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Abstract

English

This thesis is devoted to the theoretical study of the radiative heat transfer between
two objects. Thermal radiation is a ubiquitous physical phenomenon that plays a crucial
role in many fields of science and engineering. Until recently, our knowledge of the
thermal radiation was largely based on Planck’s famous law and the concept of black
body, which is an ideal body that absorbs all the radiation that hits on it. In particular,
Planck’s law establishes an upper limit for the thermal energy that can be transferred
between two objects via radiation. However, as acknowledged by Planck’s himself, this
fundamental law of physics has known limitations and, in principle, it is only valid
when all the dimensions involved in the problem are larger than the so-called thermal
wavelength (λTh), which is around 10 microns at room temperature. This thesis work
aims at exploring the limits of Planck’s law and it focuses on two situations in which
this law is no longer valid. First of all, we study the radiative heat transfer between two
objects in a variety of situations in which they are separated by a distance smaller than
λTh. In this case, it is well-known that the radiative heat transfer can be dominated by
the so-called near field in the form of evanescent waves, and the Planckian limit can
be largely overcome by bringing the two objects sufficiently close. On the other hand,
we also study here the radiative heat transfer between objects whose characteristics
dimensions are smaller than λTh. In this limit, Planck’s law, which is based on ray
optics, is also expected to fail even in the far-field regime, i.e., when the separation
between the objects is larger than λTh. In this sense, we present in this thesis a thorough
analysis of the radiative heat transfer between small objects in the far-field regime and
show for the first time that the Planckian limit can also be overcome in this regime.

The first Chapter of this thesis presents a general introduction to the research field
of radiative heat transfer. It includes a brief historical review and outlines the state of
the art of this research area. In Chapter 2 we study the thermal radiation of a silica
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Abstract

(SiO2) thin film in the near-field regime, i.e., when the separation between the film and
another body is smaller than λTh. For this purpose, we have carried out a fundamental
study in collaboration with the experimental group of professors Pramod Reddy and
Edgar Meyhofer (University of Michigan, Ann Arbor, USA) that demonstrates that a
submicron SiO2-layer is able to transfer as much radiative energy as a bulk SiO2 sample
as long as the gap is smaller than the film thickness. In Chapter 3, we present a theoretical
analysis of how the near-field radiative heat transfer between doped semiconductors is
modified when an external magnetic field is applied. Our study shows, in particular, that
the radiative power transferred between two infinite parallel plates can be reduced up
to a factor of 7 upon application of a magnetic field of a few Teslas.
We investigate in Chapter 4 the radiative heat transfer between two silicon-based

metasurfaces featuring two-dimensional periodic arrays of holes. We demonstrate the-
oretically that the near-field thermal conductance between these two metasurfaces is
larger than the one between any other unstructured materials. In Chapter 5 we proceed
to analyze, in collaboration with the aforementioned experimental group, the radiative
heat transfer in the extreme near-field regime, i.e., when the separation distance between
two objects is smaller than 10 nm. We show for the first time that the so-called fluctu-
ational electrodynamics theory is able to describe the radiative heat transfer between
metals and polar dielectrics in this regime. Moreover, our study suggests that the large
thermal conductance values reported in previous experiments that strongly disagree with
the predictions of this theory are due to the existence of surface contamination in the
employed devices.
In Chapter 6 and 7 we analyze the radiative heat transfer between objects whose di-

mensions are smaller than λTh and we focus on the far-field regime. To study this problem,
we first derive in Chapter 6 a relation between the far-field radiative heat transfer and
the directional absorption efficiency of the individual objects involved. Subsequently, we
demonstrate the dramatic failure of the standard thermal radiation theories to predict
the far-field radiative heat transfer between micro- and nano-devices. Moreover, we show
for the first time that the far-field radiative heat transfer can overcome the Planckian
limit by orders of magnitude. In Chapter 7 we explore the limits of the violation of
Planck’s law in the far-field regime with the help of two-dimensional materials such as
graphene and single-layer black phosphorus. In particular, we show in this chapter that
the radiative heat transfer between two coplanar systems with a one-atom-thick geomet-
rical cross section can be more than 7 orders of magnitude larger than the theoretical
limit set by Planck’s law for black bodies. Finally, we present in Chapter 8 the general
conclusions of the thesis and a brief outlook about the future directions of the field.
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Español

Esta tesis está dedicada al estudio teórico de la transferencia radiativa de calor entre
dos objetos. La radiación térmica es un fenómeno físico universal que juega un papel
crucial en muchas áreas de la ciencia y la ingeniería. Hasta hace poco, el análisis de la
radiación térmica estaba basado fundamentalmente en la famosa ley de Planck y en el
concepto de cuerpo negro, que es un cuerpo ideal capaz de absorber toda la radiación
que incide en él. En concreto, la ley de Planck establece una cota superior para la energía
térmica que pueden intercambiar dos objetos por radiación. Sin embargo, como el propio
Planck reconoció, esta ley fundamental tiene limitaciones y, en principio, sólo es válida
cuando todas las dimensiones del problema son mayores que la denominada longitud
de onda térmica (λTh), que es alrededor de 10 micras a temperatura ambiente. Esta
tesis tiene el propósito de explorar los límites de la ley de Planck y está centrada en
analizar dos regímenes en los que esta ley no es válida. En primer lugar, estudiamos la
transferencia radiativa de calor entre dos objetos en distintas situaciones en las que la
distancia de separación entre ellos es menor que λTh. En este caso, es bien conocido que
la transferencia radiativa de calor puede estar dominada por el llamado campo cercano
en forma de ondas evanescentes, y el límite Planckiano puede ser ampliamente sobrepaso
acercando lo suficiente los dos objetos. Por otro lado, estudiamos también la transferencia
radiativa de calor entre objetos cuyas dimensiones características son más pequeñas que
λTh. En este límite, la ley de Planck, que se basa en la óptica de rayos, también se espera
que falle incluso en el campo lejano, es decir, cuando la separación entre los objetos es
mayor que λTh. En este sentido, presentamos en esta tesis un análisis exhaustivo de la
transferencia radiativa de calor entre objetos pequeños en el campo lejano y mostramos
por primera vez que el límite Planckiano puede ser también superado en este régimen.

El primer Capítulo de esta tesis presenta una introducción general al campo de la
transferencia radiativa de calor. Incluye un breve repaso histórico y explica en términos
generales el estado del campo. En el segundo Capítulo, estudiamos la radiación térmica
de una lámina delgada de sílice (SiO2) en el campo cercano, es decir, cuando la distancia
entre la lámina y otro cuerpo es menor que λTh. Para ello, hemos llevado a cabo un
estudio fundamental en colaboración con los grupos experimentales de los profesores
Pramod Reddy y Edgar Meyhofer (Universidad de Míchigan, Ann Arbor, EEUU) que
demuestra que una lámina de grosor nanométrico de SiO2 es capaz de transferir la misma
energía radiativa que una muestra del material en volumen siempre y cuando la distancia
que la separa de otro objeto sea menor que el grosor de la lámina. En el siguiente Capítulo,
presentamos un análisis teórico sobre cómo se modifica la transferencia de calor en el
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Abstract

campo cercano cuando se aplica un campo magnético. En concreto, nuestro estudio
muestra que la energía radiativa transferida entre dos placas paralelas puede reducirse
hasta un factor 7 debido a la aplicación de un campo magnético de unos pocos Teslas.
En el cuarto Capítulo investigamos la transferencia radiativa de calor entre dos meta-

superficies de silicio dopado que contienen una red periódica bidimensional de agujeros.
Demostramos teóricamente que la conductancia térmica en el campo cercano entre estas
metasuperficies es mucho mayor que la de cualquier otro material sin estructurar. El
quinto Capítulo está centrado en analizar, en colaboración con el grupo experimental
mencionado anteriormente, la transferencia radiativa de calor en el régimen de campo
cercano extremo, es decir, cuando la distancia entre dos objetos es menor a 10 nm.
Mostramos por primera vez que la teoría denominada “fluctuational electrodynamics” es
capaz de describir la transferencia radiativa de calor entre tanto metales como dieléctri-
cos polares en este régimen. Además, nuestro estudio sugiere que las altas conductancias
térmicas medidas por experimentos previos y que muestran grandes diferencias con las
predicciones de esta teoría surgen debido a la presencia de contaminación superficial en
los dispositivos empleados.
En los últimos capítulos del manuscrito, analizamos la transferencia de calor entre

objetos cuyas dimensiones son menores que λTh, centrándonos en el régimen de campo
lejano. Para ello, en el sexto Capítulo derivamos una relación entre la transferencia
radiativa de calor en el campo lejano y la eficiencia de absorción direccional de los
objetos involucrados. Utilizando este resultado, demostramos que las teorías estándar
de radiación térmica son incapaces de predecir correctamente el intercambio radiativo
de calor en el campo lejano entre micro- y nanoestructuras. Es más, mostramos por
primera vez que la transferencia radiativa de calor en el campo lejano puede sobrepasar
el límite Planckiano en órdenes de magnitud. En el séptimo Capítulo exploramos los
límites de la transferencia radiativa súper Planckiana en el campo lejano con la ayuda
de materiales bidimensionales como el grafeno y las monocapas de fósforo negro. En
concreto, mostramos que la transferencia radiativa de calor entre sistemas de grosor
atómico puede ser más de 7 órdenes de magnitud mayor que el límite teórico establecido
por la ley de Planck para cuerpos negros. Finalmente, en el octavo Capítulo presentamos
las conclusiones generales de la tesis y una breve perspectiva sobre el futuro del campo.
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1 | General introduction

1.1. Planck’s law for black-body radiation

T hermal radiation is probably one of the most ubiquitous physical phenomena. Any
object at a non-zero temperature emits a broadband spectrum of incoherent elec-

tromagnetic (EM) radiation. At temperatures lower than 600 ◦C, the thermal radiation
emitted by an object cannot be directly observed with the eyes because it is composed
of frequencies which lie in the infrared region of the spectrum. Around 600-700 ◦C, a
body holds enough thermal energy to emit radiation in the visible range and it turns
pale red. As the temperature of an object increases, its color changes to bright red and
eventually to “hot white”.

To better understand the thermal radiation emitted by an object at a certain temper-
ature, it is useful to introduce the concept of a black body. A black body is an ideal
object which is a perfect absorber at all frequencies. An example of a black body would
be a cavity with a small hole in its walls, as it is depicted in Fig. 1.1. In this system,
the radiation which enters the cavity has a very low probability of exiting the system
without being absorbed before by the walls of the cavity. In 1879, Josef Stefan derived
from experimental data a relation between the power emitted by a blackbody per unit
area and its temperature [1]:

IBB = σT 4, (1.1)

where IBB is the total thermal power radiated per unit area, T is the temperature and
σ = 5.6703 × 10−8 W/(m2 K4) is Stefan’s constant. This relation was also derived 5
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1. General introduction

Figure 1.1: A black body can be realized using a cavity with a tiny hole in its walls. The EM
radiation which enters the system will be reflected multiple times inside the cavity. Therefore,
it will be eventually absorbed before it is able to exit the hollow sphere.

years later by Ludwig Boltzmann using thermodynamical arguments and that is the
reason why Eq. (1.1) is called Stefan-Boltzmann law. It is worth mentioning that the
power emitted by a black body per unit area does only depend on the temperature
and it is independent of any other property of the object, such as its shape or chemical
composition.

Real objects, however, are not black bodies and they emit less radiation at the same
temperature. Their thermal emission does depend in this case on its color and compo-
sition. These effects can be considered by defining a factor called emissivity (ε), which
multiplies the right hand side of Eq. (1.1). The values of ε range from 0 for perfect
reflectors to 1 for black bodies.

As we have described above, the thermal radiation is not uniformly distributed among
the different wavelengths λ. We can define the spectral distribution (IBB(λ, T )) as the
power emitted by an object at temperature T per unit of area and wavelength. Wilhelm
Wien discovered in 1893 that the wavelength at which IBB(λ, T ) is maximum (λTh) is
inversely proportional to the temperature and it verifies the following relation [1]

λThT = 2.898× 10−3 m·K. (1.2)

2



1.1. Planck’s law for black-body radiation

This result is known as Wien’s displacement law and it was found experimentally. How-
ever, understanding theoretically the spectral distribution of thermal radiation was a
huge challenge at the end of the 19th century. Following the laws of classical physics, it
is possible to calculate the density of EM modes inside a blackbody and thus IBB(λ, T ).
However, for very short wavelengths, the classical theory predicts that IBB(λ, T ) → ∞,
while the experimental evidence shows that in the limit λ→ 0, IBB(λ, T )→ 0. This dis-
crepancy between theory and experiment was referred to as the ultraviolet catastrophe.
Indeed, the predictions from the classical theory imply that every object would emit an
infinite amount of energy.

This issue was not overcome until 1900, when the physicist Max Planck solved the
problem by considering a rather awkward assumption. He proposed that the energy
of every EM mode is quantized, i.e., it can only take values which are multiples of a
certain number. More precisely, he established that the energy En of the nth-mode can
only adopt the following form:

En = nhf (n = 0, 1, 2, . . .), (1.3)

where h is Planck’s constant and f is the frequency of the mode. Using this hypothesis,
it is possible to derive the following expression for IBB(λ, T ) [2]:

IBB(λ, T ) =
2πhc2λ−5

ehc/λkBT − 1
. (1.4)

Here, c is the speed of light and kB = 1.381 × 10−23 J/K = 8.617 × 10−5 eV/K is
Boltzmann’s constant. This last expression is known as Planck’s law and it was the first
step in the development of quantum mechanics. From Eq. (1.4), it is possible to derive
both Eq. (1.1) and Eq. (1.2). The value of Planck’s constant can be obtained by fitting
Eq. (1.4) to experimental data and its value is h = 6.626×10−34 J·s= 4.136×10−15 eV·s.
The function IBB(λ, T ) is plotted in Fig. 1.2 for different values of T .

So far, we have focused on the thermal radiation emitted by one body. When two
bodies are placed close by at different temperatures T1 and T2, they exchange energy
via radiation. The heat power transferred (P ) between two black bodies can be found
by applying Stefan-Boltzmann law (Eq. (1.1)) and it is expressed as

P = A1F12σ(T 4
1 − T 4

2 ), (1.5)

where A1 corresponds to the geometric cross section of body 1 and F12 is the view

3



1. General introduction

Figure 1.2: Spectral distribution IBB(λ, T ) of the blackbody radiation. The different lines
correspond to distinct temperatures. The dotted line represents Wien’s law and shows how the
peak of IBB(λ, T ) is blueshifted with increasing temperature. The dashed vertical lines delimit
the visible region of the spectrum and manifest that this frequency range is only thermally
occupied at high temperatures.

factor, which is defined as the fraction of the radiation leaving the surface of body 1 that
is intercepted by body 2 [3]. The view factor can be calculated by integrating over the
appropiate solid angle, and for infinite plates it is therefore equal to 1. Equation 1.5 can be
also rewritten in terms of the geometric cross section of body 2 (A2) and its corresponding
view factor F21. If the objects considered are not black bodies, the expression for the
radiative power transfer is more complicated and it is given by [3]:

P =
σ(T 4

1 − T 4
2 )

1−ε1
ε1A1

+ 1
A1F12

+ 1−ε2
ε2A2

, (1.6)

where εi represents the emissivity of body i.

