[
1−

(
d

|d|
· rij
|rij |

)2
]

sin(k0rij)

k0rij

+

[
1− 3

(
d

|d|
· rij
|rij |

)2
][

cos(k0rij)

(k0rij)2
− sin(k0rij)

(k0rij)3

]}
,

(5.3)

gij,i6=j =
3
√
γiiγjj

4

{[
1−

(
d

|d|
· rij

)2
]

cos(k0rij)

k0rij

−

[
1− 3

(
d

|d|
· rij

)2
] [

sin(k0rij)

(k0rij)2
+

cos(k0rij)

(k0rij)3

]}
,

(5.4)

where γii =
ω3
0 |di|2

3πε0~c3 and di are the i-qubit decay rate and dipole moment, respectively. It is
worth mentioning that under Dicke’s argument of the small sample of atoms in reference
[142], the term γij was rij independent and the dipole-dipole interaction was negligible
(gij = 0). However, in the small sample limit (rij � λ), we can easily check from equations
(5.3-5.4) that both suppositions are a simplification and in fact gij diverges for rij → 0.
In order to illustrate the differences introduced by equations (5.3) and (5.4) and Dicke’s
assumptions, we are going to solve equation (5.1) for two representative cases: the small
sample limit (rij � λ

2 ) and the intermediate-distance limit, i.e. rij ∼ λ
2 .

In order to solve the master equation (5.1), we need to choose an appropriate wavefunction
basis for the two qubit to expand the different terms of the system’s density operator. A
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Figure 5.2: Scheme of levels for two identical qubits located at equivalent positions in vacuum or a
waveguide and with identical orientations (γ11 = γ22 = γ and γ12 = γ21).

convenient complete basis that makes Ĥs diagonal is formed by the following collective
state basis, firstly introduced by Dicke [142]: |3〉 = |e1e2〉, |±〉 = 1√

2
(|g1e2〉 ± |e1g2〉) and

|0〉 = |g1g2〉, where |gi〉 and |ei〉 label the ground and excited state of the i-qubit, respectively.
The diagonal character of the Ĥs matrix operator in the above-mentioned basis is depicted
in the level scheme shown in Figure 5.2, representing the eigenenergies. In addition, using
the same basis, and assuming that the reduced density matrix at the initial time is in a
crossed X-form (i.e. with their matrix elements being zero, except its diagonal and anti-
diagonal), the evolution of the non-trivial density matrix elements from equation (5.1) is
given by [93]:

ρ̇33(t) = −2γρ33(t), (5.5)

ρ̇++(t) = (γ + γ12)ρ33(t)− (γ + γ12)ρ++(t), (5.6)

ρ̇−−(t) = (γ − γ12)ρ33(t)− (γ − γ12)ρ−−(t), (5.7)

ρ̇00(t) = (γ + γ12)ρ++(t) + (γ − γ12)ρ−−(t), (5.8)

ρ̇+−(t) = −(γ − 2ig12)ρ+−(t), (5.9)

ρ̇30(t) = −(γ + 2iω0)ρ30(t), (5.10)

where, as a consequence of the identical character of the qubits, we have used γ11 = γ22 = γ

and γ12 = γ21. Notice that due to the properties of the reduced density matrix operator and
the type of master equation (5.1), the relations 1 = ρ++ +ρ−−+ρ33 +ρ00 and ρij = ρ∗ji hold
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5 Entanglement mediated by plasmonic waveguides

in time. Equations (5.5)-(5.10) explain the possible decay and coherent mechanisms of the
system as illustrated in Figure 5.2. The equations with equal indexes, or diagonal elements
in the density matrix, represent the evolution of the populations, i.e., the probability of
finding an excitation in a certain state of the system. The non-diagonal terms represent
the coherences between different states or in other words the terms resulting from quantum
interference. Therefore, the terms containing 2ω0 and 2g12 coefficients mediate the coherent,
oscillatory dynamics between levels |3〉↔ |0〉 and |+〉↔ |−〉 respectively, as seen from the
presence of the imaginary number i in equation (5.5). On the other hand, the terms γ
and γ12 governs the dissipative dynamics which is associated with the damping of the
populations and the coherences of the system.

We are specially interested in studying the generation of entangled states and conse-
quently, we need a systematic way to identify them. Regarding the quantification of entan-
glement, there are several alternatives [195] but all of them are related to each other for a
bipartite system, i.e.,two-qubits. We will make use of the concurrence C defined by Woot-
ers [196], due to its computation easiness and intuitive characterization. The concurrence
is defined as follows: C ≡ [max{0,

√
λ1−

√
λ2−

√
λ3−

√
λ4}], where {λ1, λ2, λ3, λ4} are the

eigenvalues of the matrix ρTρ∗T in decreasing order (the operator T is σy ⊗ σy, σy being
the Pauli matrix). The interpretation of the concurrence is quite simple: it takes a value 0
for completely unentangled states and 1 for maximally entangled states. Any intermediate
value results from a mixed entangled state and therefore it cannot be represented as a mix-
ture of factorizable pure states [196]. For the particular case of an initial density matrix in
a crossed X-form, such shape of the density matrix is kept at time t and the concurrence
has two non-trivial solutions that are easily derived [93, 197]:

C = max{0, C1, C2}, (5.11)

where

C1(t) = 2
√

(Re[ρ03(t)])2 + (Im[ρ03(t)])2 −
√

[ρ++(t) + ρ−−(t)]2 − 4Re[ρ+−(t)]2, (5.12)

and
C2(t) =

√
[ρ++(t)− ρ−−(t)]2 + 4Im[ρ+−(t)]2 − 2

√
ρ00(t)ρ33(t). (5.13)

Now that we have all the tools, let us characterize the generation of entanglement for
two qubits with mutually-parallel dipole moments in the small sample and the intermediate-
distance limits. In figures 5.3 (a) and (b), we represent the numerical results for the concur-
rence versus the normalized time for both cases |rij | = λ

12 and |rij | = λ
2 , respectively. Both

cases starts in the initial state with one of the qubits excited, e.g. ρ++ = ρ−− = ρ+− =

ρ−+ = 1
2 , which can be realized assuming that one of the qubits has been excited with a

π-pulse [198].
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5.2 Transitory entanglement mediated by a homogeneous medium

Let us describe first the behaviour of the small sample limit. In panel (a) we can observe
that the concurrence (black line) starts from zero, due to the initial unentangled state con-
dition, and it raises fast until it starts developing rapid oscillations which decrease in time.
Such behaviour continues until the oscillations stop being observable after approximately
γt = 3, and then the concurrence decays exponentially in time. The generated entangle-
ment can be understood from the analytical solution of the concurrence (5.11) in which
only equation (5.13) has a non-negative value for the considered initial density matrix. In
particular we can easily obtain from the solutions of equations (5.5) the following expression
[93]:

C(t) =
1

2

√
[e−(γ−γ12)t − e−(γ+γ12)t]2 + e−2γt4(sin(2g12t))2. (5.14)

All the terms inside the square root contribute to the fast increase of the concurrence in
time and therefore to the generation of entanglement. We can clearly see that the concur-
rence oscillations come from the sinusoidal term which arises from the coherence between
the states |+〉 and |−〉, ρ+−(t), which is induced by the dipole-dipole interaction g12. Ad-
ditionally, we can easily observe that the first term inside the square root, arising from
the difference between the |+〉 and the |−〉 populations, is responsible for the dominance
of the concurrence at longer times. This fact is due to the faster, exponential decay of the
’coherent’ term respect to the purely dissipative term as it is explained next. The popula-
tion ρ−−(t) decays with a reduced decay γ− γ12 = 0.05γ compared to the fast decay times
of ρ+−(t) and ρ++(t), which are two orders of magnitude larger (γ and γ + γ12 = 1.95γ

respectively). Therefore the reduced lifetime of the antisymmetric state is responsible for
the later stage of the concurrence as it can be seen from the asymptotic approach of C to
ρ−−(t) (dashed blue line), which slowly decays to zero in an infinite time.

In the intermediate-distance case (Figure 5.3(b)) we can observe that the general be-
haviour of the concurrence is very different from the small sample limit. The oscillations
are overdamped by the factor e−2γt, which is a result from the small values of the mutual
coherent parameter (g12 = 0.21γ). It can be appreciated that still the coherent term dom-
inates for times approximately smaller than γt = 3 and the dissipative terms for longer
times, as it can be deduced visually from the difference between ρ−−(t) and ρ++(t) in
Figure 5.3(b). In addition, in contrast to the small sample, the maximum values of the
concurrence have been reduced considerably which is due to the small values of g12 and
γ12 (γ12 = 0.15γ), and the decay is faster due to the reduced lifetime of the antisymmetric
population ρ−−(t). The main conclusion we can take from figures 5.3(a) and (b) is that for
intermediate-distances larger than λ

2 , the entanglement generation starts to be relatively
poor in contrast to the relatively large and long-lasting degree of entanglement in the small-
sample regime. Additionally, it can be inferred that such situation gets drastically worse for
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5 Entanglement mediated by plasmonic waveguides

far-distances |rij | > λ as it is deduced from the decreasing behaviour of γ12 and g12 with
|rij |
λ .
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Figure 5.3: Concurrence C versus the time t, in normalized decay-rate γ units, for two fixed dis-
tances: |rij | = λ

12 (a) (γ12 = 0.95γ and g12 = 4.65γ, extracted from (5.3) and (5.4),
respectively) and |rij | = λ

2 (b) (γ12 = 0.15γ and g12 = 0.21γ). In both cases the two
dipoles moments are parallel-oriented and perpendicularly aligned to the connecting
distance rij , i.e., drij = 0. For illustrative purposes, they are also displayed the time
dependencies of the antisymmetric ρ−−(t) (dashed blue line) and symmetric populations
ρ++(t) (dashed red line).