Let us emphasize that both Eq. (1.5) and Eq. (1.6) assume that Planck’s law is cor-
rect irrespective of the objects, temperatures and distances considered. Indeed, Planck’s
law describes with great precision the experimental results in very different scenarios,
from the thermal emission of incandescent objects to the cosmic microwave background.
However, Planck himself recognized in his seminal work [2] (see Fig. 1.3) that his law
is only strictly valid when all relevant spatial length scales are much larger than the
thermal wavelength λTh, which at room temperature is approximately λTh ≈ 10 µm. In
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1.2. Thermal radiation exchange beyond Planck’s law in the near-field: a brief historical review

Figure 1.3: Extract from Planck’s original book [2] where he explains the limitations of his
law.

the next section we study how the radiative heat flow between two objects can exhibit
very different features in the near field, i.e., when the separation distance between them
is smaller than λTh. We analyze this phenomenon by reviewing the pioneering theoretical
and experimental studies on this topic.

1.2. Thermal radiation exchange beyond
Planck’s law in the near-field: a brief
historical review

The predictions of Planck’s law for the thermal radiation were not questioned until
the decade of 1950s. Bijl [4] was the first to realize that the approach considered by
Planck could yield incorrect results for the thermal emission from a small cavity at very
low temperatures. More precisely, he indicated that Planck’s law (Eq. 1.4) would be
inappropriate to calculate the thermal radiation from a cavity of volume 1 cm3 placed at
a temperature T = 1 K, as the size of the thermal wavelength λTh would be of the order
of the cavity dimensions (Eq. 1.2). Therefore, in this regime, “...Wien’s and Stefan’s
law are no longer significant.”. He was the first in suggesting that a more complicated
theoretical framework was needed to describe the thermal radiation when the dimensions
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1. General introduction

Figure 1.4: (a) Scheme of the setup employed by Cravalho et al [7] to measure the RHT
between two parallel copper plates. (b) Results [8] for the heat flux as a function of the gap size
between the two objects. The different lines correspond to distinct temperatures of the emitter
plane (see legend).

of the heat transfer problem are of the order of λTh.

In 1953, Rytov developed the theoretical framework of fluctuational electrodynamics
(FE) [5, 6], which is the basis of the theoretical description of the Casimir effect and near-
field thermal radiation nowadays. This formalism makes use of the fluctuation-dissipation
theorem to find the fluctuating EM fields. The fluctuation-dissipation theorem is a gen-
eral result in quantum mechanics that relates the expected value of the product of two
operators with the imaginary part of their response function. Moreover, he calculated
the radiative heat transfer (RHT) between two semi-infinite parallel plates: one of them
was made by an arbitrary material while the other was a nearly-perfect reflector. Rytov
explained that, when the gap between two objects is decreased, the heat flow could be
greatly enhanced with respect to the predictions of Planck’s law.

The first experiment that explored the RHT when the gap size between two objects
is smaller than λTh appeared in 1968 and was performed by Cravalho, Domoto, Tien
and Boehm [7, 8]. They measured the radiative heat flux between two parallel copper
disks which where immersed in liquid helium (see Fig. 1.4). Indeed, at liquid helium
temperature (≈ 4.2 K), λTh = 690 µm, so the gap size that must be established between
the two plates in order to observe deviations from Planck’s law is larger than at room
temperature and, therefore, easier to achieve experimentally. They found an enhancement
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1.3. RHT between closely-spaced parallel plates

in the RHT of a factor of 5 at the smallest gap consider (∼ 10 µm), and they showed
for the first time that the radiative heat flow can depend on the gap size, in contrast
to the predictions of Planck’s law. One year later, Hargreaves measured the RHT in
the near-field regime at room temperature for the first time [9, 10]. He also considered
two parallel plates coated with chromium (100 nm thick), and he employed piezoelectric
ceramic pillars to tune both the gap and the parallelism between the two systems. He
reported a enhancement of a factor of 4 in the heat flow at the smallest gaps considered
(1 µm).

Motivated by Hargreave’s experiments on the radiative heat flow between closely-
spaced metals, Polder and Van Hove derived in 1971 an expression to calculate the
RHT between two arbitrary identical semi-infinite parallel plates [11]. In contrast to
Rytov’s approach, who considered fluctuating fields as the random thermal source [5],
Polder and Van Hove considered in their seminal work fluctuational electrical currents.
Both formalisms are equivalent, but the second one is more convenient to find compact
expressions for the RHT between two parallel plates. We shall analyze in the next section
the approach followed by them and use their result to understand the new physics that
arises in the near-field.

1.3. RHT between closely-spaced parallel
plates

Following Polder and Van Hove [11], we now consider the near-field radiative heat transfer
(NFRHT) between two identical semi-infinite parallel plates that are separated by a gap
d, see Fig. 1.5. Thanks to the symmetry of this geometry, the RHT between the two
plates can be expressed by an analytical expression. Following Fig. 1.5, we refer to the
left plate as medium 1, the vacuum gap as medium 2, and the right plate as medium 3.

In any object there are multiple processes than can generate radiation emission, such
as the motion of charged particles or the oscillation of electric dipoles. However, it
is impossible to study all of them individually in order to find the total RHT, being
necessary to consider statistical arguments to solve the problem. The theoretical analysis
of the RHT in our system is carried out in the framework of FE [5, 6]. Briefly, within this
theory, thermal radiation is assumed to be generated by random fluctuating currents J
inside the different materials. While the statistical average of these currents vanishes,
i.e., 〈J〉 = 0, their correlations are given by the fluctuation-dissipation theorem [12, 13]
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Figure 1.5: Schematic representation of the system under study: two parallel plates at tem-
peratures T1 and T3 separated by a vacuum gap of width d.

〈Jk(R, ω)J∗l (R′, ω)〉 =
4ε0ε

′′ω

iπ
Θ(ω, T )δ(R−R′)δkl, (1.7)

where R and R′ are the positions of the currents in real space, ω and ω′ their frequencies,
ε′′ represents the imaginary part of ε, the dielectric constant of the material, which is
considered to be local in space, and ε0 is the dielectric constant in vacuum. The Kro-
necker delta δkl is a consequence of isotropy and the Dirac delta δ(R−R′) is implied by
locality. Finally, Θ(ω, T ) = ~ω/[exp(~ω/kBT )− 1] is the mean energy of Planck oscilla-
tors at temperature T . Notice that in the expression of Θ(ω, T ) a term equal to ~ω/2
that accounts for vacuum fluctuations has been omitted since it does not affect the net
radiation heat flux. This term, however, needs to be included to study other fluctuation-
induced phenomena such as Casimir forces. These forces arise when the expected value
of the EM energy in vacuum is modified by the presence of dielectric o metallic media
[14].

Once we have quantified the sources of thermal radiation, we need to solve Maxwell
equations considering the fluctuating currents defined in Eq. (1.7). This problem can
be solved with a variety of methods, depending mostly on the geometry of the objects
considered. In all cases, the physical magnitude that has to be calculated to find the
radiative heat flow between two bodies is the expected value of the Poyinting vector. In
Chapter 3 we show explicitly how to solve for the RHT between two semi-infinite parallel
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1.3. RHT between closely-spaced parallel plates

plates, finding the following expression for the net power per unit of area exchanged by
two isotropic parallel plates:

Q(d, T1, T3) =

∫ ∞
0

dω

2π
[Θ(ω, T1)−Θ(ω, T3)]

∫
dk

(2π)2
[τs(ω,k, d) + τp(ω,k, d)] , (1.8)

where k represents the parallel wave vector k = (kx, ky) along the x and y directions, and
τα=s,p is the transmission coefficient for s or transverse electric (TE) and p or transverse
magnetic (TM) polarized EM waves. These transmissions can be expressed as [11]:

τα=s,p(ω,k, d) =

{
(1− |rα21|2)(1− |rα23|2)/|Dα|2, k < ω/c,

4Im{rα21}Im{rα23}e−2|q2|d/|Dα|2, k > ω/c,
(1.9)

where qi =
√
εiω2/c2 − k2 is the transverse or z-component of the wave vector in layer i,

k represents the magnitude of k and εi(ω) is the corresponding dielectric constant and
Dα = 1− rα21r

α
23e

2iq2d. rαij represent the different Fresnel coefficients, which are given by

rsij =
qi − qj
qi + qj

, (1.10)

rpij =
εjqi − εiqj
εjqi + εiqj

. (1.11)

Notice that the second integral in Eq. (1.8) is carried out over all possible directions
of k and it includes the contribution of both propagating waves with k < ω/c and
evanescent waves with k > ω/c. Although Eq. (1.8) seems a bit complex at first sight,
it can be understood in very simple terms. In order to find the total radiative power
exchanged per unit of area, we need to integrate the transmission across our specific
setup (in this case, two parallel plates) of all the existing EM modes. Finally, we need
to evaluate if these modes are more thermally occupied at the hotter body than and
the colder multiplying by [Θ(ω, T1)−Θ(ω, T3)]. This calculation thus tells us the net
radiative heat flow between the two objects.

Throughout this thesis we mainly focus on the analysis of the radiative linear heat
conductance per unit of area, h, which is referred to as the heat transfer coefficient
(HTC) when the systems under study are infinite. This coefficient is given by

h(d, T ) = lim
∆T→0+

Q(d, T1 = T + ∆T, T3 = T )

∆T
, (1.12)

where T is the absolute temperature that will be around 300 K in most of the cases
discussed in this thesis. Additionally, we define the spectral heat flux (or spectral HTC
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FIG. 1. Fundamentals of thermal radiation and radiative heat transfer in the far- and near-field. (a) Schematic for far-field
radiation between two parallel semi-infinite bodies denoted as “1” and “2”, separated by a large vacuum gap denoted by “0”.
(b) Radiative heat transfer across a vacuum gap comparable to or smaller than the peak thermal wavelength. (c) Blackbody
spectral emissive power given by Planck’s law. (d) Spectral heat transfer coe�cient due to propagating waves calculated
for two Cr semi-bodies. (e) Spectral heat transfer coe�cient due to evanescent waves. (f) Heat transfer coe�cients showing
contributions by di↵erent modes and polarizations. (d)-(f) are our calculation results using the same Cr dielectric function
and other relevant parameters as found in Polder and van Hove.90

extension of the electromagnetic field inside, as demanded by the continuity of field amplitudes
across an interface.28 For evanescent waves, the amplitude of the fields decays exponentially with
increasing distance from the interface, however, when the spatial separation between surfaces is
small (i.e. they are in the near-field of each other) there is a dramatic increase in energy density and
flow due to evanescent contributions.18–27 The description of near-field radiation requires ideas and
concepts that go beyond those required for far-field radiation. In terms of applications, near-field
radiative heat transfer (NFRHT) is expected to be key to developing novel technologies such as
thermal lithography,18 coherent thermal sources,29–36 scanning thermal microscopy,37–39 heat-assisted
magnetic recording, 40–42 advanced thermal management and thermal logic devices,43–65 as well as
thermophotovoltaic66–78 and other79–82 energy conversion devices.

In this article we begin by providing some historical context (Sec. II). In Sec. III, we briefly
summarize the basics of the analytical framework necessary for quantifying NFRHT and describe
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Figure 1.6: (a) Scheme of the RHT between a hot (1) and a cold body (2) [15]. Some of the
EM waves thermally generated in body 1 are propagated to body 2, but others suffer total
internal reflection, generating an evanescent wave in the vacuum gap. As long as this vacuum
gap is much longer than λTh, these waves will not contribute to the total heat transfer. However,
if both objects are sufficiently close (b), these evanescent waves can effectively tunnel to the
second body, contributing to the total RHT. (c-d) Spectral heat flux due to propagating (c)
and evanescent (d) waves for two semi-infinite Au plates at room temperature.

for infinite systems) hω as the radiative heat conductance per unit of frequency:

h(d, T ) ≡
∫ ∞

0

hω(d, T, ω)dω. (1.13)

The total heat conductance between two objects (G(d, T )) can be found by integrating
h(d, T ) over a certain area or calculating directly the radiative heat flow per unit Kelvin
of two finite-size objects.
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1.3.1. Interference effects in the near-field
Let us now use the theoretical expression for the NFRHT between two parallel plates
(Eq. (1.8)) to discuss the new physics arising from reducing the gap between the bodies
(see Fig. 1.6(a)-(b)). In the near-field regime, there are two new effects that modify the
predictions of Plank’s law. First, the interference of propagating waves inside the vacuum
gap can modify substantially the spectral heat flux. This effect can be clearly observed in
Fig. 1.6(c), where the propagating waves contribution (k < ω/c) to the spectral heat flux
(hω) between two semi-infinite Au parallel plates at room temperature is plotted for two
different gaps and for both s (TM) and p (TE) polarization. The effect of constructive
and destructive interference can be clearly observed when comparing the results between
d = 10 µm and d → ∞. Indeed, the frequency spacing between two consecutive peaks
can be easily calculated using the resonance condition for a Fabry-Perot interferometer,
which is in this case ωs = πc/d = 9.42 × 1013 rad/s and it nicely coincides with the
results in Fig. 1.6(c). Furthermore, the term from the analytical expression Eq. (1.9)
that considers interference effects is |Dα|2, which has the expected form of a Fabry-Perot
denominator.

1.3.2. Contribution of photon tunneling to the energy
transfer

The second effect that modifies the RHT between closely spaced bodies in vacuum is
the contribution of evanescent waves. This effect can be understood by taking a look to
Fig. 1.6(a-b). Inside a dielectric object, the speed of light is reduced by a factor n, which
corresponds to the refractive index of the material. As the speed of the propagating
EM modes is reduced, the density of states must be higher. These extra modes have
larger wave vectors in the direction parallel to the surface (x-y plane, see Fig. 1.5).
When these modes try to escape the material, they cannot propagate in vacuum, so
they experience total internal reflection. If the second object is far enough, these waves
will decay before reaching the new body and will not have any effect in the thermal
interchange (Fig. 1.6(a)) However, if the two bodies are separated by a distance smaller
than λTh, these totally internally reflected modes can tunnel into the second medium
(Fig. 1.6(b)) and effectively contribute to the RHT [16]. This effect is the photonic
analogy to electron tunneling in, for example, a scanning tunneling microscope (STM).

Therefore, in order to achieve a remarkable contribution of phonon tunneling to the
total radiative transfer, we must consider materials that can host a large density of
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states of propagating modes. Moreover, these modes must exist in a frequency range
that can be excited at around room temperature. Metals such as gold or platinum are
great candidates because they behave as perfect mirrors at infrared frequencies, which
can be thermally excited easily.
Figure 1.6(d) shows the contribution of TE and TM evanescent waves to the RHT

between two Au parallel plates separated by 2 µm. As one can see, the magnitude of
the spectral heat flux is larger than the results shown in Fig. 1.6(c) for propagating
waves. The contribution of evanescent waves gets higher as the distance between the
two bodies is reduced, as it can be observed in Fig. 1.7, where the HTC is plotted for
parallel plates made by different materials. The closest the two objects are, the more
EM modes can tunnel and more efficiently. The contribution of these waves can be truly
remarkable: the enhancement of the RHT at distances smaller than 10 nm can be of
more than 3 orders of magnitude compared to the heat flow in the far-field. NFRHT
thus offers thermal interchanges that are orders of magnitude higher than the blackbody
predictions. Besides, NFRHT depends dramatically on the gap, in contrast with the
predictions from the classical laws of thermal radiation.

1.3.3. Enhancing NFRHT with surface EM modes
Totally internally reflected waves are not the only EM modes that can be evanescent in
the gap. Surface EM waves can also exist at the surface of the different bodies and thus
contribute to the NFRHT. The main difference between these modes and the previous
ones is that they decay exponentially both in the vacuum gap and inside the objects. One
example of surface EM waves are surface phonon polaritons (SPhPs), which arise from a
strong coupling between light and optical phonons. They exist in polar dielectrics such as
silicon dioxide (SiO2) and silicon nitride (SiN), and they are generated by the vibration
of their atomic dipoles. Fortunately, these modes appear at energies comparable to kBT

(25 meV at room temperature), so they can also be used to enhanced the NFRHT. It can
be observed in Fig. 1.7 that SPhPs can boost the NFRHT [17, 18] and can even beat the
result between two Au plates at nanometer-distances. Moreover, the NFRHT between
polar dielectrics does not saturate at very small gaps, as it happens in the metallic case.
The reason for this is that the hybridization of the SPhPs at the interfaces of the two
bodies is higher when the separation between the two planes is decreased. Therefore, the
density of photonic states will also be larger and thus the NFRHT increases monotoni-
cally for smaller gaps. More precisely, the HTC between polar dielectrics scales as d−2 in
the near-field down to gap sizes of ∼ 1 nm [18]. For smaller gaps, the local approximation
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Figure 1.7: Heat transfer coefficient as a function of the gap size between two semi-infinite
plates made by different materials: metals (Au), polar dielectrics (SiO2 and SiN) and doped
semiconductors (doped Si). All of them experience a enhancement of RHT in the near-field, but
its physical origin is completely different for every system. These four materials will be further
studied throughout the thesis. It can be observed that for small gap sizes, the evanescent
contribution is the dominant one for the HTC.

for the dielectric constant breaks down and it is necessary to consider new processes such
as phonon tunneling to calculate accurately the total heat flow [19].

Metals also host surface modes known as surface plasmon polaritons (SPPs) that could
potentially be used to enhance the NFRHT. The physical origin of these modes is the
coupling between photons and the oscillations of free electrons in the metal (plasmons).
However, the energies necessary to excite them are much higher than 25 meV and thus
they do not contribute to the RHT at room temperature. On the other hand, doped
semiconductors such as Si do also support SPPs, but they can be excited at much lower
energies. These modes behave very similarly to SPhPs with respect to the NFRHT, as
it can be observed in Fig. 1.7.

In this section, we have used the parallel plate calculation to illustrate the new physics
that arises when two objects interchange energy via radiation in the near-field. However,
this is only one of all the possible geometries of an object and thus further theoretical
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1. General introduction

tools are needed to analyze the radiative heat flow between bodies with different shapes.
We will see in the next section which are the available theoretical techniques to calculate
the NFRHT between arbitrary objects.

1.4. Theoretical approaches to calculate
the radiative heat flow in the near-field

After Polder and Van Hove published their seminal work on the thermal energy exchange
between two parallel plates in 1971 [11], there did not appear many theoretical studies
on NFRHT during the next years. One of the reasons was the lack of experiments that
could measure the heat flow enhancement in new regimes. Moreover, extending the plate-
plate calculation to other geometries was very complex and computationally demanding.
Fortunately, the development of novel experimental techniques in the new century has
motivated the theoretical study of NFRHT and in the next section we will briefly review
the existing approaches to find the radiative heat flow in different scenarios.

1.4.1. Analytical results
In the last 10 years, several research groups have found exact semi-analytical expressions
for the NFRHT between highly-symmetric objects. These results have been found using
the scattering approach to EM phenomena. The scattering formalism encodes the scat-
tering properties of an object through a matrix called the T -matrix, which components
relates the amplitudes of incoming and outgoing waves from the body [20]. For these
symmetric objects, is is possible to find analytical expressions for the T -matrix, usually
in terms of special functions such as spherical harmonics. Once this matrix is known,
it is possible to calculate the radiative heat flow between two objects in the near-field.
Several works have derived compact matrix-trace formulas which relate the scattering
properties of a single body with the NFRHT between two or more objects [21–23].
Within this approach, an analytical result for the NFRHT between two arbitrary plates

has been derived. Bimonte found a expression for the total radiative power that depends
only on the reflection coefficients at the different surfaces [24]. This result can be used to
find the heat transfer between multilayered and periodic systems. Therefore, it is a very
powerful approach to calculate the NFRHT between photonic crystals, nanostructured
materials (see Fig. 1.8(a)) and metasurfaces, and it has been widely used in the literature
[25–32].
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1.4. Theoretical approaches to calculate the radiative heat flow in the near-field

of 1 !m radius is plotted as a function of frequency. We see
from the two peaks that the conductance is dominated by the
surface phonon polariton regions.

The spectral conductance between the two spheres for
larger radii, shown in Fig. 6, displays several features of
interest. The ratio of radius to gap is maintained the same as
in Fig. 5. Though the height of the peaks remain approxi-
mately the same in this figure as well as Fig. 5, the signifi-
cant difference is from the contribution from those frequency
regions that do not support surface polaritons !0.04–0.055
and 0.07–0.14 eV". The contribution to the conductance
from these ranges does not vary significantly with gap !as
long as the gap less much the radius". The relation between
the ratio of gap to radius and the contribution to spectral
conductance is also illustrated in Fig. 7. In Fig. 7, the spec-
tral conductances of spheres with radii of 1, 2, and 5 !m at
gaps of 100, 200, and 500 nm, respectively, are shown. Since
the ratio of gap to radius is a constant !0.1", we expect from
the asymptotic theory that value of spectral conductance
should also be the same in all three cases. We see from the
data that this is approximately the case in the regions where
electromagnetic surface waves dominate the heat transfer. In
the rest of the region, where near-field radiative transfer is
nonresonant, increasing radius leads to increased contribu-
tion from propagating waves. The spectral conductance as

the radius of the spheres is increased to 20 !m is shown in
Fig. 8. The increased contribution from the nonresonant parts
of the spectrum is evident from the graph. This has an im-
portant implication from an experimental point of view. We
should be careful not to increase the size of the sphere to
such an extent that the resonant radiative transfer is swamped
by the nonresonant radiative transfer. For a 20 !m sphere,
we can see that the increase in conductance as the gap de-
creases is still predominantly due to electromagnetic surface
waves, as shown in Fig. 9. In Fig. 9, the increase in spectral
conductance as the gap is decreased from 2000 nm is plotted.
Compared to Fig. 8, the signature of electromagnetic surface
waves is clearer from this plot.

In Fig. 10, the spectral conductance at 0.061 eV !corre-
sponding to the first peak in Fig. 5" between two spheres is
plotted as a function of gap for different values of the radii.
The exponent of a power law fit !of the form y=AxB" to the
data points in Fig. 10 is −1.001, −0.984, −0.9024, −0.7781,
and −0.6119 for radiis of 1, 4, 10, 20, and 40 !m, respec-
tively. As the radius increases from 1 to 40 !m, the slope of
the curve decreases, indicating an increased contribution
from propagating waves. The behavior at smaller radii can be
predicted from the variation of conductance with gap be-
tween two planes and the proximity force approximation, as
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As the separation decreases, a number of dramatic fea-
tures are observed in Fig. 2 (top), which shows ! at three
additional separations (d ¼ 0:2a, d ¼ 0:5a, and d ¼ a).
At d ¼ a, one can observe a dramatic increase in ! at low
frequencies. This arises due to the evanescent coupling and
contribution of guided modes to h. This near-field coupling
increases further at smaller d, and additionally (especially
in the d ¼ 0:2a curve) one can see a dip corresponding to
the gap in the guided modes of Fig. 1 (bottom), and sharp
peaks at the edges of the gap (a consequence of van Hove
singularities [29]). There is also an enhancement of ! at
small d at the leaky-mode peaks because, in a patterned
slab, leaky modes have an evanescent as well as a radiative
component [29], and the former enhances the coupling at

short distances. As for the guided modes, this evanescent
coupling is further enhanced by the van Hove singularities
of the zero-slope ‘‘slow-light’’ band edges. Also, the leaky
modes split into bonding and antibonding pairs as d
decreases, and a similar splitting is visible in the guided
mode peaks at even smaller d, a phenomenon visible even
more clearly in Fig. 2 (bottom).
A striking phenomenon in the near-field interaction

occurs when one patterned slab is shifted in the x direction
by 0:5a with respect to the other slab, as shown in Fig. 2
(bottom). In this case (plotted here as absolute ! on a
linear scale), the bonding-antibonding peaks of the sym-
metric configuration (solid red curve, s ¼ 0) merge at
certain !, and can even add to approximately double the
heat transfer of the unpatterned slab. This arises due to the
glide symmetry of the shifted structure, whose nonsym-
morphic symmetry group supports degeneracies at the
Brillouin zone edge (kx ¼ "=a) [28], causing the corre-
sponding bonding-antibonding mode splittings to disap-
pear. In contrast, the frequency splitting corresponding to
the kx ¼ 0 band edges, e.g., at ! " 0:9ð2"c=aÞ, persists
even for the glide-symmetric structure. Similarly, the
gap in the guided modes of Fig. 1 (bottom), near ! "
0:4ð2"c=aÞ, is greatly modified by the presence of the
other slab in the mirror-symmetric case (red curve,
s ¼ 0) but not in the glide-symmetric case (black curve,
s ¼ 0:5).
Figure 2 (top) also shows the enhancement for unpat-

terned (t ¼ 0) slabs. These also exhibit a striking near-field
enhancement for d < a, but in this case the enhancement is
broadband, because there are no standing-wave leaky-mode
solutions in an unpatterned slab to induce frequency selec-
tivity. In particular, at relatively large separations (e.g.,
d ¼ a), the patterned slab exhibits more than 10 times the
enhancement of the unpatterned slab, due to these resonant
contributions. At d ¼ 0:5a, the unpatterned slab is better
for small! and is worse for larger!, where the latter is due
to the fact that the evanescent interactions become shorter
range at high ! and vanish in the absence of resonant
enhancement. At d ¼ 0:2a, the unpatterned slab has a
larger enhancement over the whole bandwidth shown
here, but lacks frequency selectivity. In general, as d de-
creases, the periodic structure of the PhC slabs ceases to
matter, and the enhancement of the peaks relative to the
overall near-field enhancement is lost. At even smaller d,
not shown here, the interaction between the PhCs can be
described by a proximity approximation in which adjacent
surfaces are treated as parallel plates [5,7–9]multiplied by a
fill factor.
Figure 3 plots the total (integrated) heat transfer Ht;d

as a function of separation d for both patterned (Ht;d,
squares) and unpatterned (H0;d, thin lines) slabs of period
a ¼ 2 #m, at various temperatures T2, and T1 ¼ 300 K.
At T2 ¼ 500 K, dominated by low-! contributions, the
unpatterned slabs yield larger H over almost every d
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FIG. 2 (color online). Top: Flux enhancement ! ¼ !0:2a;d=
!0;1 as a function of ! (units of 2"c=a), where !t;d is the
flux spectrum between PhC slabs of groove width t and separa-
tion d, at various d ¼ 0:2a, 0:5a, a, 1. Solid (dashed) lines
denote ! for PhC (unpatterned) slabs. Bottom: Flux spectrum
!0:2a;0:2a [units of @cð2"=aÞ2] for a symmetric (s ¼ 0, red
line) or glide-symmetric (s ¼ 0:5a, black line) slab-slab
configuration.
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by their corresponding surface areas A. Solid lines show ! of spheres,
computed via the semianalytical formulas of Refs. 18 and 32. Insets
show the spatial distribution of surface flux pattern at multiple λ

(color bar).

d. Figure 1 (right inset) plots H for a wide range of d
and for both parallel- and crossed-cylinder configurations,
with one cylinder held at T = 300 K and the other at zero
temperature. H is normalized to the Stefan-Boltzmann law
HSB = σT 4A, where σ = π2k4

B/(60h̄3c2) and A is the area
of the cylinders, which ignores near-field effects and assumes
that all of the radiation emitted by either cylinder reaches the
other. It follows that there are two very distinct separation
regimes of heat transfer: At large d ≫ R, the cylinders act like
dipole emitters and H/HSB ∼1/d5 ≪ 1; at small d ≪ R, flux
contributions from evanescent waves dominate and H/HSB ∼
1/

√
d ≫ 1. Comparing H in the parallel (θ = 0) and crossed

(θ = 90◦) cylinder configurations, we find that H∥/H⊥ ≈ 1
at large d ≫ R but changes significantly at smaller d ≪
R, again due to near-field effects: In the d → 0 limit,
H is dominated by closest surface-surface interactions, so
H∥/H⊥ ∼L/R → 5.

Equation (2) can be exploited to obtain ! in even
more complicated geometries, where the topology makes
it difficult to distinguish the incoming and outgoing waves
of other formulations.20–22 Figure 2 shows ! for isolated
and interlocked gold rings (solid circles), of inner and outer
radii r = 0.7 µm and R = 1 µm, respectively, and thickness
h = 0.1 µm. For comparison, we also show the corresponding

! for isolated and interacting spheres of radii R (open circles).
As in the case of finite cylinders, the rings exhibit orders of
magnitude enhancement in ! at particular wavelengths λ, cor-
responding to azimuthal resonances. Interestingly, despite its
smaller surface area and volume, the absolute (unnormalized)
! of the isolated ring is ≈ 4.5 times larger than that of the
sphere at the fundamental resonance. The geometrical origin
of this resonance enhancement becomes even more apparent
upon inspection of the spatial distribution of flux pattern on the
surface of the objects, which we compute via Eq. (7) and show
as insets in Fig. 2, for both rings and spheres. As expected, at
large λ ≫ R, near-field effects dominate and the flux pattern
peaks in regions of nearest surfaces. However, for λ ∼R,
the sphere-sphere pattern does not change qualitatively while
the ring-ring pattern exhibits resonance patterns characterized
by nodes and peaks distributed along the ring. Interestingly,
the flux pattern of the first resonance is peaked away from
the nearest surfaces. Away from these resonances, the ring
emissivity is smaller: For λ ≪ R (not shown), ! is well
described by the Stefan-Boltzmann law, and the ratio of their
emissivities is given by the ratio of their surface areas ≈ 0.3. A
similar reduction occurs for λ ≫ R due to the ring’s smaller
polarizability.

In conclusion, we presented a short derivation of an FSC
approach to nonequilibrium fluctuations based on the SIE
framework of classical EM scattering, that allows direct ap-
plication of sophisticated techniques from classical numerical
EM, such as powerful BEM solvers (requiring little if any
modifications), to efficiently compute the radiative heat trans-
fer between bodies of arbitrary shape. Although our focus here
was on a numerical method for arbitrary geometries, the same
formalism can also be applied with a spectral basis to obtain
rapidly convergent semianalytical formulas of heat transfer in
special high-symmetry geometries, in the spirit of previous
work based on the scattering-matrix formalism.19–22,25 A
longer and more general derivation of our formulation that
subsumes other situations of interest, such as geometries with
multiple or nested bodies, along with the aforementioned
application of our formulation to high-symmetry situations,
will be presented in a subsequent publication. Finally, we
believe that it should be possible to employ similar ideas and
techniques to study other nonequilibrium phenomena, such
as Casimir forces between bodies of unequal temperatures or
thermal fluorescence.
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Figure 1.8: (a) HTC as a function of the separation distance (L) between two identical gratings
(d=1500 nm, a = 500 nm and p′ = 300 nm, see inset), both when the gratings are not laterally
separated (blue solid line) and when they are by half a period (blue dashed line) [26]. The
red lines show an approximated calculation. (b) Spectral heat flux between two silica spheres
of radius R = 20 µm and three different gaps [34]. The results were obtained using a semi-
analytical approach. (c) Flux spectrum between two photonics crystals for different geometrical
parameters, calculated with a FDTD method [35]. (d) Flux spectra of isolated and interacting
spheres and rings of radius R = 1 µm, normalized to their surfaces areas and calculated with a
FSC formulation of the heat transfer problem [38]. The insets show the spatial distribution of
the surface flux pattern.