5.3 Transitory entanglement mediated by plasmonic

waveguides

5.3.1 Far-distance entanglement

The poor two-qubit entanglement generation mediated by vacuum at far distances, has moti-
vated the search of different coupling schemes for improving it. Some of these improvements
have come from the coupling of emitters to single-mode cavities [180, 181] and dielectric
waveguides [146, 183] taking advantage of the small photonic losses in those mediums. Very
different attempts have come from the field of plasmonics, where the higher presence of
propagation losses is compensated by the stronger control (i.e. higher β factor) of the emit-
ters, due to the sub-wavelength modal sizes of plasmons as shown in chapter 4. Motivated
in addition by the experimental evidence that single [41, 49] and two-plasmon correlations
[53, 199] are preserved in lossy plasmonic environments, some theoretical proposals have ex-
plored the advantage of plasmonic environments to generate entanglement [57, 56, 200]. In
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5.3 Transitory entanglement mediated by plasmonic waveguides

this section we study the generation of entanglement between two identical qubits mediated
by one dimensional plasmons that are supported by the conventional metallic waveguides
studied in chapter 4. The problem is illustrated in Figure 5.4, where two identical optical

Figure 5.4: (a) Two qubits interacting with a plasmonic waveguide, in this case a channel waveguide

emitters separated by a distance d = |rij |, are placed close to a plasmonic waveguide (in
particular in this case for a channel plasmonic waveguide). Both atomic systems are mod-
elled as two-level emitters or qubits and they have associated a transition dipole moment
d with a fixed orientation. The master equation describing the dynamics of such system is
identical to equation (5.1) where the dipole-dipole coupling gij and the dissipative term γij

are given in general by (see chapter 2):

gij,i6=j =
ω2

0

~ε0c2
d∗i ReG(ri, rj , ω0 − δj) dj , (5.15)

γij =
2ω2

0

~ε0c2
d∗i ImG(ri, rj , ω0 − δj) dj . (5.16)

Expressions (5.15) and (5.16) are obtained from the calculation of the EM field Green’s
tensor in the frequency domain [81, 181] and it is general for any lossy assisting medium. In
the case of mutually-parallel emitters in vacuum, the substitution of the vacuum Green’s
tensor in those expressions leads to equations (5.3) and (5.4). In the particular case of
emitters coupled to plasmonic waveguides, those equations for i 6= j can be very well
approximated by the guided plasmonic Green’s tensor resulting in the coefficients gij,pl and
γij,pl calculated in chapter 4 (see equations (4.9), ( 4.10) and (4.11), ( 4.12)). Additionally,
the Lamb shift, δj , appearing in (5.15) and (5.16), is due to the qubit EM self-interaction in
the presence of the PW. In the case of structurally complex PWs like wedges or channels, it is
difficult to calculate it numerically due to the frequency integral involved for the calculation
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of δj (see chapter 2). Nevertheless it is known that such frequency shifts are relevant at
distances from the emitter to the metallic surface much smaller than the wavelength (Zλ �
1), in which the emission is mainly non-radiative [47, 201, 202]. For such short distances,
the shift can be estimated from the reflected fields at a flat metallic surface or a spherical
particle, which are of the same order [201]. In particular, at optical frequencies, for a
dipole-surface distance of 10 nm in a silver metal surface [201], we estimate that shift of the
order of 100γ0. For the typical optical emitters in vacuum, γ0 ∼ 1GHz, and consequently
the percentage of change in the emission wavelength is smaller than 0.001%. Therefore
for emitter-surface distances larger than 10 nm, we expect δj to be very small [47, 202]
compared to the emission wavelength, as considered in the coefficients calculated in chapter
4. Moreover, we are going to consider mostly symmetrical orientations and positioning, in
which these shifts are equal for both emitters and therefore they do not play a relevant role
in the dynamics.
Let us show the advantages arising from the use of PWs in comparison with the vacuum,
considering when both emitters have mutually-parallel dipole moments, and the emitters
are separated by a far distance d > λ. The alignment and positions of the emitters are
chosen to have high plasmon coupling, i.e., β factor, and only one of the emitters starts
in its excited state. Figure 5.5 shows the time evolution of the concurrence C for two
emitters placed in different conventional PWs or vacuum at a separation distance d = 1.6λ,
being λ = 600 nm the optical emission wavelength. We can clearly see that the concurrence
maxima displayed by the PWs are more than a factor of three larger than the vacuum
one (even six for the channel), so the plasmon largely enhances the generated degree of
entanglement at far distances. Such significant values are kept by times intervals of the
order of 1/γ . Also be noticed from the decay-rate factor in the time dependence, that the
entanglement is achieved at shorter times due to the higher values of γ for the PWs (see
the different values in the caption), and therefore making the dynamics faster. In addition,
we can observe the increasing values of the concurrence maxima for the cylinder, wedge
and channel respectively. This behaviour can be understood from the plasmon coupling
efficiencies which are 0.62, 0.84, and 0.9, respectively, therefore increasing the coupling
parameters as deduced from formulas (4.9) and (4.10) (see the caption). Consequently, it
is very important the design and efficiency of the plasmonic waveguide in order to achieve
higher degrees of entanglement between the qubits.
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Figure 5.5: (a) Concurrence C versus the time t, in their normalized decay-rate units, for a qubit-
qubit distance d = 1.6λ in vacuum (dashed black line), a cylinder (black line), a wedge
(blue line) and a channel (red line). The coupling parameters are extracted from the
calculations shown in Figure 4.11, chapter 4 and formulas (5.3) and (5.4). The corre-
sponding values are respectively; (γ = γ0, γ12 = 0.09γ0 and g12 = −0.06γ0) for the vac-
uum, (γ = 9γ0, γ12 = −0.07γ and g12 = 0.22γ) for the cylinder, (γ = 9.6γ0, γ12 = 0.63γ

and g12 = 0.00γ) for a wedge and (γ = 10.4γ0, γ12 = 0.68γ and g12 = 0.00γ) for the
channel.

5.3.2 Influence of qubit separation on the dissipative and coherent
dynamics

Let us acquire a deeper physical insight into the dynamics and its dependence with the
emitters separation distance d in the presence of PWs. From the plasmon coupling coeffi-
cients gij and γij (formulas (4.9) and (4.10)), we can observe how the values of the different
coupling parameters are controlled by the qubit-qubit separation respect to the plasmon
wavelength. Due to their sine and cosine dependence, there are two relevant sets of dis-
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tances: the one where the mutual coherent terms gij cancel (from now on, we name it the
dissipative set), and the second one where the mutual dissipative terms γij vanish (coher-
ent set). We firstly analyze the dissipative set for a distance d = λpl where γij attains its
maximum value as shown in Figure 4.11(b) and then for distances corresponding to the co-
herent set. In both situations we consider that the qubits dipoles are mutually-parallel and
horizontally-y aligned coinciding with the predominant polarization of a channel plasmon
at a distance Z = 150 nm.

The system is initialized in the (unentangled) state |1〉 = |e1g2〉 = 1√
2
(|+〉 + |−〉) for a

qubit-qubit distance d = λpl. In this case the evolution is confined to the subspace spanned
by {|0〉 , |+〉 , |−〉} and the non-trivial elements of the master equation (5.5) are reduced to:

ρ̇++(t) = −(γ + γ12)ρ++(t), (5.17)

ρ̇−−(t) = −(γ − γ12)ρ−−(t), (5.18)

ρ̇00(t) = (γ + γ12)ρ++(t) + (γ − γ12)ρ−−(t), (5.19)

ρ̇+−(t) = −γρ+−(t). (5.20)

These non-zero entries in ρ̂(t) make the expression for the concurrence from equation (5.11)
very simple:

C(t) = |ρ++(t)− ρ−−(t)|, (5.21)

where we see that an imbalance of the populations ρ++ and ρ−− results in a non-zero
concurrence (Imρ+−(t) is zero for the chosen conditions). Solving equations (5.17)-5.20),
and using the plasmon coupling formulas (4.9) and (4.10), the concurrence becomes

C(t) = e−γt sinh [γβe−λpl/(2`)t]. (5.22)