Similar derivations have been performed to find the near-field heat flow between a
sphere and a semi-infinite plate [33] and between two spheres [34], as it is shown in
Fig. 1.8(b). However, for lossy objects, it is only possible to obtain closed-form T -matrix
when the considered body is a sphere, a semi-infinite cylinder or a semi-infinite slab
[20]. Therefore, it is necessary to use numerical methods to study and understand the
NFRHT between any other geometries.
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1. General introduction

1.4.2. Numerical methods

One of the numerical methods that has been employed to calculate the heat flow in the
near field has been the finite-difference time-domain (FDTD) method. In this technique,
both space and time are discretized in a finite grid and the electric and magnetic fields
are sequentially solved. It is widely employed in electromagnetism and it is useful to
obtain quantities such as the absorption or the reflection spectrum of a certain scatterer.
Moreover, as it is a time-domain method, it can yield a broadband frequency response
with just a single simulation run. In the context of NFRHT, it has been used to calculate
the heat flow between two photonic crystal slabs [35]. The results obtained for the
spectral heat flux are shown in Fig. 1.8(c). In this case, the thermal emission is considered
by incorporating a Langevin approach to the Brownian motion [36]. The main advantages
of the FDTD method are its simplicity, its low memory requirements and its possibility
to implement arbitrary geometries and materials. However, as it is a method of statistical
nature, its results are usually very noisy and it is necessary to perform several simulations
and average over them to obtain accurate results.

Another numerical method which has been used in the heat transfer context is the
boundary element method (BEM) [37]. Rodriguez an coworkers [38, 39] have recently
put forward a fluctuating-surface-current (FSC) formulation of the heat transfer problem.
This formulation can be combined with the BEM to describe the heat transfer between
bodies of arbitrary shape. An example of the results obtained via this formulation can
be observed in Fig. 1.8(d), where the RHT between objects with different geometries is
shown. This method can be applied to systems composed by several bodies and it is also
able to calculate the heat flow when an object is embedded in another one. Moreover,
it can compute the spatially resolved pattern of the Poynting flux on the surface of the
bodies (Fig. 1.8(d)). It is worth stressing that this approach provides numerically exact
results for the heat transfer within the framework of FE. In general, BEM method is
computationally faster than the FTDT as it only discretizes the surface of the bodies
and not all its volume. On the other hand, it employs dense matrices which can require
too much computer memory in complex situations.
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1.5. Experimental setups for measuring NFRHT

1.5. Experimental setups for measuring
NFRHT

Measuring the radiation exchanged by two bodies separated by a very small gap is ex-
tremely challenging. It requires being able to control the distance between two objects
at the micrometer and sub-micrometer scale while measuring the change in temperature
in them due to the contribution of evanescent waves. Moreover, the experiment must
be realized in vacuum to avoid the conductive contribution to the heat transfer. Due
to these difficulties, while there are plenty of theoretical works on NFRHT, the number
of experiments is rather limited. In this section, we will briefly recall the different ex-
perimental techniques that has been used to demonstrate and further understand this
phenomenon [15].

As we have seen in Sec. 1.2, the first measurements of NFRHT were done in a setup
where two parallel-plates are brought into close proximity. This geometry is one of the
hardest to realize from a experimental point of view, as it is very challenging to obtain
and maintain good parallelism between macroscopic plates at nanometer separations.
However, as the whole macroscopic surface is brought to a subwavelength gap, the ef-
fects of NFRHT are more dramatic and the thermal signal can be more easily measured.
After Hargreaves’ experiment in 1969 there was not any further progress in the measure-
ment of NFRHT until 2008, when Hu et al [40] measured the NFRHT between parallel
glass optical plates, which support SPhPs in the infrared regime. They established a mi-
crometer gap between the plates by placing polystyrene spacers between the two objects.
These spacers had a very low thermal conductivity to assure that the dominant contri-
bution to the heat transfer was the radiative one. Their results show that the NFRHT
is twice as large as the far-field heat transfer and it is 1.5 times larger than the black-
body predictions. However, this approach did not allow to realize a systematically study
of the gap-size dependence. In the following years, two new studies [41, 42] reported a
gap-varying measurement of NFRHT between two parallel plates. The results obtained
by these works not only agree rather well with the theoretical calculations, but they
also reported a huge enhancement over the blackbody limit. More precisely, Ref. [42]
demonstrated a heat flow 100 times larger than the predictions of the classical theory at
a gap size of 2 µm. But still none of these experiments could measure the RHT in the
submicron-regime.

Only in the last years it has been possible to measure the heat flow at distances smaller
than a micron using the plate-plate approach. On the one hand, experiments using high-
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1. General introduction

SiO2-Si, and SiO2-Au). Resonant peaks similar to those
seen in Figure 1A appear for the case of SiO2-SiO2 (Figure
1B), and thus the radiative heat transfer (Figure 1C) can be
significantly enhanced at very small gaps. However, the
radiation enhancement in the cases of SiO2-Si and SiO2-Au
is much smaller because the mismatch of materials’ proper-
ties between SiO2 and Si or between SiO2 and Au offset the
resonance effects from a SiO2 surface and results in a smaller
enhancement (see Supporting Information).

In comparison with the extensive theoretical studies, only
a few experiments were reported to measure thermal radiation
between closely spaced bodies.13-16 Experimentally it is very
difficult to configure two parallel plates separated by nano-
scale gaps and hence the several orders of magnitude increase
by surface phonon polaritons in radiation exchange beyond
Planck’s blackbody radiation law as predicted in Figure 1
have not been demonstrated. We developed a sensitive
technique to measure near-field radiative heat transfer
between a microsphere and a substrate using a bimaterial

atomic force microscope (AFM) cantilever. A detailed
description of our experimental setup has been given in a
previous publication17 and only key points are summarized
here.

In Figure 2, a glass (silica) microsphere 50 or 100 µm in
diameter is attached to the tip of a bimaterial (Si3N4/Au)
AFM cantilever with UV adhesive. Silica spheres are chosen
because of their availability in a wide range of diameters
with good spherical shapes as well as their ability to support
surface phonon polaritons. The output of the position sensing
detector (PSD) is converted into an X or Y signal corre-
sponding to the deflection of the AFM cantilever and a sum
signal proportional to the incident laser power on it. A part
of the laser power is absorbed by the gold film on the
cantilever and thus creates a temperature rise on its tip and
the sphere. The substrate and the supporting base of the
cantilever are passively maintained at the ambient temper-
ature. On the basis of the beam theory and the thermal
analysis of a bimaterial AFM cantilever, we calibrate the
cantilever and determine its effective thermal conductance
between the laser spot and the base (7.91 µW·K-1) and tip
temperature (16.5 K higher than the ambient temperature at
the given laser power) by measuring the bending of the
cantilever in response to two different thermal inputs, power
absorbed at the tip and ambient temperature.18

The substrate in Figure 2 is rigidly fixed to a piezoelectric
motion controller that is able to reduce the gap between the
sphere and the substrate below ∼10 nm. The cantilever with
the microsphere is oriented perpendicularly to the substrate
to reduce the bending caused by Casimir and electrostatic
forces during the experiment. When the system is pumped
down to pressures less than 1 × 10-3 Pa, the heat conduction
across the air gap between the sphere and the substrate can
be neglected. Most of the laser power absorbed by the
cantilever tip is transferred along the cantilever to its

Figure 1 . (A) Photon LDOS above an interface between vacuum
and different materials at 50 nm. (B) Spectral radiative heat transfer
coefficients for two parallel plates separated by a distance d ) 50
nm at T ) 300 K. (C) Radiative heat transfer coefficients versus
the distance between two parallel plates at an average temperature
T ) 300 K. The black solid line is the limit of thermal radiation
predicted by the blackbody radiation law, where the heat flux is
calculated from Stefan-Boltzmann law as σ(T1

4 - T2
4). The black

dashed line is the asymptotic relation at small gaps (B/d2).

Figure 2 . Schematic diagram of experimental setup. The thermal
sensor is a silicon nitride AFM cantilever coated with a 70 nm
gold film. A laser beam (650 nm wavelength, 3 mW output power)
is focused on the tip of the cantilever and reflected onto a PSD.
Application of voltage to the piezoelectric translation stage results
in the movement of the substrate toward the sphere. In near-field,
surface phonon polaritons can tunnel through the gap and they thus
significantly contribute to the radiative heat transfer. The “cooling”
effect on the cantilever due to the enhanced near-field radiation
leads to the bending of the cantilever. Inset: A scanning electron
microscope image of a glass sphere mounted on an AFM cantilever.

2910 Nano Lett., Vol. 9, No. 8, 2009

supporting base, but a small amount (<0.5%) of absorbed
heat is radiated to the surrounding (including the substrate)
from the cantilever and the sphere. The deflection signal of
the cantilever is linearly related to the heat transferred
through the cantilever, where the proportional constant is
determined by the properties and dimensions of the canti-
lever.18 In the far-field where the gap between the sphere
and the substrate is large, surface phonon polaritons are
bound to the surfaces and cannot contribute to thermal
radiation. Once the gap between the sphere and the substrate
is small enough (Figure 2), the enhanced near-field radiation
causes the cantilever to bend, responding to the change of
temperature distribution in the cantilever due to the different
thermal expansion coefficients of the two materials compris-
ing the cantilever. The measured heat flux through the near-
field radiation at small gaps is on the order of 100 nW,
corresponding to a ∼10-2 K temperature change of the
sphere. In the experiment, the far-field radiation loss from
the sphere to the rest surrounding remains constant for a
small sphere in a large enclosure,19 where the large enclosure
(vacuum chamber) is passively maintained at the ambient
temperature. A ∼ 10-2 K temperature change of the sphere
corresponds to ∼1 nW change on the far-field radiation loss
from the sphere, which is much smaller than the measured
near-field radiative flux (∼100 nW). Hence, our technique
is sensitive to near-field radiation only.

In order to quantitatively measure and correct the force
(Casimir and electrostatic forces) effects on our measurement,
a very weak laser power is used to minimize the temperature
difference between the sphere and the substrate (<1 K) and
therefore the near-field radiation between them. Figure 3A
shows the raw data measured under the laser light with
different power leads for SiO2-SiO2. The blue curve is the
typical near-field radiation signal measured under a high laser
power. During the experiment, we use a piezosystem to
change the gap between the sphere and the substrate and
hold it constant for several seconds. When the substrate is
held at a constant position, the deflection signal does not
change and is seen as a “plateau”. The jumps between two
such plateaus are due to the change in the position of the
substrate. The sharp change of the bending signal indicates
the “contact” made between the sphere and the substrate,
therebyprovidingareference todetermine thesubstrate-sphere
separation distance. The green curve is the force signal under
a weak laser power. In Figure 3A, when the cantilever is
carefully oriented in a perpendicular manner to the substrate,
the bending caused by the force is almost zero. At the steady
state, the temperature of the microsphere is approximated
as equal to the tip temperature of the cantilever because the
radiation loss from the sphere is much smaller than the heat
flow through the cantilever, considering that the conductance
of the cantilever is much larger. Finally, the cantilever
deflection signal measured by the PSD in Figure 3A, which
is also linearly proportional to the heat transfer between the
sphere and the substrate because the total absorbed laser
power by the cantilever is a constant (corresponding to a
constant sum signal of PSD during the experiment), is
converted into heat transfer-distance curves.17,18

We tested the near-field signals between a glass sphere
and each of the substrates considered (glass, doped silicon,
and gold). The glass plate is a glass microscope slide. The
silicon used in our work is n-type, arsenic doped with a
carrier concentration of ∼2.6 × 1019 cm-3 measured using
the Hall effect technique. The optical constants of the doped
silicon are calculated from the models in ref 7. The metal
plate is fabricated by coating a 1 µm thick gold film on a
glass slide. The skin depth of gold in the infrared range is
estimated to be ∼15 nm so that 1 µm thick gold film is
sufficient to neglect the effect from the glass slide underneath
it. All the substrates are rinsed with isopropanol and are
blown dry with nitrogen before testing. In Figure 3B, the
measured near-field radiative heat conductance, defined as
the heat transfer divided by the temperature difference, is
plotted as a function of the gap between the sphere and the
substrates. Using an AFM we measure the average surface
roughness amplitude of three surfaces as 3.3 nm for glass,
3.9 nm for silicon, and 3.4 nm for gold. The gap size ranges
from ∼30 nm to 10 µm, considering the surface roughness
and the resolution of piezoelectric motion system. The effect

Figure 3 . (A) The raw data measured under the laser light with
two different power leads. The typical near-field radiation signal
(blue curve) is measured under high laser power, where each plateau
corresponds to a gap size. The force signal (green curve) is
measured under weak laser power. The “contact” between the
sphere and the substrate is manifested by the sharp change of the
bending signal (PSD deflection signal). (B) Experimental data from
the heat transfer-distance measurement and comparison with the
theoretical prediction from the proximity force theorem (black
curves). Each of the conductance data presented here is the averaged
value of ∼100 measurements with the standard deviation ∼0.4
nW·K-1. The experimental error on distance measurements is the
resolution of the piezo system (∼5 nm).
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Methods and any associated references are available in the online
version of the paper.
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Figure 4 | Enhanced heat conductances in <100 nm gaps of Au surfaces and near-field radiation between dissimilar surfaces. a, Comparison of
experimentally measured radiative thermal conductance (for Au–Au, displaced by 60 nm, see main text) with computational data. Black solid line: computed
conductance for ideal parallel planes (see main text). Purple line: computed conductance that accounts for small deviations in planarity (see main text).
Dashed line: radiative conductance between two 48 µm × 48 µm planar black surfaces with a view factor of unity. Dotted line: computed far-field
conductance for 48 µm × 48 µm planar Au surfaces with a view factor of unity and the appropriate emissivity for Au (0.02). Data are from nine different
measurements. b, Computed spectral conductance curves (for Au–Au) together with the transmission (at a gap size of 50 nm, inset) for TE modes (τs) that
dominate radiative heat transfer. c, Measured thermal conductance for mismatched parallel-planar surfaces (SiO2–Au), displaced by 55 nm (see main text).
Data from ten different measurements. The observed enhancements are very small due to a mismatch in the dielectric properties. Solid lines: computed
radiative conductance for ideal planes and for planes that feature small deviations from planarity. The estimation of gap-dependent far-field radiative heat
transfer by finite-element modelling is described in Supplementary Fig. 7. d, Computed spectral conductance for SiO2–Au gaps and the total transmission
(τs + τp) for TE and TM modes. Note the much smaller heat conductance compared with Au–Au and SiO2–SiO2 surfaces.
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total conductance after accounting for curvature of the receiver is
shown in green in Fig. 3b. Note that we have also accounted for
the relatively small gap size-dependent far-field contributions
from other regions of the devices via finite element simulations
(Supplementary Fig. 7).

Before performing systematic comparisons of the experimental and
computational results, it is necessary to account for the presence of
small particles of up to 30–40 nm in size, which are present on the
microfabricated emitter and receiver devices. In addition, the smallest
gap size at which measurements can be performed is also limited
by snap-in, which is ∼20 nm in size (Fig. 2c, third panel from the top,
inset of Fig. 3b; Supplementary Fig. 5). We also ruled out that thermally
driven deflections of the emitter and receiver significantly affect gap sizes
(Supplementary Fig. 3). We followed well-established approaches1–3 to
account for these factors and concluded that the smallest gap size in
our measurements is limited to ∼50–60 nm (∼40 nm due to particles
+∼20 nm due to snap-in). To reflect this achieved (minimum) gap
size, the measured conductance data in Figs 3b and 4a,c were displaced
by 55, 60 and 55 nm, respectively.

It can be readily seen (Fig. 3b) that the measured conductances
for SiO2 are in excellent agreement with the computed conduc-
tances (additional analysis of the gap dependence of conductance
for SiO2 is presented in Supplementary Fig. 9). Furthermore, it
can be seen that the total conductance of the interacting area
(48 µm × 48 µm) of the emitter and receiver increases ∼100-fold
compared to the total far-field conductance, assuming an emissivity
of 0.84 for bulk SiO2 (ref. 28). This dramatic enhancement is entirely

consistent with theoretical predictions shown in Fig. 3c, which
presents the spectral conductance (see Methods) for SiO2 surfaces
at various gap sizes. Specifically, it can be seen that large enhance-
ments arise from huge contributions to heat transfer from two rela-
tively narrow frequency ranges. As described in previous works3,29,
these contributions arise from surface phonon polaritons, the signa-
ture of which can be seen in the computed transmission plot, which
is overlaid on their dispersion relation in Fig. 3d. It also becomes
obvious from this plot that the computed transmission for trans-
verse magnetic (TM) modes, which completely dominate radiative
heat transfer, reaches its highest values in regions where surface
phonon polaritons are supported.

After demonstrating the large enhancements between SiO2–SiO2,
we performed experiments in which the emitter and receiver devices
were coated with Au (see Supplementary Fig. 1 for fabrication
details). Following the protocol described above, we obtained the
radiative conductance for various gap sizes. The conductance (at
optimized receiver parallelization) obtained after displacing the
measured data by 60 nm (similar to the case outlined for SiO2) is
shown in Fig. 4a together with the computed thermal conductance
(Supplementary Sections 8 and 9). Again, the agreement between
theory and experiment is very good. We also obtain an ∼1,000-
fold enhancement (Fig. 4a) in radiative conductance compared to
the far-field conductance between the interacting areas. Moreover,
the obtained nanoscale conductances are also found to be ∼10
times larger than the blackbody limit5, which is particularly
impressive for metallic surfaces as they feature a very low emissivity
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of

hnf¼
DP

ADT
¼1:11#106 Wm! 2K! 1 ð1Þ

when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black

30 nm

Au

Pt

Glass

c d

ba

Vth

1 µm

3 mm

1 µm

Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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bodies at the same temperatures can be estimated to be

hBB¼sBB
T4

probe"T4
sample

DT
¼2:10 Wm" 2K" 1 ð2Þ

using the Stefan–Boltzmann constant sBB¼ 5.67% 10" 8

Wm" 2K" 1. Hence, the measured heat transfer coefficient of the
vacuum gap is about 5% 105 times larger than the black body
value. Thus, our NSThM technique yields by far the largest heat
flux level compared with other near-field experiments3–9. So far,
these have measured heat fluxes up to B100 times the black body
value7, albeit at much larger distances. As we show below, this
value is four orders of magnitude larger than that obtained using
conventional macroscopic fluctuational electrodynamics. How-
ever, theoretical models based on phonon tunnelling can predict
such large values. Furthermore, we find at close distances up to
d¼ 2 nm an almost linear decay of the heat flux, which means
that we can exclude algebraic decays of the form d" n with nZ1,
but we cannot exclude exponential decays.

We want to emphasize that the measured heat transfer cannot
be caused by Joule heating from tunnelling electrons. The
maximum power of Joule heating by the tunnelling electrons can
be estimated to be Pe" ¼VIT¼ 30 nW (V¼ 600 mV and IT¼
50 nA) which is about six per cent of the maximum measured
heat flux. Furthermore, Fig. 2 shows the typically observed
exponential decay of the tunnelling current IT at distances below
d¼ 1 nm. At larger distances no current is detectable anymore
(below 0.5 pA). Thus, the massive heat flux and its distance
dependence cannot be explained by the exchange of electrons.

Discussion
Now, we want to compare commonly discussed theoretical
models with our experimental data. Let us first stick to the
conventional macroscopic theory: in Fig. 3 we show exact

numerical results for the radiative heat flux using a boundary-
element method in order to model the geometry of our
probe22,23. Obviously, the values for the heat flux are between
0.2 nW(d¼ 5 nm) and 0.25 nW(d¼ 0.5 nm) which corresponds
to heat transfer coefficients hnf of about 440–550 Wm" 2K" 1.
Therefore, the change of the probe-sample heat current as
predicted by fluctuational electrodynamics is only 110 Wm" 2

K" 1, whereas the measured value is 1.1% 106 Wm" 2K" 1. It is
interesting that the distance dependence of the heat flux found in
Fig. 3 is similar to the measured distance dependence, but the
heat flux level is obviously four orders of magnitude too small.
Thus, the curvature of the tip cannot account for the discrepancy
between the experimental data and the theory.

It might be argued that non-local response of the permittivity
should be taken into account24–27. Since non-local effects cannot
be included easily in the exact numerical scheme, we have also
modelled our sensor using the so-called proximity approximation
(PA), which can be applied in the near-field regime when the
distance between two objects is much smaller than their
curvature28–32. Note, that this approximation has successfully
been applied in all experiments using a spherical probe4,5,8–9. In
our case, however, we obtain results for the whole probe which
show a similar distance dependence as the exact results in Fig. 3,
but which overestimate the contribution of the tip and lead to
errors on the order of 400% (see Supplementary Note 3). Similar
deviations of the PA and exact results were already observed in a
sphere-plate geometry (see ref. 29) and here can be traced back to
the fact that the foremost part of the tip is extremely small
compared with lth so that it acts more like a dipole than a
macroscopic sphere. Nonetheless, one can still use the PA to
estimate the heat flux in our set-up, keeping in mind that it
overestimates the heat flux level. Now, within this approximation
we have included non-local effects using the Lindhard–Mermin
model24 (see Supplementary Note 4), and we find that while these
non-local effects increase the heat flux, as expected24,26, they turn
out to be relatively weak for the considered distances. On the
other hand, the inclusion of surface roughness30,31,33 and the
interplay of radiation and conduction34 will decrease the
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Figure 3 | Theoretical results of the transferred heat flux. Sketch of the
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of
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when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of
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DP
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¼1:11#106 Wm! 2K! 1 ð1Þ

when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of
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when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of
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¼1:11#106 Wm! 2K! 1 ð1Þ

when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of
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when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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The radiative heat flux between two massive bodies held at
different temperatures increases drastically when the
distance d between them becomes smaller than the

dominant thermal wavelength lth, roughly 10 mm at room
temperature. Consequently, the heat flux can be enhanced by
many orders of magnitude compared with the heat transfer
exchanged between two black bodies coupled through the
far-field. This super-Planckian effect can be attributed to the
additional contribution of evanescent waves such as frustrated
total internal reflection modes, surface phonon polaritons, surface
plasmons, or hyperbolic modes1,2. The heat flux enhancement in
the near-field regime has been verified by a number of
recent experiments3–9. So far, the measured data has enjoyed
good agreement with theoretical models of macroscopic heat
transfer3–10, suggesting that super-Planckian radiation is a well-
understood phenomenon and shifting the focus of current
experiments/theory to the design of practical and more efficient
near-field transmitters11,12.

However, commonly used theoretical models of heat transfer
are based on Rytov’s theory of macroscopic fluctuational
electrodynamics13, which cannot fully describe heat exchange at
distances down to a few nanometres. In particular, such a theory
does not account for the cross-over from near field to contact, in
which case the objects are separated by atomic distances and heat
flux is mediated by conductive transfer. Several recent theoretical
works have studied this cross-over by including effects like
tunnelling of acoustic phonons14–16 and quantum effects due to
the overlap of the electronic wave functions17, showing that the
radiative heat flux can be further enhanced by several orders of
magnitude at distances of a few nanometres or even on the sub-
nanometre level. The above-mentioned experiments have
confirmed the predictions of the conventional macroscopic
theory3–9 as they probe the near-field at much larger distances.
Up to now, only one indirect measurement conducted by Altfeder
et al.18 is allegedly backing the theoretical considerations
on phonon tunnelling using inelastic scanning tunnelling
microscopy. In contrast, compared with previous experiments
our set-up is the only one which can directly probe heat fluxes for
distances, precisely at the interface of radiative and conductive
transport.

In this work, we report experimental observations of the heat
transfer between a gold tip and an atomically flat gold sample in
the ultra-small distance regime of 0.2–7 nm gained with a near-
field scanning thermal microscope (NSThM). We exploit exact
numerical methods based on fluctuational electrodynamics to
determine the theoretical heat flux for the configuration used in
the experimental set-up and show that the experimentally
observed flux rates are four orders of magnitude larger than
expected. Our findings suggest the possibility of additional heat
conduction mechanisms and demand a modified theory capable
of describing heat transport in the crossover regime between
conduction and radiation.

Results
Experimental set-up. Our experiment is performed with a
custom-built NSThM under highly controlled conditions in ultra-
high vacuum with a typical working pressure of 10! 10 mbar. The
set-up is based on a commercial scanning tunnelling microscope
(STM). As depicted in Fig. 1a,b, the home-made STM probes
consist of a platinum wire, molten into a glass capillary, pulled
sharp with a pipette puller and are then coated with 100 nm of Au
by means of e-beam evaporation ex situ . At the point where the
Au film separates from the Pt-core, a thermocouple is formed.
This probe design allows for local heat flux measurements in
addition to its STM ability19,20. A heat flux coupled into the tip

apex drains towards the back side of the tip holder causing a
temperature difference between them which, finally, is generating
a thermoelectric voltage Vth. A scanning electron microscope
image of such a probe is depicted in Fig. 1c. The protruding part
of the probe is typically about 1–2 mm in length and 300–700 nm
in diameter (at the base). The radius r of the tip apex is typically
about 30 nm (ref. 21), as shown in the transmission electron
microscope micrograph in Fig. 1d.

Our probes are able to detect heat fluxes down to 4 nW and
heat conductances down to 24 pW K! 1 at 50 Hz bandwidth. As
we will see below, this sensitivity of the probe is not sufficient to
measure radiative heat fluxes predicted by fluctuational electro-
dynamics. Concerning the heat fluxes, we achieve a lateral
resolution of 6 nm when a temperature difference DT between
probe and sample is applied19,20. The topographic information
can be measured at the same time using the STM ability of our
probe which features atomic resolution (Supplementary Note 1
and Supplementary Fig. 2 in Supplementary Note 2).

Experimental results. The measured change of the probe-sample
heat current DP in the distance regime of 0.2–7 nm is B0.5 mW as
shown in Fig. 2. This corresponds to a heat transfer coefficient hnf
through the vacuum gap by near-field interactions of

hnf¼
DP

ADT
¼1:11#106 Wm! 2K! 1 ð1Þ

when using DP¼ 0.5 W and assuming a disk-shaped effective heat
flux area A of the tip with r¼ 30 nm and a temperature diffe-
rence of DT¼ 160 K, since Tprobe¼ 280 K and Tsample¼ 120 K.
In contrast, the heat transfer coefficient between two black

30 nm

Au
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Glass

c d

ba
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1 µm
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Figure 1 | NSThM probe. (a ) Sketch of the probe in its Omicron-type tip
holder. (b) Schematic cross-section of the sensing end of the probe. A
thermocouple is formed where the gold coating separates from the
platinum core. (c) Scanning electron microscope micrograph of a typical
NSThM probe. (d) Transmission electron microscope image—more
precisely, the shadow because the tip is too thick to be transparent for
electrons—of the tip of a typical NSThM probe indicating a radius of
curvature of about 30 nm (dashed semicircle). Here the axis of rotational
symmetry lies in the vertical direction.
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Figure 1.9: (a-b) Left: Scheme of the custom-built nanopositioning platform employed to
measure the NFRHT between two parallel plates separated by gaps of ∼ 100 nm [44]. The
contact between both plates can be detected using the laser beam together with the position
sensitive detector. Right: Thermal conductance between two parallel Au plates of dimensions
48×48 µm2 as a function of the gap size. (c-d) Left: Bimaterial cantilever employed to measure
the radiative heat flow between a sphere and a plate [49]. The device consists on a silicon
nitride AFM cantilever which is coated with a 70 nm-thick gold film and has attached a silica
microsphere. The inset shows a scanning electron microscope (SEM) image of the apparatus.
Right: Near-field thermal conductance between a SiO2 sphere and plates of different materials.
The different points represent the experimental data while the black solid lines correspond to
theoretical computations. (e-f) Left: Near-field scanning thermal microscope [52]. The upper
panels show a a scheme of the device. At the region where the gold is in contact with the
platinum, a thermocouple is formed. The lower panels show a SEM and a transmission electron
microscope images of the probe. Right: Total measured radiative power between a tip coated
with gold and a sample of the same material as a function between the distance between them.
The tunnelling current as a function of the gap is also plotted.
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1.5. Experimental setups for measuring NFRHT

precision microscopic electromechanical systems have been able to measure the NFRHT
between nanostructures separated down to 42 nm [43]. On the other, using a custom-
built nanopositioning platform (see Fig. 1.9(a-b)), it has been possible to measure the
heat flow between two parallel plates, obtaining a enhancement over blackbody larger
than 3 orders of magnitude [44] . In both cases, the measurements show a very good
agreement with the predictions from FE theory.

Another possible configuration to study experimentally the NFRHT is the sphere-plate
approach. The main advantage of this configuration respect to the previous one is that
there is no need to align and parallelize the two objects, so it is much easier to achieve
smaller gaps (≈ 10 nm). Conversely, as all the sphere surface is not separated from the
plate by the smaller gap, the near-field enhancement is less dramatic. The basis element
used to measure the heat flow in this scenario is a bimaterial cantilever. This witty device
consists on a cantilever made by two different materials with distinct thermal expansion
coefficients. When the temperature of this system changes, the cantilever is deflected
and thus it can be used to measure the RHT in the near-field, as it can be observed in
Fig. 1.9(c-d). The deflection of the cantilever can be measured using a laser beam, either
interferometrically [45–47] or by detecting its reflection onto a position sensitive detector
[48, 49]. The distance between the sphere and the plate can be tuned by a piezoelectric
control of the sample position. These experiments are able to measure the NFRHT down
to 30 nm, and their results show again a good agreement with the theoretical predictions.

Although the cantilever-based approach was one of the main advances in NFRHT
experiments, it has some drawbacks. First, the contact distance between the sphere and
the plate is done with the cantilever, which is also used to monitor the heat flux. There-
fore, these two measurements are correlated, which might induce in some error. Secondly,
the cantilever can be bended not only by the heat flux but also due to electrostatic or
Casimir forces, questioning the values obtained for the heat flow.