This concurrence and the relevant populations are plotted in Figure 5.6 as a function of
time (C is the black thick line, and ρ++, ρ−− are the red dashed and blue dotted lines,
respectively). Panel (a) corresponds to the idealized case where β = 1 and the plasmon prop-
agation length is ` =∞, which is shown for illustration purposes due to the resemblance of
the conditions described by Dicke [142] where gij = 0 and γij = γ. The concurrence grows
with time monotonically up to a value of C = 0.5 where it remains constant. This process
can be easily understood using equation (5.21) and observing the mentioned population
imbalance. Since γ12 = γ, the population ρ++ decays at an enhanced rate 2γ, whereas ρ−−
stays constant due to its zero decay rate. Consequently, there is a half probability of generat-
ing the antisymmetric maximally entangled state |−〉 which agrees with the result discussed
by Dicke. Dicke’s case corresponds to an idealized situation hard to realize experimentally,
and its results differ very much for lossy plasmonic waveguides. Panel (b) corresponds to
a realistic channel PW with β = 0.9 and ` = 1.7µm. In this case the concurrence reaches
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Figure 5.6: Concurrence (black thick line) and populations ρ++ (red dashed line), ρ−− (blue dotted
line), versus time. (a) Ideal PW satisfying β = 1 and ` = ∞. (b) Realistic channel
PW. The time is scaled with the emitter lifetime (1/γ).The coupling parameters are
extracted from the calculations shown in Figure 4.11, chapter 4) which are (γ = 10.4γ0,
γ12 = 0.78γ and g12 = 0.00γ0) for the channel.
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a maximum value of C = 0.33 for t ' 1/γ and then decays exponentially to zero. For
this realistic structure both populations have finite decay rates and the concurrence eventu-
ally vanishes at long times. In both panels, |+〉 and |−〉 are examples of superradiant and
subradiant states, respectively, as commented in further detail in chapter 4. We can now
present a qualitative picture of more general entanglement generation processes by referring
to Figure 5.2. The upper levels depopulate along two routes: through the state |+〉, with
decay rate γ + γ12, and through the state |−〉 with decay rate γ − γ12. It is the difference
in the decay rates along both routes what results in the transient build up of the concur-
rence. Therefore it seems crucial to have the decay rate γ12 − γ as low as possible, which
is achieved by increasing β factor, in accordance with the results commented previously in
Figure 5.5. From the magnitude and sign spatial dependence of γ12, which is proportional
to cos(2π d

λpl
) (formula (4.10)), is that the qualitative dynamics just commented above is

repeated for distances which are integer numbers of λpl/2. In addition, it can be easily seen
that, due to the changes in sign of γ12, the roles of the states |+〉 and |−〉 are exchanged at
odd-integer numbers of the distance d = λpl/2, being |+〉 subradiant and |−〉 superradiant.
Nevertheless, it is important to notice the reduction of the coupling coefficients at longer
distances due to the exponential factor e(− d

2`
) coming from the propagation losses of the

plasmons, therefore limiting the lengths for generating entanglement in the system.
The other significantly different set of distances are those when d equals odd-integer

numbers of λpl/4 and consequently γ12 vanishes, i.e. the coherent set. In this case the inter-
action is mediated by a pure coherent dynamics, reflected in the dipole-dipole interaction
term g12. As considered before, we treat the initial condition where the system starts in
the unentangled state |1〉 = |e1g2〉 = 1√

2
(|+〉+ |−〉). In this case the master equation (5.5)

is reduced to

ρ̇++(t) = −γρ++(t), (5.23)

ρ̇−−(t) = −γρ−−(t), (5.24)

ρ̇00(t) = γρ++(t) + γρ−−(t), (5.25)

ρ̇+−(t) = −(γ − 2ig12)ρ+−(t). (5.26)

For the initial conditions considered (ρ−− = ρ++ = 1
2), we can easily deduce from equations

(5.23) and (5.24), that both populations are equal on time. Therefore using equation (5.11)
and the solutions of equation (5.23), it can be easily derived the following evolution for the
concurrence:

C(t) = 2|Im[ρ+−(t)]| = e−γt| sin(2g12t)|, (5.27)

showing that the generation of entanglement is due to the imaginary part of the coherence
ρ+−. We display in Figure 5.7 the time dependence of the concurrence, the imaginary part
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Figure 5.7: Concurrence C (black thick line), populations ρ++ (red dashed line), ρ−− (blue dotted
line), and imaginary part of the coherence ρ+− (dashed green line) versus time. The time
is scaled with the emitter lifetime (1/γ). The coupling parameters are extracted from the
calculations shown in Figure 4.11, chapter 4) which are (γ = 10.4γ0, γ12 = 0.00γ0 and
g12 = 0.40γ) for the channel. Inset: Zoom of the main panel in the second concurrence
oscillation.

of the coherence Imρ+− and the populations ρ++(t) and ρ−−(t). The concurrence starts
from zero due to the initial unentangled state, and then it achieves a maximum, which is
related to the population transfer from the state |+〉 to |−〉. It can be easily checked from
the time derivative of formula (5.27) that the maxima at 0.84γ occurs at the condition
tan(2gijt) =

2gij
γ . As time increases, the concurrence diminishes and it achieves a zero at

the time 2gijt = π as deduced from the sinusoidal dependence of equation (5.27). Then the
oscillatory behaviour of equation (5.27) is drastically damped due to the exponential decay
induced by the spontaneous emission (see the inset for a zoom of the second oscillation).
Interestingly, it can be deduced directly from equation (5.27) that even in the case of an ideal
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waveguide, the entanglement will decrease in time due to presence of the exponential decay.
Such decay arises from the spontaneous emission reflected in the γ factor that appears in
the equation for ρ̇+−(t) in (5.23). Also, it is interesting to point out in Figure 5.7 that the
concurrence in the purely coherent case (C = 0.27) is smaller than the purely dissipative
one considered in Figure 5.6 (C = 0.33). Notice that such lower value occurs even though
the qubit-qubit separation d = 0.75λpl is smaller than in the dissipative case, and therefore
it implies a smaller spatial decay of the plasmon. In addition, the entanglement in the
coherent set decays with a constant γ, whereas in the dissipative one, it decays within
a considerably reduced scale γ − γ12. Therefore we can conclude that for entanglement
generation, the dissipative set is more robust than the coherent set.
At qubit-qubit distances which are between the two commented sets, the system will display
a mix of both coherent and dissipative dynamics. Consequently, the time scale of the survival
of the entanglement will be reduced at a slower scale γ − γ12 compared to the nearest pure
coherent distance. Nevertheless, γ12 is not maximum and it will decay faster than the
nearest pure dissipative distance. In addition, in light of equation (5.21), the concurrence
in such intermediate distances is averaged between both the pure dissipative and the pure
coherent cases. Accordingly, the maximum degree of entanglement is necessarily smaller
compared to the nearest purely dissipative distance. Therefore, we can conclude that, in
order to generate entanglement, it is more convenient to place the qubits at distances where
the dynamics of the system is purely dissipative.

5.3.3 Different dissipative evolutions. Sudden birth, death and revival of
entanglement

So far we have considered the evolution from the single qubit excitation |1〉 = |e1g2〉 and
it is interesting to consider different initial states which can give other possible dynamical
evolutions. We are going to restrict to initial states that correspond to density matrixes
having a crossed X-shape. Therefore the master equation (5.5) and the analytical concur-
rence equation (5.11) can be used to help analyzing the system dynamics. In any case, such
restriction still will permits us to study interesting cases such as the double excited state
|3〉 and the maximally-entangled Bell state 1√

2
(|0〉+ |3〉). In both initial cases, we consider

qubits at a separation distance in the dissipative set (d = λpl), with their dipole moments
aligned, and placed to have a high plasmon-coupling efficiency in a channel, e.g. Z = 150 nm
at λ = 600 nm. The coupling parameters are deduced from Figure 4.7 in chapter 4.

Firstly, we consider the evolution from the double excited state which can be initialized
by sending two π-pulses, each one exciting a single qubit respectively. In this case the
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Figure 5.8: Concurrence C (black thick line), populations ρ++ (red dashed line), ρ−− (blue dotted
line), and ρ33 (green line) versus time. The time is scaled with the emitter lifetime
(1/γ). The coupling parameters are extracted from the calculations shown in Figure
4.11, chapter 4) which are (γ = 10.4γ0, γ12 = 0.78γ and g12 = 0.00γ0) for the channel.

relevant dynamics is given by the equations

ρ̇33(t) = −2γρ33(t),

ρ̇++(t) = (γ + γ12)ρ33(t)− (γ + γ12)ρ++(t),

ρ̇−−(t) = (γ − γ12)ρ33(t)− (γ − γ12)ρ−−(t),

ρ̇00(t) = (γ + γ12)ρ++(t) + (γ − γ12)ρ−−(t),

(5.28)

due to the fact that the coherences start and remain zero at all times. Therefore it can be
easily deduced from equations (5.12) and (5.13) that the concurrence is given by

C(t) = max{0, |ρ++(t)− ρ−−(t)| − 2
√
ρ00(t)ρ33(t)}. (5.29)
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5 Entanglement mediated by plasmonic waveguides

Figure 5.8 represents the time evolution of the concurrence for the initial density matrix
with ρ33 = 1 and the remaining terms zero, i.e., both emitters excited. As in the case of
a single excitation, the system begins from an initial unentangled state and consequently
the concurrence is zero. However instead of raising fast to non-zero values, the concurrence
remain zero until γt = 3.7 where it starts raising. Such entanglement sudden birth can be
understood from equation (5.29) due to the fact that |ρ++(t)− ρ−−(t)| < |2

√
ρ00(t)ρ33(t)|,

making the second term negative and therefore the concurrence takes the zero value. Conse-
quently we can see in Figure 5.8 that the formation of entanglement starts when the double
excited (unentangled state) is drastically depleted. Then, the concurrence grows until it
achieves a maximum and it asymptotically approaches the antisymmetric state which, for
the considered distance, is the slow decaying subradiant state. Therefore, it is the dissipa-
tive dynamics induced by the plasmon the responsible for the formation of entanglement.
Accordingly, the entanglement is formed for all distances d, except for odd-integer numbers
of λpl/4, i.e., when γ12 = 0. For such distances, we can notice from the above analysis of
the coherent set, in subsection 5.3.2, the coherences have zero values and the decay rate of
the populations ρ++ and ρ−− are equal. Consequently that implies that no entanglement
can be generated since |ρ++(t)− ρ−−(t)| = 0.
Next, we analyze the evolution from the Bell state (|Φ+〉 = 1√