The two previous techniques (plate-plate and sphere-plate) has been successfully ap-
plied to evaluate the heat flow down to a gap of ≈ 10 nm. However, for smaller gaps, it is
necessary to employ a technique able to measure the NFRHT more locally. The configu-
ration of a sharp scanning tip and a plate bridges the gap and enables a spacing of ∼ 1 nm
without the need of performing technically challenging alignment and parallelizing pro-
cedures. However, as the area of the tips is much smaller than in the previous cases, the
heat flow between the two bodies is extremely low, so new calorimetric techniques with
a very high resolution are required to perform this kind of experiments.

Until recently, only the research group of Professor Achim Kittel in the University of
Oldenburg could measure the NFRHT in this regime, using a near-field scanning thermal

19



1. General introduction

microscope [50–52]. Their tips are based on a commercial scanning tunneling microscope
who has been modified to include a nano-thermocouple at its apex. Therefore, this device
is able to measure both the tip-sample distance and the local heat flux. The radius of
curvature of this tip is much smaller than the dimensions of the previous setups (∼ 30
nm), so it allows for a much more local evaluation of the NFRHT.

The results of these experiments show an extraordinary large heat flux when the tip-
plate distance is in the range 1−6 nm and both objects are made by gold [52]. A scheme
of the experimental device together with the results obtained by this technique can be
found in Fig. 1.9(e-f). The values found are not only more than five orders of magnitude
larger than the blackbody predictions, but they are also 4 orders of magnitude larger than
the values predicted by the FE theory, which has described accurately all the previous
experiments. It is thus necessary to perform additional studies to better understand the
heat flow in this regime. Actually, this will be one of the topics covered by the present
thesis.

1.6. Technological applications of RHT at
the nanoscale

The huge enhancement of RHT in the nanoscale is not only interesting from a fundamen-
tal point of view but it can also be key for the development of different thermal technolo-
gies. For example, it has been proposed [53] that near-field radiation could be used to
improve the performance of thermophotovoltaic (TPV) devices [54]. These systems try to
overcome the intrinsic Shockley-Queisser limit, which states that the efficiency of a solar
cell made by a single p−n junction cannot be higher than 33% [55]. The solar spectrum
is broad but the semiconductor layer of a solar cell cannot absorb efficiently all these pho-
tons: those whose energy is lower than the bandgap cannot be converted into electricity
and photons with higher energy do contribute to the energy conversion process, but they
lose part of their energy when they relax to the band edge [56]. TPV systems include an
intermediate element between the sun and the photovoltaic cell, which is used to tailor
the solar light to the bandgap of the semiconductor (see Fig. 1.10). It has been shown
that the efficiency of a solar cell could be ideally increased up to 85% by using a perfect
intermediate material [57]. Near-field thermal emitters have been proposed as interme-
diate systems because of two main reasons. First, NFRHT can be very narrow-banded
when it is mediated by surface modes, so it could be ideally adjusted to the bandgap of
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1.6. Technological applications of RHT at the nanoscale

92 NATURE NANOTECHNOLOGY | VOL 9 | FEBRUARY 2014 | www.nature.com/naturenanotechnology

news & views

Some energy scientists have ambitions 
as astronomical engineers. Their goal is 
to convert solar energy into electricity 

by primarily tailoring the solar irradiation 
rather than optimizing the photovoltaic 
element of a device. This sort of solar 
engineering was first proposed in 1979 by 
Richard Swanson, then an electrical engineer 
at Stanford University. He introduced the 
concept of solar thermophotovoltaic (STPV) 
systems1, in which an intermediate element 
is placed between the sunlight and the 
solar cell (Fig. 1). The intermediate element 
includes a black absorber — a material that 
can absorb the entire solar spectrum — on 
the side that faces the Sun. When exposed to 
sunlight, the element heats up and generates 
thermal radiation that is emitted through 
the other side, which is directed towards 
the photovoltaic cell. The fundamental 
advantage of this design is that virtually 
all solar energy could be converted into 
electricity. But despite their conceptual 
simplicity, STPV devices have performed 
below expectations and efficiencies 
have struggled to reach 1%. Writing in 

Nature Nanotechnology, Evelyn Wang and 
colleagues at the Massachusetts Institute of 
Technology now report2 an STPV device 
that can achieve an efficiency of 3.2%.

Typical single-junction solar cells 
generate electricity by directly absorbing 
sunlight through a semiconductor layer of 
fixed electronic bandgap. The solar spectrum 
is, however, broad: photons with energy 
below the bandgap are not absorbed and 
cannot be converted; photons with energy 
above the bandgap do contribute to energy 
conversion by generating electron–hole 
pairs, but these quickly relax to the band 
edges losing some of their initial energy. 
The combination of these two intrinsic loss 
mechanisms defines the Shockley–Queisser 
limit, which states that a single-junction 
cell cannot have efficiencies exceeding 
41% (ref. 3).

In a way, the Shockley–Queisser analysis 
indicates that the efficiency limit of solar 
cells has less to do with the cell itself and 
more to do with the Sun. If the Sun emitted 
only photons with energy immediately 
above the bandgap of the semiconductor, 

for example, both loss mechanisms in 
the Shockley–Queisser analysis would be 
eliminated. As a result, the same single-
junction cell would approach an efficiency 
of 95% (ref. 4), the highest allowed by the 
second law of thermodynamics. 

Of course, we don’t have a choice of 
the Sun that we live under. But the STPV 
concept allows scientists to create an 
alternative ‘Sun’ for the solar cells. Solar 
thermophotovoltaics is attractive from 
the efficiency limit perspective. Because 
the absorber in the intermediate element 
can be designed to absorb the entire solar 
spectrum, all sunlight can be used for 
energy conversion. At the same time, the 
photovoltaic element is interfaced only 
with the intermediate element. Therefore, 
both the design of the photovoltaic 
cell and the irradiation source can in 
principle be controlled, optimized and 
engineered. In particular, the emitter 
side of the intermediate element can be 
designed to generate narrow-band thermal 
radiation tailored to the bandgap of the 
solar cell. Using a single-junction cell and 
considering the solar radiation incident on 
the STPV system is the same as assumed 
in the Shockley–Queisser analysis, an ideal 
intermediate material could boost the 
overall system efficiency to 85%, more than 
double the Shockley–Queisser limit4.

The STPV concept is attractive also from 
a practical point of view because, compared 
with traditional solar–thermal systems 
for electricity generation, it lacks moving 
parts, such as turbines, and can be relatively 
easily combined with existing thermal 
storage devices to achieve highly efficient 
and non-intermittent electricity generation 
from sunlight. This scenario is particularly 
attractive in the context of ‘concentrated 
solar power’ plants5, where solar energy is 
first converted to heat, which in turn is used 
to generate electricity.

Despite all the theoretical and 
practical advantages of an STPV system, 
no experiments have demonstrated an 
efficiency that is competitive with single-
junction solar cells. Early experiments 
used bulk tungsten or graphite as the 
intermediate layer. These materials were 
chosen because of their high melting or 
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An alternative ‘Sun’ for solar cells
Nanophotonic structures can be used to engineer efficient solar thermophotovoltaic systems.
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Figure 1 | Working principle of a solar thermophotovoltaic system. a, A standard photovoltaic cell is 
directly exposed to sunlight. b, In an STPV system, an intermediate material is placed between the Sun 
and the photovoltaic cell. The intermediate material absorbs the sunlight, heats up and generates thermal 
radiation that is emitted towards the photovoltaic cell.
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(a) (b)

Figure 1.10: (a) A solar cell is normally exposed to direct solar light. However, due to the
broadband nature of sunlight, a photovoltaic cell cannot convert all the photons into a electric
current. (b) Scheme of a TPV device [56]. In this case, an intermediate system is placed between
the Sun and the solar cell. This auxiliary mechanism is composed of a good absorber of radiation,
which is able to trap most of the sunlight, and a tailored emitter. This last part radiates photons
whose energy is ideally right above the photovoltaic’s cell bandgap.

the solar cell. Secondly, the heat flow is dramatically increased in the near-field, so the
operating power of the device could be also improved. Despite the multiple appealing
proposals of near-field thermophotovoltaic devices [58–60] to date there has not been
any experimental realization of this idea.

It has also been proposed that near-field radiation could be potentially use to achieve
high resolution thermal litography [16] . To implement this idea, a hot mask could be
patterned with two different materials. One of them is a very good near-field emitter
whereas the other one is not. At a submicron distance from the mask, a wafer can
be placed and be selectively heated below the good near-field emitter. This system
could accomplish a thermal litography method with a higher resolution than state-of-
the-art procedures. Finally, let us mention that NFRHT could be used to optimize the
performance of heat-assisted magnetic recording [61, 62]. This technology employs a
plasmonic antenna to heat up a magnetic recording medium. It is expected that the
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1. General introduction

heat flow in the nanoscale could have an important role in the steady-state temperature
achieved in the magnetic medium.

1.7. RHT in the far-field between
subwavelength objects

So far, in this General Introduction we have focused on the properties of the RHT
between objects separated by distances smaller than λTh. We have seen that in this
regime, Plank’s law for black bodies is no longer valid and the Planckian limit can be
surpassed by orders of magnitude. As already acknowledged by Planck in his seminal
work [2], another limitation of his law is related to the description of RHT between
objects with dimensions smaller than λTh (see Fig. 1.3). In this case, Planck’s law, which
is based on ray optics, is expected to fail even in the far-field regime, where separations
are larger than λTh. Thus, one may wonder whether the Planckian limit can also be
overcome in the far-field regime, something that is not possible with extended (infinite)
objects [63]. It is known that the emissivity of a finite object can be greater than 1 at
certain frequencies [64, 65], but that is not enough to emit more than a black body. In fact,
only a modest super-Planckian thermal emission has been predicted in rather academic
situations [66, 67], and it has never been observed. For instance, Ref. [68] reports one
of the few experiments exploring the thermal radiation of an object smaller than λTh.
In that work, the thermalization of an optical fiber was investigated and Planck’s law
was shown to incorrectly describe the thermal emission, but the fiber was actually found
to emit much less than a corresponding blackbody, i.e., no super-Planckian thermal
emission was observed. In the context of RHT between two objects, there are neither
theoretical proposals nor observations of super-Planckian far-field RHT. This fact is
mainly due to the lack, until recently, of numerical techniques able to describe the
RHT between objects of arbitrary size and shape that can, in turn, guide the design
of appropriate experiments.

1.8. Open problems in the field of RHT
During the last 10 years, the field of RHT has flourished and many theoretical and
experimental studies have been performed. The 1970’s early theoretical predictions for
the radiative heat flow enhancement in the near-field have been confirmed in a variety
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1.8. Open problems in the field of RHT

of experimental setups, as it has been explained in Sec. 1.5. However, there were still
multiple open questions at the beginning of this thesis work and that is the reason why
we have performed new research efforts to shed light in this exciting field of research.

From a fundamental point of view, it was still unknown if FE is able to describe the
RHT when the distance between two objects is smaller than 10 nm. So far, NFRHT
experiments had verified that this theoretical framework can explain quantitatively the
radiative heat flow between two bodies when they are separated by a gap down to some
tens of nanometers (∼ 30 nm). Moreover, recent experiments [50, 51] that had measured
the heat flow at gap distances smaller than 10 nm had reported a thermal conductance
which is four orders of magnitude larger than the values predicted from FE. Therefore,
new experimental and theoretical analysis were needed to better understand the heat
transfer in this regime and elucidate which are the physical mechanisms that dominate
the energy transfer process in this regime.

In order to solve this discrepancy, it was necessary to compare the novel experimental
results with the best available numerical techniques. Until recently, the comparisons be-
tween theory and experimental results had only considered the simplest plate-plate calcu-
lation together with the so-called Derjaguin or proximity approximation (See Sec. 2.3.2).
However, experimental systems have in general more complicated shapes, specially the
scanning tips employed to evaluate the heat flow at nanometer distances [51]. It was
therefore necessary to use numerical approaches to exactly simulate the geometries that
are exchanging radiative heat. Moreover, the surface of the tips and samples considered
are not flat but normally contain a nanoscale roughness profile. Considering this fact
in the theoretical computations could be crucial to perform a faithful comparison be-
tween the experiments and the simulations, especially when the gap distance between
the objects can be of the same order than the roughness profile.

Another remaining challenge in the field was the study of the limits of near-field
radiative enhancement. It had been already proved that the heat flow can be enhanced
by orders of magnitude in the nanoscale, but it was still unknown if this process can be
further boosted. The highest radiative heat flow predicted so far was the one between
polar dielectric materials, which can host SPhPs in the infrared region of the spectrum.
However, there was no reason to believe that it was impossible to overcome their near-
field performance. New strategies such as considering periodic nanostructures could tune
the EM density of states of the objects and therefore increase even more the heat flow
in the near-field.

The enhancement of thermal energy interchanged in the near-field could potentially
contribute to the development and improvement of several technological applications, as
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1. General introduction

we have discussed in Sec. 1.6. However, in order to realize these interesting proposals,
several issues must be overcome. One of them was to check if the enhancements found
between bulk materials could also be obtained with thin films. This advance was essential
to leverage NFRHT and export it in a variety of nanoscale devices. Another aspect that
should be improved was the tuning of heat flow in the nanoscale. So far, the existing
proposals were either very complicated to be implemented or did not provide a large
degree of tunability. Therefore, it was necessary to analyze new systems and materials
which exhibit a high active tuning of near-field heat flow.

As we have seen in Sec. 1.7, Planck’s law is also not strictly applicable when the size of
the objects is much smaller than λTh. One could thus wonder whether a enhancement of
the RHT could also arise between subwavelength objects even in the far-field, where only
propagating waves do contribute to the thermal radiation. There were neither theoretical
predictions nor experimental observations of this phenomenon, so understanding the
RHT between subwavelength objects would be of great interest from both a fundamental
and an applied point of view, as Planck’s law is the main tool for calculating the far-field
radiative heat transfer (FFRHT) between nano and micro-devices.

1.9. Structure of this manuscript
This thesis deepens the subject of RHT from a theoretical point of view and tries to
answer some of the open questions in the field. The different chapters can be grouped
into two distinct blocks. Chapters 2-5 analyze NFRHT in a variety of scenarios. On
the other hand, Chapters 6-7 investigate whether the predictions of Planck’s law can
be overcome in the far-field. Finally, Appendix A-C include additional details on the
calculations performed. Here we explain in more detail the structure of the thesis.

Chapters 2-5 explore several aspects of NFRHT. More precisely, Chapter 2 is devoted
to analyze the near-field heat flow between a silica (SiO2) sphere and a SiO2 thin film
deposited on a gold substrate. This study has been performed in collaboration with
the experimental group of Pramod Reddy and Edgar Meyhofer from the University of
Michigan. The gap size between the SiO2 thin film and the sphere ranges from 20 nm to
10 µm, and the thickness of the film varies from 50 nm to bulk silica. The experiments
were performed using a micro-fabricated calorimetric platform that enables quantitative
studies of gap-size-dependent heat currents from a spherical hot surface to a planar
colder surface. Chapter 3 analyzes theoretically the magnetic field dependence of NFRHT
within the framework of FE between two parallel plates made of a variety of materials.
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1.9. Structure of this manuscript

More precisely, we consider magneto-optical materials, as their dielectric function can be
modified by an external magnetic field. N -doped semiconductors, such as InSb and Si,
are perfect candidates to carry out our analysis. Afterwards, Chapter 4 investigates the
NFRHT between two Si-based metasurfaces featuring two-dimensional periodic arrays
of holes. We use a rigorous coupled wave analysis to study how is the radiative heat
flow modified when doped-Si is nanostructured. The periodic structure modifies the
density of EM states in the gap between the two metasurfaces and the NFRHT can thus
exhibit novel features. Later, in Chapter 5, we study the NFRHT between a scanning
probe and a sample when their separation gap is between 2 and 50 nanometers. Again,
in a collaboration with our experimental colleagues of the University of Michigan, we
analyze the NFRHT between both metals and dielectrics. The experiments are performed
with custom-fabricated scanning probes with embedded thermocouples, in conjuntion
with new microdevices capable of periodic temperature modulation. We have performed
numerical simulations that take into account the exact shape of the experimental devices,
including the existing roughness. We also investigate the role of surface contamination
effects in the heat transfer by analyzing the apparent tunneling barrier heights measured
by a scanning thermal microcopy probe.