2
(|0〉+ |3〉)) which, unlike the

previous cases, is a maximally entangled state. In this case the relevant equations governing
the dynamics of the system, are

ρ̇33(t) = −2γρ33(t), (5.30)

ρ̇++(t) = (γ + γ12)ρ33(t)− (γ + γ12)ρ++(t), (5.31)

ρ̇−−(t) = (γ − γ12)ρ33(t)− (γ − γ12)ρ−−(t), (5.32)

ρ̇00(t) = (γ + γ12)ρ++(t) + (γ − γ12)ρ−−(t), (5.33)

ρ̇30(t) = −(γ + 2iω0)ρ30(t), (5.34)

(5.35)

and therefore the concurrence analytical formula reduces to

C = max{0, C1, C2}, (5.36)

where
C1(t) = 2

√
(Re[ρ03(t)])2 + (Im[ρ03(t)])2 − |ρ++(t) + ρ−−(t)|, (5.37)

and
C2(t) = |ρ++(t)− ρ−−(t)| − 2

√
ρ00(t)ρ33(t). (5.38)

It can be seen in Figure 5.9 the time dependence of the concurrence, the populations
ρ++(t), ρ−−(t) and ρ33(t), and twice the coherence modulus 2|ρ03|. We can clearly see
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Figure 5.9: Concurrence C (black thick line), populations ρ++ (red dashed line), ρ−− (blue dotted
line), ρ33 (green line), and 2|ρ03| (magenta line) versus time. The time is scaled with
the emitter lifetime (1/γ). The coupling parameters are extracted from the calculations
shown in Figure 4.11, chapter 4, which are (γ = 10.4γ0, γ12 = 0.78γ0 and g12 = 0.00γ0)
for the channel. Inset: zoom of the main panel showing the abrupt concurrence change.

how the concurrence starts from one due to the maximum degree of entanglement of the
initial Bell state. Due to the dissipative dynamics, the concurrence diminishes in time
until γt = 3.4 where the system becomes completely disentangled, an interesting behaviour
known as sudden death in the literature [203]. Then, it remains zero until the normalized
time γt = 4, where the entanglement rebirth again. Finally, the concurrence increases
achieving a maximum and then it decays exponentially at long times. Such complicated
behaviour of the concurrence arises from the interplay between the three terms appearing in
equation (5.36). The different regions can be easily explained. The first decreasing region of
the entanglement comes from formula (5.37) because the second formula (5.38) is negative
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due to small value of |ρ++(t) − ρ−−(t)| compared to 2
√
ρ00(t)ρ33(t). From the density

matrix terms represented in Figure 5.9, we can observe that the term 2|ρ03| is the main
contribution in (5.37), though it is the |ρ++(t)+ρ−−(t)| term which makes the concurrence
drop to zero. In the second region both equations (5.37) and (5.38) remain negative until
the term (5.38) becomes positive, similar to the sudden birth previously analyzed for the
double excited state (Figure 5.8). Consistently with such view, we can observe that the
main contribution at longer times in equation (5.38) is the slowly decaying population of
the subradiant state which, together with the depletion of ρ33(t), is mainly responsible for
the rebirth of the entanglement. It can be easily inferred that for qubit-qubit distances
different from integer numbers of λpl/2, the third region is reduced or even completely
suppressed. At separations odd-integer numbers of λpl/4, the term |ρ++(t) − ρ−−(t)| =

remain zero due to the fact that γ12 = 0 and equation (5.38) remains negative at all times.
From all the variety of initial cases so far considered, we can mainly conclude that the most
interesting evolution of entanglement is generated at integer numbers of λpl/2 where the
dissipative dynamics dominates.

5.3.4 Unfavorable emitters orientations

In the previous subsections, we have been considering the generation of two-qubit entan-
glement mediated by plasmons in highly favorable scenarios, where the emitters dipole
moments are mutually-parallel and oriented to have optimum plasmonic coupling. In this
subsection we consider the effect of different dipole moments orientations to check the ro-
bustness of the entanglement formation against possible alignment imperfections. In Figure
5.10 we represent the concurrence evolution for two qubits placed at Z = 150 nm from the
bottom of a channel waveguide, with mutual separation of d = λpl and the system is ini-
tialized in the state |1〉 = |e1g2〉 = 1√

2
(|+〉 + |−〉). We represent three sets of different

dipole orientations: (θ1 = 0◦, θ2 = 0◦), (θ1 = 0◦, θ2 = 60◦) and (θ1 = 60◦, θ2 = 60◦), repre-
sented with blue, green and magenta colors respectively, where the angle θi of the i-qubit
is defined respect to the maximum horizontal-polarization of the channel plasmon (see the
inset for an illustration). It can be observed how the maxima of (θ1 = 0◦, θ2 = 60◦) and
(θ1 = 60◦, θ2 = 60◦) are smaller than for the optimum orientation (θ1 = 0◦, θ2 = 0◦) due
to the reduction of the coupling coefficients (see their values in the caption). In particular,
we can see that the asymmetric case shows a slightly smaller maximum. Although, the
faster decrease occurs for the symmetrical case (θ1 = 60◦, θ2 = 60◦), which has the lowest
effective βi values, and therefore the larger γii − γ12 values. In spite of the degradation of
the maximum generated concurrence and its faster temporal decrease, we can see that for
such quite large variations of angles, the entanglement formation is not largely affected.
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Figure 5.10: Concurrence C (black thick line) versus time for three different sets of dipole orienta-
tions: (θ1 = 0◦, θ2 = 0◦) blue line, (θ1 = 0◦, θ2 = 60◦) green line and (θ1 = 60◦, θ2 =

60◦) magenta line. The time is scaled with the maximum emitter lifetime (1/γ). The
coupling parameters are extracted from the calculations shown in Figure 4.12, chapter
4 which are for the three previous sets: (γ11 = 10.4γ0, γ22 = 10.4γ0, γ12 = 0.78γ0),
(γ11 = 10.4γ0, γ22 = 4.3γ0, γ12 = 4.54γ0) and (γ11 = 4.3γ0, γ22 = 4.3γ0, γ12 = 2.3γ0)
respectively. For all the sets, g12 = 0.00γ0 due to the qubit-qubit separation d = λpl.
Additionally, it is represented the (θ1 = 0◦, θ2 = 60◦) case for two different emitters
differing in frequency by δω2 = 0.58γ11 (dashed black line). Inset: illustration of the
definition of the i-qubit angle θi.

In the previous results we have approximated that the frequency shifts of the emitters are
equal, which is exact for the symmetrical cases, but it differs for the case of mutually-
different dipole orientations. In principle, even small Lamb shifts induced by the plasmonic
waveguide can play a role in the dynamics because they induce different emitting frequen-
cies in each emitter. However, for the typical considered PWs, the optimal distance from
the emitter to the metal surface is larger than (≈ 25 nm), which is quite large and there-
fore the shift difference is expected to be small. An upper rough estimation can be done
approximating the metal to that of a metallic plane. For a distance of 25 nm, the difference
in the frequency shift between an horizontally and a vertically oriented dipole moment is
estimated [201] to be δω2 ≈ 6γ0 < 10.4γ0 = γ11. We have included such small difference
shift in the concurrence evolution represented in Figure 5.10 with the black dashed line
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for the channel PW. Apart from a small reduction of the maxima and a slightly increase
of the decay, we can see that such small frequency shifts do not affect importantly the
concurrence evolution. Therefore we can conclude from the considered cases that the gen-
erated entanglement is robust for quite large emitter misalignments and also for resonably
different emitters frequencies.

5.4 Stationary entanglement mediated by plasmonic

waveguides

5.4.1 System characterization: Time evolution and distance-pumping
probe

Ω1

Qubit 2
1D SPP

Qubit 1
z

rij
x

y

z
Ω2

Figure 5.11: (a) Two qubits interacting with a channel plasmonic waveguide and impinging resonant
lasers with Rabi frequencies Ω1 and Ω2.

In the previous section we have seen the spontaneous generation of entanglement but, as
explained above, the process is a transient phenomenon. To compensate the depopulation of
the upper levels, the system could be externally pumped by means of a laser in resonance
with the frequency of the qubits [57, 56] as sketched in Figure 5.11. Similar treatments
have been considered in the study of the resonance fluorescence by the light scattered by
a single atom [90] and also for resonant interaction between two emitters in vacuum [91].
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In those studies, the laser light is treated to be in a coherent photonic state with a sharp
spectrum and it contributes to the coherent hamiltonian (5.2) with an additional term (see
the derivation in chapter 2):

ĤL = −
∑
i

[~Ωi σ̂
†
i e
iωLt + h.c.]. (5.39)

Here, the strength and phase of the laser are characterized by the Rabi frequencies Ωi =

diEL e
ikLri/~, where EL and kL are the amplitude and wave vector of the driving laser

field, respectively. We will particularly exploit the cases where the Rabi frequencies are
much smaller than the emitters decay rates γ, which permits to probe the system without
significantly altering its main properties [88]. First, let us show the temporal characteristics
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Figure 5.12: Time evolution for the concurrence C in the following initial states: single excited atom

(blue line), double unexcited state (magenta line), double excited state (green line) and
maximally entangled Bell state (|Φ+〉 = 1√

2
(|0〉 + |3〉))(red line). The time is scaled

with the emitter lifetime (1/γ). The mutual separation of the qubits is d = λpl and the
separation from the bottom of the channel is Z = 150nm. The coupling parameters
are extracted from the calculations shown in Figure 4.11, chapter 4 for the channel
(γ = 10.4γ0, γ12 = 0.78γ and g12 = 0.00γ). Inset: zoom of the main panel showing the
transient concurrence behaviour.