The last block of the thesis (Chapters 6-7) is devoted to study the FFRHT between
objects with dimensions smaller than the thermal wavelength. In Chapter 6 we derive
a relation between the FFRHT and the directional absorption efficiency of the objects
involved. This result is used to calculate the FFRHT in a variety of geometries, such as
spheres, cubes and parallelepipeds. We finally compute the radiative heat flow between
suspended-pad microdevices that are widely employed in calorimetric experiments. Chap-
ter 7 explores the RHT between coplanar two-dimensional materials, such as graphene
and single-layer black phosphorus (SLBP). We find the absorption efficiency of these
materials both numerically and analytically and afterwards this result is used to calcu-
late the total radiative heat flow between one-atom-thick systems. Finally, the physical
mechanisms that dominate the RHT in this regime are analyzed.
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2 | Enhancement of near-field
radiative heat transfer
using polar dielectric thin
films.

2.1. Introduction

In the previous chapter, we have explained how the radiative heat flux between two
bodies can be increased by orders of magnitude in the near-field. However, so far we

have only focused on bulk materials and we have not discussed whether this remarkable
enhancement can be observed in thin films. Moreover, in order to leverage near-field
radiation in emerging technologies such as the ones described in Sec. 1.6, is key to
determine if the dramatic transport enhancements observed for bulk materials are also
characteristic of thin slabs.

In this chapter, we analyze in collaboration with an experimental group the NFRHT
between media coated by nanometric dielectric films [69]. We find dramatic increases in
RHT -comparable to those obtained between bulk materials- even for very thin dielectric
films (50-100 nm) as long as the spatial separation between the materials is comparable
to the film thickness. This phenomenon can be explained by analyzing the spectral char-
acteristics and the mode shapes of cavity surface phonon polaritons (CSPhPs), which
dominate near-field radiative heat transport in polar dielectric thin films. We also com-
pare our theoretical calculations with a novel experimental platform that leverages pi-

27



2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

cowatt resolution heat-flow calorimetry [70]. This experiment is able to measure for the
first time directly the NFRHT from devices with such coatings.

The chapter is organized as follows. First, we give a brief explanation of the exper-
imental setup that is modeled theoretically in this thesis. Afterwards, we explain our
theoretical framework for studying NFRHT in multi-layered structures. More precisely,
we employ the expressions presented in Sec. 1.3 to calculate the RHT in our specific
system. Then, we compare our results with experimental data and explain the enhance-
ment of heat transfer by the existence of CSPhPs, a confined EM wave, the existence of
which is related to the polar nature of the materials considered. Finally, we characterize
the dispersion relation and properties of these bound modes.

2.2. Experimental setup.
In this part of the chapter we will describe briefly the setup which is able to measure
NFRHT in thin films for the first time. These experiments have been performed at the
University of Michigan, in the groups of Professors Pramod Reddy and Edgar Meyhofer.

The experimental setup is sketched in Fig. 2.1(a). To experimentally study the de-
pendence of NFRHT on film thickness they have developed an ultra-sensitive, micro-
fabricated calorimetric platform that enables quantitative studies of gap-size-dependent
heat currents from a spherical hot surface (called emitter) to a planar, colder surface
(called receiver) for a broad range of film thicknesses, see Fig. 2.1(b). The emitter device
consists of a suspended region onto which a 53 µm diameter silica (SiO2) is attached. It
is glued to the heating calorimeter by a water-soluble adhesive that provides excellent
thermal contact. Therefore, the temperature of the silica sphere matches exactly the one
of the heating calorimeter.

Afterwards, the emitter is stepped towards the receiver with a piezoelectric actuator.
The receiver (Fig. 2.1(a,c-d)) is made from silicon nitride (SiN) and is suspended via
thin, long beams to achieve a thermal conductance of Gbeams ∼ 2 µW/K. It is partly
coated with SiO2 layers of varying thickness (50 nm - 3 µm) deposited on a 100 nm
thick gold film (Fig. 2.1(b,d)). Both the emitter and the receiver feature an integrated
platinum resistance thermometer which can resolve small temperature changes (∼ 50
µK) enabling detection of small heat currents of ∼ 100 pW (2 µW/K × 50 µK). The
beams and suspended regions of the receiver incorporates ribs leading to stiff devices
(∼ 50 N/m) with extremely flat suspended regions. Given the excellent sensitivity of
the receiver, they are able to resolve heat currents at distances as large as 10 µm. The
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Figure 2.1: (a) Schematic of the experimental setup. The emitter consists of a suspended
silicon platform, with an attached silica sphere, and integrated electrical heater-thermometer.
The receiver is a stiff silicon nitride platform coated with gold and silica films of various thickness.
(b) Schematic cross section of the planar receiver region and the spherical silica emitter. (c) SEM
of the suspended platform and optical image (inset) of the spherical emitter. (d) SEM images
of the receiver with ribbed, stiff beams. (e) An optical image of the emitter and receiver during
alignment. For this image, they were laterally displaced to enable visualization of both devices.

smallest gap that can be achieved in such a platform is ∼ 20 nm. A laser, together with
a position sensitive detector (PSD) enable nanometer-resolution emitter-receiver contact
detection (See Fig. 2.1(a) and (e) to observe how it is reflected off the receiver).

The described setup is placed into a vacuum chamber (< 10−6 torr, room temperature)
and a ∼ 10 K gradient is established between the emitter and the receiver by the lower
heating calorimeter. Near-field thermal conductance (heat transfer per unit Kelvin) at
different gaps can now be calculated as: Ggap = Gbeams ×∆Trec/[∆Temit −∆Trec], where
∆Trec,emit stands for the temperature change at the receiver and at the emitter, respec-
tively. This experimental technique contributes several improvements for NFRHT mea-
surements over previously used bimaterial cantilever-based approaches [45, 49], where
the deflection of the bimaterial cantilever is potentially affected by both temperature
changes and forces (such as electrostatic or Casimir), posing challenges to the interpre-
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Figure 2.2: (a) Multi-layered system used as an intermediate step to compute the RHT in
our experimental system. Here, a semi-infinite silica surface (medium 1) is separated by an air
gap (medium 2) of size d from a silica film of thickness t (medium 3) coating a semi-infinite
Au surface (medium 4). (b) The sphere-coated layer system investigated to compare with our
experimental results. Here, we also illustrate the Derjaguin approximation [76] used to compute
the heat transfer with the help of the results obtained for the multi-layered system in (a), as
described in Eq. (2.3). In this approximation the sphere is sliced into infinitesimal rings of width
dr and radius r. The heat transfer between a ring and the coated layer, which is a distance of
the disk d̄ = d+R−

√
R2 − r2, is equal to the heat transfer per unit of area calculated for the

multi-layered system, see Eq. (2.1), times the area of the disk, 2πrdr.

tation of experiments [71]. In contrast, in the present technique, mechanical contact
(detected optically) does not affect temperature measurements that are performed inde-
pendently with a resistance thermometer. Moreover, this setup allows to modulate the
temperature of the emitter and thus employ lock-in based techniques that enhance [70]
the heat flow resolution to about 100 pW.
In the next section we will see how to properly model this experiment and then we

will compare the experimental results with the theoretical simulations.

2.3. Theoretical modelling
In this section we will analyze the RHT measured by the previous experimental setup
from a theoretical point of view. Our calculation of the RHT in the sphere-coating layer
system proceeds in two steps. We first consider the heat transfer between a semi-infinite
SiO2 surface and a SiO2 thin film coated on a semi-infinite Au surface, see Fig. 2.2(a).
Afterwards, by using the Derjaguin approximation (see Sec. 2.3.2), we will calculate the
heat transfer between the sphere and the layered system (Fig. 2.2(b)).

30
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2.3.1. Multi-layered heat transfer calculation
Let us start by defining the multi-layered system under study. A semi-infinite silica
surface (medium 1) is separated by an air gap of size d from a silica film of thickness t
(medium 3) coating a semi-infinite Au surface (medium 4), as it is shown in Fig. 2.2(a).
Moreover, we consider that the silica surface is set at a temperature T1, while the silica
coating and the Au surface are at a temperature T3. In this case, the RHT between the
two plates can be calculated using again Eq. (1.8) [72, 73].

Q(d, T1, T3) =

∫ ∞
0

dω

2π
[Θ(ω, T1)−Θ(ω, T3)]

∫
dk

(2π)2
[τs(ω,k, d) + τp(ω,k, d)] . (2.1)

The expressions for the transmission probabilities τs (TE modes) and τp (TM modes)
are modified in this case due to the SiO2 coating of the gold plate [72, 73]:

τα=s,p(ω,k, d) =

{
(1− |rα21|2)(1− |Rα|2)/|Dα

ML|2, k < ω/c,

4Im{rα21}Im{Rα}e−2|q2|d/|Dα
ML|2, k > ω/c,

(2.2)

where Rα =
rα23 + rα34e

2iq3t

1− rα34r
α
32e

2iq3t
and Dα

ML = 1− rα21R
αe2iq2d. rαij represent the different

Fresnel coefficients (Eqs. (1.10) and (1.11)) and the indexes i and j run from 1 to 4
following the labelling defined in Fig. 2.2(a). The dielectric constant of SiO2 was taken
from Ref. [74], while the corresponding one for Au was obtained from Ref. [75]. These
constants are shown in Fig. 2.3 in the energy range of interest for the heat transfer at
room temperature. Since in our experiments the temperature difference between the silica
sphere and the coated film was only 10 K, we restrict ourselves to the linear response
regime and compute the heat transfer coefficient h(d, T ), as defined in Eq. (1.12). In all
the calculations shown in this Chapter we consider an absolute temperature of T = 300

K. In the next section we will see how to move from our semi-infinite multi-layered
structure (Fig. 2.2(a)) to the sphere plane case (Fig. 2.2(b)).

2.3.2. Derjaguin approximation
In a second step, and in order to establish a direct comparison with our experimental
results, we use the results obtained for the multi-layered system above to compute the ra-
diative linear thermal conductance, G(d, T ), between a 53-micron-diameter silica sphere
and a thin film coated surface by making use of the so-called Derjaguin approximation
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Figure 2.3: (a) Real and imaginary parts of complex dielectric constant of silica as a function
of energy. Notice that the real part becomes negative in two narrow regions due to the existence
of phonon polaritons in this dielectric material. This is the origin of the appearance of SPhPs
in our multi-layered structure, which in turn dominate the NFRHT. (b) The same as in panel
(a) for gold.

[76]. As illustrated in Fig. 2.2(b), in this approximation the sphere is thought to be sliced
into a series of infinitesimal rings of different radii and the heat transfer between every
ring and the coated film is computed using the result of Eq. 2.1. This means in practice
that the heat conductance is computed as follows

G(T, d) =

∫ R

0

2πrh(d̄(r), T )dr, (2.3)

where R is the radius of the sphere and d̄ = d+R−
√
R2 − r2 is the local distance between

the silica film and the rings defined in the sphere, see Fig. 2.2(b). This approximation
has been successfully used in the literature [45, 48, 49] and it is expected to give a good
result in our case in the most interesting regime where the gap size is much smaller
than the radius of the silica sphere. Moreover, we have performed additional numerical
calculations in Sec. 2.4.3 to verify the validity of this approximation in our specific
problem. Notice that this approach does not consider Mie resonances of the sphere.
Luckily, in the frequency domain where the heat conductance is large, silica is very lossy
(Im{ε} is high) so the coherence length along the surface and the decay length inside the
sphere are much smaller than the sphere radius [45].
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2.4. Results
In this section we will show our theoretical results and compare them with experimental
measurements. Then, we will study in detail the physics underneath in order to under-
stand the special features of NFRHT in thin polar dielectric coatings.

2.4.1. Computed radiative heat conductance and
comparison with experimental results

The computed gap dependence of the radiative linear thermal conductance per unit area
(h) for the multi-layered structure is shown in Fig. 2.4. The different curves correspond
to different thicknesses of the silica coating. For large values of the gap, the thermal
conductance holds constant for each coating. At those distances, only propagating waves
can transfer heat from one object to the other. Besides, effects related with resonant
reflection are negligible as the gap distance is much larger than the thermal wavelengths
involved (λT << d). This is the far-field heat transfer regime. We can understand the
decrease of the thermal conductance with the coating thickness at large distances due
to the mismatch of dielectric constants between silica and gold.

For gaps smaller than a micron, we observe that the heat conductance increases dra-
matically and becomes orders of magnitude higher than the far-field result. Besides, for
gaps smaller than 100 nm the heat conductance value no longer depends on the coating
thickness. What is the physical origin of both phenomena? We will answer this question
later on, but let’s first analyze which is the role of the SiN membrane placed below the
Au layer.

In our experimental system, the receiver consists of a silica coating film deposited on
a 100 nm thick gold film, which in turn lies on top of a silicon nitride (SiN) membrane
(see Fig. 2.1). However, in the multi-layered system used to compute the heat transfer
(Fig. 2.5(b)) we assumed that the Au layer is semi-infinite, which requires some justifi-
cation. The reason is that for all purposes a 100 nm thick Au layer is optically thick and
the SiN membrane underneath plays no role in the heat transfer. To demonstrate this
fact, we extended the theory described above to take into account the finite thickness of
the Au layer (100 nm) and the presence of a semi-infinite layer of SiN underneath. This
extension only requires generalizing the expression of the coefficients in Eq. (2.2) to take
into account the additional SiN layer. In Fig. 2.4 we show a comparison of the results for
the radiative linear heat conductance per unit of area in the multi-layered system with
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h

Figure 2.4: Computed linear thermal conductance per unit of area as a function of the gap size
for the multilayer shown in the inset. This structure comprises a semi-infinite silica separated
by an air gap of size d from a silica thin dilelectric coating a semi-infinite Au surface (see
inset). The different curves correspond to different thicknesses of the silica coating. The solid
lines correspond to the results where the Au layer is assumed to be semi-infinite, while the
open symbols correspond to the structure where the Au layer is 100 nm-thick and there is a
semi-infinite SiN layer underneath. Notice that the results are identical, even when there is no
coating (orange curve and symbols).

and without the SiN membrane. In these calculations, we used the dielectric constant
of SiN reported in Ref. [77]. As one can see, irrespective of the gap size or the coating
thickness, the SiN plays no role in the heat transfer in our system. For this reason, we
assume throughout this work that the Au layer is in practice semi-infinite.