167



5 Entanglement mediated by plasmonic waveguides

of the concurrence for different initial states in the system displayed in Figure 5.11. In
the following we will mainly focus on the use of a channel PW motivated by its good
entangling characteristics as shown in the previous subsection (see the system parameters
in the caption). Firstly, we consider the illumination of the first emitter resulting in a
Rabi frequency of Ω1 = 0.15γ which value will be justified in the next subsection with
the variation of the laser intensity. Additionally, we delay the study of other different laser
configurations and qubit-qubit distances below in this subsection. In particular, we consider
the evolution from the double unexcited state (|0〉), which is the typical experimental case.
Also for comparison purposes, we consider the same initial states considered previously for
the spontaneous formation of entanglement, i.e., the single atom excited state (|e1g2〉 =
1
2(|+〉−|−〉)), the double excited state (|3〉) and the maximum entangled Bell state (|Φ+〉 =
1√
2
(|0〉+ |3〉)). For those general cases, the determination of the density matrix ρ̂(t) requires

the numerical integration of equation (5.1) with the appropriate initial conditions [204, 92].
From the numerical solutions for the above initial states, we show in Figure 5.12 the time
evolution of the numerically calculated concurrence, which has the definition considered
in the previous section [196]. After a transient behaviour, we can see in Figure 5.12 how
the degree of entanglement grows until all the concurrences, independently of the initial
state, acquire the same value. Such is a logical consequence of the steady state solution
that results from the system of linear equations ˙̂ρ = 0, which of course does not depend
on the initial state. The only differences arises from the transient times (γt < 20). The
concurrence behaviour is quite complicated because the laser involves in general all the
populations and coherences. Therefore, it is more difficult to get an analytical formula
for the concurrence like in the previous section. Nevertheless we can notice that at times
0 < γt < 5, the concurrence evolution is quite similar to the initial states analyzed in
section 5.3. Therefore, we can see that for the Bell state, it decreases from one to zero and
then rebirths, for the double excited state it remains zero and then suddenly births at longer
times and for the single excited state it achieves a maximum which then decays on time.
Such similar behaviour is attributed to the small Rabi frequency (Ω1 << γ), which does
not significantly alter the evolution of the density matrix elements at short times because
the coefficients associated with the laser are small perturbations. Only in the evolution
of the double unexcited state, the perturbation is initially important because the density
matrix elements other than ρ00 are initially zero and the pump only increases them. Within
these view we can also observe that the curves at times γt ' 5 display a similar tendency
because it corresponds to times slightly longer than 1/(γ − γ12), when the transient part
of the longest living population ρ−−(t) is expected to be negligible compared to the terms
induced by the laser. Accordingly, all the curves display a similar increasing tendency which
reaches a small bump nearby γt = 17. Due to the small transient perturbation at those
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times, we can observe that the bump slightly shifts to longer times, depending on the values
of the subradiant population ρ−− at early times. In particular, for a time γt = 1, the ρ−−
values and therefore the bump is increasingly shifted for the initial states |0〉, |Φ+〉, |3〉
and |e1g2〉, respectively. Additionally, such ordering of the subradiant state at γt = 1 is
preserved in the absence of a laser, as it is extracted from figures 5.6, 5.8 and 5.9 of section
5.3. That fact is consistent with the view that the laser represents a small perturbation to
the system at early times.
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Figure 5.13: Steady state concurrence as a function of the normalized separation d/λpl for different
pumping schemes: Symmetric pumping (Ω1 = Ω2 = 0.1γ, dashed blue line) , anti-
symmetric pumping (Ω1 = −Ω2 = 0.1γ, dashed red line), and asymmetric pumping
(Ω1 = 0.15γ,Ω2 = 0, black line). The qubits are placed in front of a channel PW
at Z = 150nm for an emission wavelength of λ = 600nm and mutually-horizontal
oriented dipoles.

We can get more physical insight about the relevance of the subradiant state in the gener-
ation of stationary entanglement, studying its dependence with the qubit-qubit separation
and the pumping scheme. The concurrence reached in the corresponding steady state, C∞,
is plotted in Figure 5.13 as a function of the qubits separation normalized to the modal
wavelength, d/λpl, and using the previous considered waveguide configuration (see the rel-
evant system parameters in the caption). Three kinds of coherent driving schemes have
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been considered, differing in the relative Rabi values of the laser fields acting on qubit 1
and 2: symmetric pumping means identical Rabi frequencies, Ω1 = Ω2 (dashed blue line),
antisymmetric pumping means Ω1 = −Ω2 (dashed red line), and asymmetric pumping
corresponds to Ω1 6= 0, Ω2 = 0 (black line). The absolute value of the non-zero Rabi fre-
quencies is 0.15γ for the asymmetric pumping and 0.1γ for the other two situations, i.e.,
relatively weak. It is very important to realize that we consider now arbitrary separations
between the qubits and this implies that both plasmon-mediated coherent and dissipative
dynamics are active, its relative weight depending on d/λpl (see Figure 4.11 in chapter 4).
With independence of the pumping scheme, the concurrences C∞ in Figure 5.13 present
an oscillating behavior with the qubits separation, and damped due to the plasmon ab-
sorption. Importantly, the concurrence maxima occur for those d/λpl where the absolute
value of γij is maximum (see Figure 4.11). This suggests a relationship between the entan-
glement generation and the dissipative set of separations for the two-qubit dynamics. Let
us justify the position of the maxima of C∞ applying the ideas developed for the undriven
case. When the pumping is symmetric (dashed blue line), the laser populates the symmetric
state |+〉. This state is subradiant for d = 1

2λpl,
3
2λpl, . . . leading to a population imbalance

and the corresponding concurrence. For d = λpl, 2λpl, . . ., |+〉 is superradiant and the weak
pumping is not able to induce a significant ρ++ population. For antisymmetric pumping
(dashed red line), it is the state |−〉 the one that is pumped by the laser. This state is
subradiant for d = λpl, 2λpl, . . ., again leading to a population imbalance and entanglement.
For d = 1

2λpl,
3
2λpl, . . ., the situation is reversed. Finally, for asymmetric pumping (black

line) both |+〉 and |−〉 are populated and the situation is a mixture of the previous two,
showing maxima for d = 1

2λpl, λpl,
3
2λpl, . . ..

To verify that the previous interpretation is correct, we plot the tomography of the
steady state density matrix in Figure 5.14, leading to the concurrence displayed in Figure
5.13. We choose two of the previous considered pumping cases and the most relevant three
different qubit separations. Let us start describing the asymmetric pumping. Panel (a)
shows the stationary tomography at d = λpl/2. Besides the population of the ground
state, we recognize the large ρ++ population of the subradiant state |+〉 driven by the
pumping, and the negligible ρ−− population of the superradiant state |−〉. Additionally,
we can see reflected as a consequence of the |+〉 pumping, the relative high values of the
coherence |ρ0+|. For d = λpl [panel (b)], we now observe a large ρ−− population of the
subradiant state |−〉 driven by the pumping, as it can be seen from the significant value
of |ρ0−|, and the negligible ρ++ population of the superradiant state |+〉. Let us remark
that, strictly speaking, equation (5.21) is not correct when pumping is included, because
now further elements of ρ̂ are non zero. However, the tomography shows that, beside the
|ρ0−| and |ρ0+| coherences, these additional elements are quite small and equation (5.21)
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Figure 5.14: 3D bar plot of the absolute value of the elements of the steady state density matrix
for asymmetric pumping (Ω1 = 0.15γ, Ω2 = 0). (a) d = λpl/2, (b) d = 1.0λpl and (c)
d = 0.75λpl, for the most relevant distances shown in Figure 5.13. Analogue 3D bar
plot for antisymmetric pumping (Ω1 = 0.1γ, Ω2 = −Ω1) and different distances: (d)
d = λpl/2, (e) d = 1.0λpl and (f) d = 0.75λpl.
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5 Entanglement mediated by plasmonic waveguides

should be approximately valid, supporting the argument that population imbalance leads to
concurrence. For complementing such argument we also show in [panel (c)] the tomography
for d = 0.75λpl for which the concurrence has very low values (C∞ = 6× 10−3, see Figure
5.13). In this case we can observe that both coherences |ρ−0| and |ρ+0| are significant but
none of the populations ρ−− or ρ++ considerably excited. This fact reenforces the previous
argument that the entanglement is mainly generated due to the population imbalance
mediated by dissipation because in this case both ρ++ and ρ−− have the same decay rates
(γ12 = 0).
In order to see the consistency of such interpretation, we comment the tomography in the
antisymmetric pumping case. In panel (d) for d = λpl/2 we can observe, in contrast to panel
(a), how the ρ+0 coherence is zero due to the opposite phases of both Rabi frequencies (Ω1 =

−Ω2). As a consequence, the subradiant state |+〉 is not populated and the superradiant
state |−〉, in spite of being pumped ρ−0 6= 0, is not significantly excited. Such situation is
similar to that for the distance d = 0.75λpl (see panel (f)), for which the decay of ρ−− is
fast. Therefore in both cases the population imbalance is small and the concurrence is close
to zero (see the concurrence values at d/λpl = 0.5 and d/λpl = 0.75 in Figure 5.13, dashed
red line). On the contrary, the described situation is completely reversed at a distance
d = λpl as displayed in panel (e), where now the state |−〉 is subradiant and ρ−− is greatly
populated, opposite to the superradiant population ρ++ which is nearly zero. Accordingly
the population imbalance is significant and the concurrence differs importantly from zero
(as displayed in Figure 5.13), consistently with the previous argument given in panels [a-c].
Therefore, since this population imbalance is due to the different decay rates of the super-
and subradiant states, both of which are produced by dissipation, we want to emphasize
that the entanglement generation is driven by the two-qubit dissipative dynamics mediated
by the plasmons.

5.4.2 Experimental issues: pumping intensity, pure dephasing, and
plasmon mediated correlations

In the previous subsection we have given a comprehensive study of the generation of station-
ary entanglement and the importance of the dissipation mediated by the guided plasmons.
Nevertheless, there are important experimental issues for the generation of stationary entan-
glement which have not been considered. Up to now we have focused on few weak pumping
rate, and on channel plasmonic waveguides. Additionally, we have not considered other
decoherent noise sources different from spontaneous emission which can spoil further the
generated entanglement, for example due to laser-induced heating in the emitters. Finally
it would be interesting to look for possible measurable magnitudes which can reflect signa-
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Figure 5.15: Steady state concurrence as a function of the normalized driving laser power for
asymmetric pumping (Ω1 6= 0, Ω2 = 0) and qubits separation d = λpl/2 for the
PWs. The coupling parameters are extracted from the calculations shown in Fig-
ure 4.11, chapter 4). Ideal case γ12 = 1.0γ, g12 = 0γ (black line), for a cylinder
γ12 = −0.58γ, g12 = 0.00γ (black circles), wedge γ12 = −0.77γ, g12 = 0.00γ (blue
circles), and channel γ12 = −0.84γ, g12 = 0.00γ (red triangles). Also for comparison
purposes we display the results for vacuum (blue line) at d = λ/3 ∼ λpl/2 with cou-
pling parameters γ12 = −0.30γ, g12 = −0.29γ0 calculated with formulas (5.3) and
(5.4).

tures of entanglement in external photo-detectors. In this subsection we deal with some of
those issues which can be important for an experimental implementation of the stationary
generation of entanglement mediated by plasmons.

As illustrated in subsections 5.3.1 and 5.3.4, the coupling efficiency is important to in-
crease the maximum transitory generation of entanglement mediated by plasmons. In the
stationary entanglement problem, it is interesting to explore the possible influence of both,
the waveguide election and the pumping rate. It is also desirable to find the range for which
the described phenomena may happen. Such influence of the pumping intensity and the
waveguide choice is analyzed in Figure 5.15, which renders the stationary concurrence, C∞,
versus the normalized Rabi frequency, Ω1/γ. Here, asymmetric pumping is considered and a
qubit separation d = λpl/2. The results are computed for four PWs with different coupling
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5 Entanglement mediated by plasmonic waveguides

efficiencies for mutually-parallel dipole orientations: a cylinder (β = 0.6, black circles), a
wedge (β = 0.83, blue triangles), a channel (β = 0.9, red triangles), and an ideal waveg-
uide (β = 1 and no absorption, black line). In addition, for comparison purposes they are
also displayed the results for vacuum mediated entanglement at a distance d = λ/3, i.e., a
value close to the qubits separations for the above PWs. Each considered scenario, except
the ideal waveguide, presents an optimum pumping power to achieve maximum concur-
rence. This behaviour can be explained due to the following reasoning. In order to obtain a
non-negligible concurrence, the subradiant state has to be populated at a rate faster than
its lifetime, which explains why the concurrence is small at low pumping rates for realistic
waveguides. For stronger pumping the emitters polarizability start to be saturated [47], sup-
pressing the spontaneous emission and this explains why all the curves diminish for higher
Ω1/γ. Consequently, it can be observed how the structures with lower β require a higher
normalized pumping to reach their optimum entanglement. Additionally, we can see that
the maximum attainable stationary concurrence improves for higher β factor. Therefore,
we can again justify the use of high efficient plasmonic waveguides like channels or wedges
for generation of stationary entanglement, instead of low efficient ones, like cylindrical PWs
or simply vacuum. Additionally, we can conclude that the tuning of the laser intensity is
important to generate significant stationary entanglement, specially for systems with low
emitter-to-plasmon couplings.

The intensity of the laser impinging on the emitters can heat them and pump phonon
excitations, which would further decrease the emitters lifetimes and coherences due to the
additional noise-fluctuations [205]. Such decoherent process is known in the literature as
pure dephasing. In particular, it results from the randomization of the emitter-wavefunction
phases due to phonon interactions, causing the overlap between the wavefunction of the
upper and lower level to decay in time [206, 205]. Such effect has to be added to the sponta-
neous emission, so far the only considered dephasing process caused by the electromagnetic
fluctuations. The increase of the total dephasing due to laser-induced pure dephasing has
been experimentally measured for resonantly laser-driven NV-centers [207]. For this reason,
we have recomputed the dynamics of the system including now in the master equation (5.1)
a phenomenological term representing pure dephasing. That term is given by [206]

Ldeph[ρ̂] =
γφ

2

∑
i

[
[σ̂†i σ̂i, ρ̂], σ̂†i σ̂i

]
. (5.40)

In general, it is difficult to estimate the value of the dephasing rate γφ because it is very
dependent on the particular realization of the qubit and it can be strongly influenced by the
presence of the metallic part of the system. For nitrogen-vacancy centers in vacuum under
weak resonant pumping, pure dephasing times up to 100 ns have been measured [208, 207],
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Figure 5.16: Steady state concurrence as a function of the normalized separation d/λpl for different
pumping conditions and pure dephasing rates. (a) γφ/γ = 0.0, (b) γφ/γ = 0.2, and
(c) γφ/γ = 0.4. In all panels the blue dotted lines correspond to symmetric pumping
(Ω1 = Ω2 = 0.1γ), the red dashed lines correspond to antisymmetric pumping (Ω1 =

−Ω2 = 0.1γ), and the black continuous lines correspond to asymmetric pumping (Ω1 =

0.15γ, Ω2 = 0). Notice that the vertical scale is not the same in the three panels. The
qubits are placed in front of a channel PW at Z = 150nm for an emission wavelength
of λ = 600nm and mutually-horizontal oriented dipoles.

175



5 Entanglement mediated by plasmonic waveguides

whereas the homogeneous lifetime, 1/γ0, is of the order of 10ns. For the typically considered
situation in the previous section, where the Purcell factor is about 10, this corresponds to
γφ about one hundredth of the emission rate γ. In our calculations we will consider larger
dephasing values, both as a conservative measure and because they may be more relevant
for other emitter types. Figure 5.16 shows the steady state concurrence as a function of
the qubit-qubit separation d for different values of the pure dephasing rate and various
pumping conditions. The emitters are mutually-parallel aligned over a channel plasmonic
waveguide, whose relevant parameters are displayed in the caption. Pure dephasing grows
from zero in panel (a) to γφ/γ = 0.4 in panel (c). The qualitative behavior is almost the
same in all panels, but the value of C∞ decreases as the dephasing rate grows (notice that
the vertical scale is not the same in all panels). The most significant difference appears in
panel (c), which shows how the system becomes completely disentangled for certain widths
of distances. In particular, there are widths close to the separations d/λpl = 0.5, 1.5 in
the antisymmetric pumping, and next to d/λpl = 1 in the symmetric case. Despite of the
general decreasing behaviour of the concurrence for larger pure dephasing rates, the value of
the concurrence maxima are non-negligible even in the worst case, i.e., panel (c). Therefore,
our results show that pure dephasing reduces qubit-qubit stationary entanglement but not
as much as to preclude its formation by strongly confined one dimensional plasmons.

Once the tomography of the system density matrix is measured experimentally, the calcu-
lation of concurrence (or any other equivalent entanglement quantifier) is straightforward.
However, quantum state tomographic procedures are experimentally cumbersome because
they require the determination of a large number of parameters [178]. For this reason, it
is of interest to establish connections between entanglement and other more easily measur-
able magnitudes. In our two-qubit system, entanglement is associated with the probability
that the state of the system is |+〉 or |−〉. In other words, entanglement is related with
having a strong correlation between the states |1〉 = |e1g2〉 and |2〉 = |g1e2〉. This must
manifest in the correlations of single plasmons emitted from qubit 1 and from qubit 2. The
correlations of electromagnetic field operators in the far-field, are proportional to product
summations of both qubits lowering and raising operators, since the emitted fields arise from
the electric-dipolar coupling of both qubits [91]. Hanbury Brown-Twiss-like experiments are
able of measuring such plasmon-plasmon second order correlations in the far field [49]. In
particular within those correlations, which include the summation of different products of
both qubit operators, it is included the cross-term of the second order coherence function.
For zero delay, the cross-term takes the form [209, 48, 194]

g
(2)
12 =

< σ†1σ
†
2σ2σ1 >

< σ†1σ1 >< σ†2σ2 >
. (5.41)
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Figure 5.17: Steady state concurrence (black line) and cross second order correlation (red dashed
line) as a function of the normalized separation d/λpl. (a) Symmetric pumping (Ω1 =

Ω2 = 0.1γ), (b) antisymmetric pumping (Ω1 = −Ω2 = 0.1γ), and (c) asymmetric
pumping (Ω1 = 0.15γ, Ω2 = 0). The qubits are placed in front of a channel PW
at Z = 150nm for an emission wavelength of λ = 600nm and mutually-horizontal
oriented dipoles.
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Figure 5.17 displays together the concurrence C∞ (black continuous lines) and the second
order correlation function at zero delay g

(2)
12 (red dashed lines). In all three panels it is

observed that when C∞ is large, a clear antibunching (g(2)
12 → 0) takes place, which is

consistent with the system predominantly being in a state |+〉 or |−〉. On the other hand,
when C∞ → 0, g(2)

12 grows and the antibunching is reduced, which is again consistent with
a decreased correlation between |1〉 and |2〉. The main result to be drawn is the distinct
relationship between C∞ and g(2)

12 . Lacking an analytical expression relating C∞ and g(2)
12 ,

our results clearly support the idea of measuring antibunching cross-terms of the second
order coherence, at zero delay, as a manifestation of entanglement.

5.5 Conclusions

We have presented a detailed analysis of how plasmonic waveguides can be used to achieve
non-negligible degrees of entanglement between two distant qubits mediated by single plas-
mons.

In particular, we have studied the generation of transitory qubit-qubit entanglement me-
diated by plasmonic waveguides, in terms of the concurrence. Several plasmonic waveguides
with realistic parameters have been compared respect to vacuum at a distance longer than
the emission wavelength. We have demonstrated that, at such distance, realistic plasmonic
waveguides display larger values of concurrence compared to vacuum. Additionally, we have
shown the importance of the design and efficiency of the plasmonic waveguide in order to
achieve higher and more stable degrees of entanglement between the qubits.

Additionally, the strong plasmonic modulation of the generated entanglement with the
qubit separation has been characterized and studied. Whereas entanglement is found to
occur at a continuum of distances, two main qubit separation sets have been identified
with different characteristics: the coherent and the dissipative set. We have shown how
local maxima of concurrence appear at distances within the dissipative set and how this
corresponds to the longest-living entangled-mixtures of both qubits states. In this case,
we have identified that the main mechanism that generates entanglement is the difference
between the superradiant and subradiant decay rates.

Different dissipative evolutions have been studied which give rise to interesting phenom-
ena like the sudden birth, death and revival of transitory entanglement. From all the variety
of initial cases considered, we can conclude that most of these phenomena occurs due to
the importance of the subradiant state, induced by the dissipative dynamics.

Additionally, we have considered unfavorable cases where the emitters have mutually-
different alignments, differing from the predominant plasmon polarization and slightly dis-
tinct emission wavelengths. After analyzing the main results, we have seen the robustness
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of the transitory entanglement for quite large emitter misalignments and also for medium
induced differences in the qubits emitting frequencies.

Next, we have studied the formation of plasmon-mediated stationary entanglement be-
tween two-qubits by introducing a resonant laser impinging in the qubits. By means of the
concurrence, we have analyzed the temporal evolution of the entanglement from different
initial states. We have noticed how the initial evolution resembles that of the transitory
generation of entanglement, without coherent pump, for times smaller than the subradi-
ant lifetime, due to the low-perturbation introduced by a weak pumping. After a transient
behaviour, we have seen how the degree of entanglement grows until all concurrences, inde-
pendently of the initial state, acquire the same stationary value.
We have studied the dependence of the generated stationary concurrence with the qubit-
qubit separation and the pumping scheme for small Rabi frequencies compared to the
single-emitters decay rates. The relevance of the dissipative part of the qubit-qubit inter-
action mediated by plasmons has been pointed out, remarking that the local maxima of
concurrence occur for qubit-qubit separations in which strong subradiant states appears.

Finally, we have analyzed the sensitivity of the plasmon-mediated stationary entangle-
ment to different parameters which can be important for an experimental implementation.
In particular, the relevance of the waveguide choice and its relation with the pumping inten-
sity has been shown. We have shown that, for all the entangling waveguides schemes, the
concurrence display a maximum. The results clearly show higher concurrences for higher β
plasmonic waveguides, which supports the election of high efficient waveguides compared
to lower ones, including vacuum. Additionally, due to the possible heat introduced by the
laser, we have studied the detrimental effect of pure dephasing with cautious experimental
bounds. In all cases, we have found that the dissipation-driven generation of entanglement
is robust enough to survive with the conventional plasmonic waveguides that are currently
available. Finally, we have proposed a term in the cross-term second order coherence func-
tion to measure the emergence of entanglement in these structures. The proposal is based
on establishing a direct link between the concurrence and photon antibunching that can be
extracted from photo-detection experiments.
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English

In this thesis we have studied different physical phenomena associated with surface elec-
tromagnetic modes attached to one-dimensional complex metallic waveguides. For such
purpose, we have made use of the finite element method to develop accurate numerical
models to calculate the electromagnetic fields bound to the waveguides. In particular, the
Green’s tensor has been extracted from those numerical models and, importantly, we have
obtained an analytical formula that contains the contribution of the guided modes to such
tensor. From the quantization of the macroscopic Maxwell’s equations, we have presented a
master equation governing the dynamics of two qubits in the presence of inhomogeneous ab-
sorbing materials, with or without the presence of a resonant coherent laser. The resulting
coefficients of interaction in the master equation can be evaluated for realistic plasmonic
waveguides from the Green’s tensor which is numerically calculated. Specifically, to show
the relevance of the guided plasmonic modes, we have made use of the deduced analytical
formula in order to evaluate the explicit contribution of this surface electromagnetic waves
to those coefficients.

First in our research, we have performed a broad study of one-dimensional metallic
waveguides in order to extend the confinement properties of plasmonic waveguides from
the optical to the terahertz regime. For such purpose, we have made use of periodical cor-
rugations in conventional plasmonic waveguides to modify the dispersion relation of their
associated electromagnetic modes. In particular, we have demonstrated the abilities of cor-
rugations for lowering the cut-off frequencies in corrugated channels, slots and ridges. The
use of corrugations gives rise to new transversely confined surface plasmon modes. Among
these electromagnetic waves, we have identified the ones associated to a periodic chain
of metallic particles standing on top of metallic substrates, and which show good prop-
agation properties. For certain geometrical parameters, the approach based on a particle
chain shows a superior confinement and propagation characteristics as compared to metallic
wedges and channels in the telecom regime. Additionally, we have extended such periodic
waveguide to the terahertz regime for demonstrating a novel guiding scheme that shows
planar-fabrication compatibility, full transverse subwavelength confinement, and reasonable
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bending and propagation losses. Interestingly, we have found a remarkable insensitivity of
the bands to variations in the lateral width of the particles. This property allows to de-
sign important passive components for terahertz circuitry, such as tapers, couplers, beam
splitters and waveguide-ring resonators, that work at deep subwavelength scales. Moreover,
most of the particle-waveguide properties described in this thesis have been confirmed ex-
perimentally in different spectral regimes by other research groups.

Based on the previous waveguide study, we have researched the interaction of a single
two-level emitter with one-dimensional plasmonic waveguides at optical wavelengths. Specif-
ically, we have identified the favorable system configurations for an efficient single-plasmon
emission on metallic cylinders, wedges and channels. We have shown that the emission
properties of those systems barely change with relatively large modifications of the emit-
ter orientation or with considerable variations of the emission wavelength. Remarkably, we
have found that wedges and channels show higher efficiencies for the generation of single
plasmons compared to a cylindrical wire, and they also induce a higher decay rate of the
emitter excited state.

The good single-photon emission properties associated to one-dimensional plasmonic
waveguides have allowed us to successfully study the plasmon-mediated coupling of a pair
of separated two-level emitters with such waveguides. We have calculated the parameters
involved in the master equation for two quantum emitters interacting by means of metallic
waveguides (cylinders, wedges and channels) and we have considered several orientational
configurations of the emitters. Remarkably, a simpler plasmon mediated model of the inter-
action has been identified, which is in excellent agreement with full-numerical calculations
for favorable emitters alignments, and is qualitatively good for unfavorable orientations. As
an application of the plasmon mediated coupling, we have study the resonant energy transfer
between an emitter and an acceptor that is assisted by one-dimensional plasmonic waveg-
uides. In particular, we have demonstrated how plasmonic waveguides allow to enhance
largely the resonance energy transfer rate in comparison with vacuum at distances longer
than the emission wavelength. Moreover, we have studied the coupling of two separated
emitters mediated by plasmonic waveguides, and we have demonstrated the appearance
of strong superradiant and subradiant collective decay rates that depend on the emitters
separation. We have identified that metallic channels perform better for the mutual cou-
pling of two emitters whereas the wedge is more appropriate for resonance energy transfer
purposes.

Finally, we have studied the possibility to generate transitory qubit-qubit entanglement
mediated by plasmonic waveguides. We have shown the superior performance of plasmonic
waveguides respect to vacuum for generating entanglement at distances longer than the
emission wavelength. Importantly, we have demonstrated that structures presenting higher
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single-plasmon emission efficiency can help to obtain higher degrees of entanglement. We
have also shown that a transitory generation of entanglement is achieved for quite large
emitter orientations, and for reasonable variations in the qubits emission frequencies. The
evolution of different initial states has been studied, showing interesting phenomena like
the sudden birth, death and revival of transitory entanglement. Moreover, we have demon-
strated that a weak resonant laser impinging on the qubits allows the formation of plasmon-
mediated stationary entanglement. The dependence of the generated entanglement with
the qubit-qubit separation, initial state configuration, and the pumping scheme, has been
analyzed. We can conclude that the most favorable entangling cases occurs at qubits sepa-
rations for which significantly different superradiant and subradiant decay rates are present.
The detrimental effect of pure dephasing in the presence of laser excitation has also been
considered and we have found that the entanglement generation is robust against it. Fi-
nally, we have proposed to measure antibunching in a particular term of the second order
cross-correlation function as a possible witness of the formation of entanglement in those
systems.

The waveguide schemes presented in this thesis, which extend the subwavelength trans-
verse properties of plasmonic waveguides from the optical to the terahertz regime, allow to
study similar optical quantum plasmonic phenomena at longer wavelengths. The existing
single photon sources in the telecom regime can benefit from the abilities of subwavelength
corrugated metallic waveguides for enhancing their emission and the interaction of several
emitters. Further progress is necessary in order to extend such interaction processes to the
terahertz, due to the large internal decoherence rates of the emitters that must be carefully
considered. Both extensions can give rise to new interesting quantum processes based on
plasmonic waveguides in unexplored wavelength regimes.
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Español

En esta tesis se han estudiado fenómenos de interacción que involucran modos electromag-
néticos de superficie ligados a guías de ondas metálicas complejas. Con tal propósito, se ha
hecho uso del método de elementos finitos para desarrollar modelos numéricos que calculen,
de manera precisa, los campos electromagnéticos soportados por tales guías de ondas. En
particular, se ha extraído el tensor de Green de los modelos numéricos, y obtenido una
fórmula analítica que contiene explícitamente la contribución de los modos guiados a dicho
tensor. A partir de la cuantización de las ecuaciones de Maxwell macroscópicas, hemos
hallado una ecuación maestra que rige la dinámica de un par de emisores de dos niveles
en presencia de materiales inhomogéneos con absorción. Dentro de esa evolución, se han
considerado los casos tanto en presencia de un láser en resonancia con los emisores como en
ausencia de este último. Los coeficientes resultantes en la ecuación maestra han sido evalu-
ados para guías de onda plasmónicas mediante el cálculo numérico del tensor de Green. A
fin de mostrar la relevancia de los plasmones de superficie en dichas interacciones, hemos
hecho uso de la fórmula analítica mencionada anteriormente para evaluar la contribución
explícita de los modos de las guías plasmónicas en esos coeficientes.

En primer lugar en nuestra investigación, hemos realizado un amplio estudio de guías
de ondas metálicas unidimensionales con el objetivo de extender las propiedades de confi-
namiento de las guías plasmónicas desde el régimen óptico hasta el régimen de terahercios.
Con tal propósito, se ha hecho uso de ondulaciones periódicas en guías de ondas plasmónicas
convencionales para modificar fuertemente las relaciones de dispersión de los modos elec-
tromagnéticos que soportan. En particular, hemos visto la capacidad de las corrugaciones
para reducir las frecuencias de corte de tales modos en guías de canal, de ranura y de cuña
rectangular. Adicionalmente, se ha demostrado cómo una cadena periódica de partículas
metálicas, fijadas en la parte superior de un substrato metálico, da lugar a nuevos modos
plasmónicos transversalmente confinados. Para ciertos parámetros geométricos y distintas
longitudes de onda en el infrarrojo cercano, en particular aquellas usadas en telecomunica-
ciones, esta guía de ondas basada en partículas presenta un confinamiento y características
de propagación superiores a las de cuñas y canales metálicos. Hemos extendido el uso de esta
guía de ondas al régimen de terahercio, demostrando así un nuevo sistema de guiado que
muestra compatibilidad para su fabricación con geometrías planas. Los modos electromag-
néticos soportados por esta guía presentan confinamiento transversal sublongitud de onda y
unas pérdidas de propagación razonables, tanto en guías rectas como curvadas. Además, se
ha encontrado una notable insensibilidad de las bandas a variaciones de la anchura lateral de
las partículas. Tal característica permite diseñar importantes componentes pasivos para cir-
cuitos ultra compactos en el régimen del terahercio, tales como concentradores, acopladores,
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divisores de haz y resonadores de anillo. Dichas propiedades y algunos dispositivos de las
guías de ondas basadas en cadenas de partículas han sido confirmados experimentalmente
por otros grupos de investigación, en particular, en frecuencias cercanas a los terahercios.

Usando como base la investigación anterior, se ha estudiado la interacción de un único
emisor cuántico con distintas guías plasmónicas unidimensionales en longitudes de onda
ópticas. Concretamente, hemos identificado las configuraciones favorables para la emisión
eficiente de plasmones guiados individuales en cilindros, cuñas y canales metálicos. Se ha
mostrado cómo las propiedades de emisión, en tales sistemas, cambian ligeramente para pe-
queñas variaciones de la longitud de onda de emisión, así como para grandes modificaciones
de las orientaciones de los emisores. De manera destacable, se ha encontrado que las cuñas
y los canales muestran mayores eficiencias para la generación de plasmones individuales,
en comparación con un nanohilo cilíndrico, e inducen mayores tasas de decaimiento de los
estados excitados del emisor.

Las buenas propiedades de emisión, encontradas en guías plasmónicas unidimensionales
con un único emisor, nos han permitido estudiar con éxito el acoplamiento de un par de
emisores de dos niveles mediado por los plasmones soportados en tales guías de ondas.
En particular, hemos calculado los parámetros que intervienen en la ecuación maestra de
dos emisores cuánticos con guías de ondas plasmónicas (cilindros, cuñas y canales), para
distintas orientaciones de los emisores. Es importante destacar que se ha identificado un
modelo de interacción por plasmones guiados, el cual está en excelente acuerdo con los
cálculos numéricos completos en el caso de emisores alineados favorablemente, y que es
cualitativamente bueno para casos desfavorables. Como una aplicación del acoplamiento
mediado por plasmones guiados, hemos demostrado la transferencia de energía resonante
asistida por una guía de onda plasmónica entre un emisor y un aceptor. Concretamente,
hemos mostrado que las guías de onda plasmónicas, en comparación con el caso de vacío,
permiten aumentar considerablemente la tasa de transferencia de energía en resonancia
para distancias mayores que la longitud de onda de emisión. Por otro lado, se ha analizado
el acoplo, mediado por plasmones guiados, entre dos emisores idénticos en presencia de
guías plasmonicas y su magnitud a dicho orden de distancias. Se ha demostrado la apari-
ción de estados colectivos fuertemente superradiantes y subradiantes como consecuencia
de dichos acoplos, los cuales dependen de las distintas separaciones entre los emisores. De
manera adicional, se ha mostrado que los canales metálicos pueden funcionar mejor para el
acoplamiento mutuo entre dos emisores idénticos mientras que las cuñas metálicas son más
adecuadas para propósitos de transferencia unidireccional de energía resonante.

Por último, se ha estudiado la formación de entrelazamiento transitorio entre bits cuánti-
cos separados mediada por guías de ondas plasmónicas. Hemos demostrado el rendimiento
superior de las guías de onda plasmónicas respecto al vacío para generar entrelazamiento
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a distancias mayores que la longitud de onda de emisión. Destacan los resultados de las
estructuras que presentan mayor eficiencia en la generación de plasmones individuales, las
cuales permiten alcanzar mayores grados de entrelazamiento. Tal capacidad de generar
enredo cuántico se mantiene para desviaciones grandes de la orientación de los emisores, y
para variaciones razonables en las frecuencias de emisión de los bits cuánticos. La evolución
de distintos estados iniciales ha sido estudiada y se han observado fenómenos interesantes,
tales como el nacimiento repentino, la muerte súbita, y el renacimiento de enredo cuántico
transitorio. Por otro lado, hemos mostrado la influencia de un láser resonante de intensidad
débil con los bits cuánticos, la cual permite la formación estacionaria de entrelazamiento
entre dos emisores mediada por modos plasmónicos. Se ha analizado la dependencia del
entrelazamiento con la separación entre los emisores, con la configuración del estado inicial
y con el esquema de bombeo. Podemos concluir que los casos más favorables de formación
de enredo ocurren a separaciones entre bits cuánticos en las que las tasas de los estados
simétrico y antisimétrico difieren significativamente. El efecto perjudicial del desfase puro
(o ’pure dephasing’ en inglés), el cual puede surgir por la presencia de excitación láser,
ha sido también considerado, y se ha encontrado que la generación de entrelazamiento es
robusta frente a tal efecto. Finalmente, para distinguir la creación de enredo cuántico en el
sistema, se ha propuesto medir una disminución de las correlaciones de los fotones emiti-
dos por debajo del régimen de fotones individuales, también llamado antiagrupamiento (o
’anti-bunching’ en inglés). En concreto, hemos analizado tal decrecimiento en un término
determinado de la función de correlación de segundo orden cruzada como posible testigo
de dicho entrelazamiento cuántico.

Las guías de ondas corrugadas presentadas en esta tesis permiten extender el estudio de
fenómenos cuánticos, similares a los considerados en longitudes de onda ópticas, a frecuen-
cias de emisión menores. Los actuales emisores de fotones individuales, en el régimen de
frecuencias de las telecomunicaciones, pueden beneficiarse del confinamiento sublongitud
de onda de las guías plasmónicas corrugadas para mejorar su emisión e interacción entre
varios emisores. Mayores avances son necesarios para extender tales procesos de interac-
ción al régimen del terahercio, debido a las grandes tasas de decoherencia de los emisores
existentes que deben ser cuidadosamente consideradas. Ambas extensiones del estudio a
menores frecuencias de emisión en guías plasmónicas pueden dan lugar a nuevos fenómenos
de interacción basados en regímenes espectrales aún no explorados.
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