Once we have verified that the SiN membrane plays no role in the NFRHT problem,
let us compare the experimental results with the theoretical simulations. The results
for the theoretical calculations of the near-field thermal conductance for the sphere-
coated layer system (GNF) can be observed in Fig. 2.5(a). Again, the different curves
correspond to different values of the coating thickness. As we have seen in Sec. 2.3.2,
they are computed from the semi-infinite multi-layered system by applying Derjaguin
approximation to the results displayed at Fig. 2.4(a). In order to get only the near-
field contribution, the thermal conductance in the far-field regime (d = 70 µm) has been
subtracted. The experimental data for the NFRHT is shown in Fig. 2.5(b). Far-field heat
transfer has been also subtracted in order to make a fair comparison. Both experimental
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We next evaluated whether our experimental findings of NFRHT
in thin films are in (quantitative) agreement with theoretical predic-
tions. Towards this end we combined the formalism of fluctuational
electrodynamics24 with a scattering matrix approach25 (see Methods
and Supplementary Section IIIA) and calculated the heat transfer
coefficient (thermal conductance per unit area, h) between a

semi-infinite SiO2 surface and SiO2 thin films coated on a
semi-infinite Au surface (Fig. 3a, inset). The computed h values
for multilayer structures with different coating thicknesses
(50 nm–3 µm, bulk) show that heat transfer is indeed enhanced
when the gap size is reduced and converges to that between bulk
SiO2 surfaces for small (<100 nm) gap sizes (Fig. 3a). To establish
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Figure 2 | Gap-dependent near-field thermal conductance of thin films. a, Simultaneous recording of displacement, Δz, of the emitter towards the receiver
(top), optical contact signal (middle) and temperature increase in the receiver (bottom). During the final approach, piezo displacement steps of ∼2.5 nm
were used. b, Contribution of far-field radiation to the radiative thermal conductance across the gap for a representative film (100 nm). The solid red line
describes the predicted far-field radiation, which increases weakly (<1 nW K−1) with decreasing gap size due to the associated change in view factor.
As expected, the measured data (multiple runs, green symbols) agree well with the far-field prediction for gaps from 1 to 10 µm. c, Near-field thermal
conductance as a function of film thicknesses. Data for each film thickness represent an average of ∼10 different data sets. See Supplementary Fig. 7 for
information about the standard deviation of the data.
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Figure 3 | Computed heat transfer coefficients. a, Computed total heat transfer coefficient as a function of gap size for the multilayer system shown in
the inset. This structure comprises a thick, semi-infinite silica surface separated by a vacuum gap of size d from a silica thin film coating on a semi-infinite
Au surface. Different curves correspond to different thicknesses of the silica coating. b, Calculated near-field conductance as a function of gap size for the
sphere and coated layer system shown in the inset. The sphere has a diameter of 53 µm and the SiO2–Au structure is assumed to be infinite in the
transverse directions. Different curves correspond to different values of coating thickness. These results were obtained using the data in a, within the
Derjaguin approximation (see Methods and Supplementary Information) and by subtracting the far-field contribution to make a direct comparison with
the experiments. In all calculations the temperature was assumed to be 300 K.
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As expected, the measured data (multiple runs, green symbols) agree well with the far-field prediction for gaps from 1 to 10 µm. c, Near-field thermal
conductance as a function of film thicknesses. Data for each film thickness represent an average of ∼10 different data sets. See Supplementary Fig. 7 for
information about the standard deviation of the data.
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were used. b, Contribution of far-field radiation to the radiative thermal conductance across the gap for a representative film (100 nm). The solid red line
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As expected, the measured data (multiple runs, green symbols) agree well with the far-field prediction for gaps from 1 to 10 µm. c, Near-field thermal
conductance as a function of film thicknesses. Data for each film thickness represent an average of ∼10 different data sets. See Supplementary Fig. 7 for
information about the standard deviation of the data.

100 1,000

0

5

10

15

20

25

N
ea

r-
fie

ld
 c

on
du

ct
an

ce
 (n

W
 K

−1
)

Gap (nm)

Derjaguin approximation

d

1 10 100 1,000 10,000
10−2

100

102

104

106

To
ta

l h
ea

t t
ra

ns
fe

r 
co

effi
ci

en
t (

W
 m

−2
 K

−1
)

Gap (nm)

d
SiO2

Au

a b

Thin SiO2
film

10,000

Au
50 nm
100 nm
1 µm
2 µm
3 µm
Bulk

 

Au
50 nm
100 nm
1 µm
2 µm
3 µm
Bulk

20

Figure 3 | Computed heat transfer coefficients. a, Computed total heat transfer coefficient as a function of gap size for the multilayer system shown in
the inset. This structure comprises a thick, semi-infinite silica surface separated by a vacuum gap of size d from a silica thin film coating on a semi-infinite
Au surface. Different curves correspond to different thicknesses of the silica coating. b, Calculated near-field conductance as a function of gap size for the
sphere and coated layer system shown in the inset. The sphere has a diameter of 53 µm and the SiO2–Au structure is assumed to be infinite in the
transverse directions. Different curves correspond to different values of coating thickness. These results were obtained using the data in a, within the
Derjaguin approximation (see Methods and Supplementary Information) and by subtracting the far-field contribution to make a direct comparison with
the experiments. In all calculations the temperature was assumed to be 300 K.

NATURE NANOTECHNOLOGY DOI: 10.1038/NNANO.2015.6 LETTERS

NATURE NANOTECHNOLOGY | VOL 10 | MARCH 2015 | www.nature.com/naturenanotechnology 255

We next evaluated whether our experimental findings of NFRHT
in thin films are in (quantitative) agreement with theoretical predic-
tions. Towards this end we combined the formalism of fluctuational
electrodynamics24 with a scattering matrix approach25 (see Methods
and Supplementary Section IIIA) and calculated the heat transfer
coefficient (thermal conductance per unit area, h) between a

semi-infinite SiO2 surface and SiO2 thin films coated on a
semi-infinite Au surface (Fig. 3a, inset). The computed h values
for multilayer structures with different coating thicknesses
(50 nm–3 µm, bulk) show that heat transfer is indeed enhanced
when the gap size is reduced and converges to that between bulk
SiO2 surfaces for small (<100 nm) gap sizes (Fig. 3a). To establish

N
ea

r-
fie

ld
 c

on
du

ct
an

ce
 (n

W
 K

−1
)

20 100 1,000 10,000

Gap (nm)

12

10

8

6

4

2

0

Au
50 nm
100 nm
1 µm
2 µm
3 µm

c

G
ap

 c
on

du
ct

an
ce

(n
W

 K
−1

)

b

2 4 6 8 10
Gap (µm)

10

8

6

4

0

a

∆z
pi

ez
o (

nm
)

O
pt

ic
al

 s
ig

na
l (

m
V

)
∆T

re
c 

(m
K)

1 min

2.5 nm

60

40

20

0

150

100

50

0

60

45

30

15

Total
Far-field

Contact

Contact

Figure 2 | Gap-dependent near-field thermal conductance of thin films. a, Simultaneous recording of displacement, Δz, of the emitter towards the receiver
(top), optical contact signal (middle) and temperature increase in the receiver (bottom). During the final approach, piezo displacement steps of ∼2.5 nm
were used. b, Contribution of far-field radiation to the radiative thermal conductance across the gap for a representative film (100 nm). The solid red line
describes the predicted far-field radiation, which increases weakly (<1 nW K−1) with decreasing gap size due to the associated change in view factor.
As expected, the measured data (multiple runs, green symbols) agree well with the far-field prediction for gaps from 1 to 10 µm. c, Near-field thermal
conductance as a function of film thicknesses. Data for each film thickness represent an average of ∼10 different data sets. See Supplementary Fig. 7 for
information about the standard deviation of the data.
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Figure 3 | Computed heat transfer coefficients. a, Computed total heat transfer coefficient as a function of gap size for the multilayer system shown in
the inset. This structure comprises a thick, semi-infinite silica surface separated by a vacuum gap of size d from a silica thin film coating on a semi-infinite
Au surface. Different curves correspond to different thicknesses of the silica coating. b, Calculated near-field conductance as a function of gap size for the
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the experiments. In all calculations the temperature was assumed to be 300 K.
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We next evaluated whether our experimental findings of NFRHT

in thin films are in (quantitative) agreement with theoretical predic-
tions. Towards this end we combined the formalism of fluctuational
electrodynamics24 with a scattering matrix approach25 (see Methods
and Supplementary Section IIIA) and calculated the heat transfer
coefficient (thermal conductance per unit area, h) between a

semi-infinite SiO2 surface and SiO2 thin films coated on a
semi-infinite Au surface (Fig. 3a, inset). The computed h values
for multilayer structures with different coating thicknesses
(50 nm–3 µm, bulk) show that heat transfer is indeed enhanced
when the gap size is reduced and converges to that between bulk
SiO2 surfaces for small (<100 nm) gap sizes (Fig. 3a). To establish
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information about the standard deviation of the data.
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Experimental resultsDerjaguin approximation

Figure 2.5: (a) Calculated near-field conductance as a function of the gap size for the sphere-
coated layer system shown in the inset. The sphere has a diameter of 53 microns and SiO2-Au
structure is assumed to be infinite in the transversal direction. The different curves correspond
to distinct values of the coating thickness. These results were obtained using the results of
Fig. 2.4(a) within the Derjaguin approximation. Moreover, we subtracted the far-field contri-
bution to make a closer comparison with our experiments. (b) Experimental near-field thermal
conductance as a function of the film thicknesses. Far-field results have been subtracted from
the total conductance. Data for each film thickness represent an average of ∼ 10 different data
sets. Standard deviations are small and not shown for visual clarity.

and theoretical results demonstrate that at small gaps, heat transfer is strongly enhanced.
Besides, for each coating, GNF remains almost unchanged until the gap is of the same
order as the coating thickness. At that point, it starts to increase rapidly and almost
converges to the bulk result!

The computed conductances (Fig. 2.5(a)) are in good overall agreement with the mea-
surements (Fig. 2.5(b)) although the calculated conductances consistently overestimate
the measured thermal conductance. We attribute this discrepancy to the inevitable un-
certainties associated with the structural and optical properties of the microfabricated
devices. The observed agreement between measurements and theoretical predictions sug-
gests that FE successfully captures the key aspects of the gap-dependent NFRHT in
these thin film structures. But we still do not understand neither the sudden increase of
GNF at small gaps nor the film thickness dependence of the conductance. We will try to
answer both questions in the next section.
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2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

Figure 2.6: (a-b) Heat transfer coefficient (h) for the multi-layered system of Fig. 2.2(a) as a
function of the gap size and for two different thicknesses of the silica coating, t. The solid lines
correspond to the different contributions coming from the TM and TE modes, both evanescent
and propagating, while the dashed line shows the total conductance. Notice that below 1 micron
the contribution to the RHT is dominated by evanescent TM modes that correspond to SPhPs,
as we show below. (c-d) The corresponding spectral heat transfer coefficient as a function of
the radiation energy for several gap sizes and two different coating thicknesses, as indicated
in the panels. Notice that the main contribution to the conductance comes from the regions
where the real part of the dielectric constant of silica becomes negative, see Fig. 2.3, which is
precisely where SPhPs exist.

2.4.2. Role of cavity surface phonon polaritons in NFRHT
The goal of this section is to show that NFRHT can be explained in terms of the basic
properties of the CSPhPs, which are supported by the cavity formed by the narrow air
gap between the SiO2 layers. These modes will dominate heat transfer in our system.
For this purpose, we focus on the analysis of the heat transfer in the multilayer shown
in Fig. 2.2(a). The conclusion of this analysis can be trivially extrapolated to the sphere-
coated film system in the spirit of the Derjaguin approximation.
Let us start by analyzing the different contributions to the RHT in the multi-layered

system. In Fig. 2.6(a-b) we show the linear heat conductance per unit of area (h) as a
function of the gap size for two different coating thicknesses (100 and 3000 nm). We show
the individual contributions of the TM and TE modes, see Eq. 2.1, for both propagating
waves (k ≤ ω/c) and evanescent waves (k > ω/c). As one can see, for both thicknesses
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2.4. Results

Figure 2.7: (a-b) Transmission coefficient of TM modes (τp(ω,k)) as a function of the magni-
tude of the parallel component of the wave vector normalized by ω/c for different values of the
gap and two different coating thicknesses. The radiation energy has been fixed here to the value
~ω = 61.28 meV, which is the energy at which the spectral conductance reaches its maximum,
see Fig. 2.6(c-d). Notice that for small gaps the transmission reaches its maximum equal to 1
for values k >> ω/c , i.e. for very evanescent waves. (c-d) The same as in panels (a-b), but
shown as a function of the parallel wave vector multiplied by the gap, d. Notice that all the
curves show a maximum roughly at the same value, a value that approximately corresponds to
the wave vector of the CSPhP at this frequency as given by Eq. (2.5) and indicated by means
of vertical dashed lines.

the heat transfer is dramatically enhanced for gaps below 1 µm, and in this near-field
regime the heat transfer is completely dominated by evanescent p-waves (or TM-waves).
This is a first indication that the NFHRT in our system with a polar material (SiO2) is
governed by the excitation of CSPhPs [18]. Further evidence of this fact can be obtained
with the analysis of the spectral heat transfer coefficient (hω), which simply gives the
contribution to the conductance per unit of frequency (see Eq. (1.13)). We show this
quantity in Fig. 2.6(c-d) for several gaps in the near-field regime and two different coating
thicknesses. Notice that the frequency regions that dominate the heat transfer correspond
to those in which the dielectric constant of SiO2 has a negative real part, see Fig. 2.3(a),
which is a necessary condition of for the existence of SPhPs.

Having established that the evanescent p-waves dominate the NFRHT, it is interesting
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2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

to analyze the transmission of these modes (τp(ω,k)). In Fig. 2.7(a-b) we show this
transmission as a function of the parallel wave vector for a radiation energy of ~ω = 61.28

meV , which corresponds to the maximum of the spectral conductance, see Fig. 2.6(c-
d). To be precise, we show the transmission for two different coating thicknesses (again,
100 and 3000 nm) and different values of the gap size. As one can see, the transmission
reaches a maximum equal to one for a parallel wave vector that increases as gap decreases,
reaching huge values (k > 100 ω/c) for the smallest gaps. This is the reason for the
huge enhancement of NFRHT at small gaps, as it can be deduced from Eq. (2.1). It is
also worth mentioning that for the coating film of thickness 100 nm, the transmission
maximum does not reach the value of one when the gap size is of the order of the
thickness (100 nm) and it tends to decrease progressively as the gap size increase above
this value. On the other hand, in Fig. 2.7(c-d) we present the same information, but this
time the parallel wave vector is multiplied by the gap size. With this normalization we
want to illustrate the fact that the transmission maximum appears at a wave vector that
scales with the inverse of the gap size. Again, this dependence of the transmission of the
p-polarized radiation clearly suggests that CSPhSs are responsible for these maxima.

In order to demonstrate unambiguously that CSPhSs are responsible for the behaviour
of the NFRHT in our system, we have computed the dispersion relation of these surface
EM modes. One can show that this dispersion relation is given by the solution of the
following secular equation

Dp
ML(ω, k) = 1− rp21(ω, k)Rp(ω, k)e2iq2d = 0. (2.4)

Notice that Dp
ML is the denominator that appears in the expression of τp(ω,k) in

Eq. (2.2). In Fig. 2.8 we show the dispersion relations of the CSPhPs obtained from the
numerical solution of Eq. (2.4) for two different coating thickness (3000 and 100 nm)
and different gap sizes ranging from 20 nm to 200 nm. As one can see, the parallel wave
vector of the CSPhPs increases as the gap decreases and therefore, they progressively
become more localized to the silica-air interfaces as the gap diminishes. In the limit of
small gaps (smaller than the coating thickness), the dispersion relation can be obtained
analytically. In this limit, Rp ≈ rp23, which allows us write the solution of Eq. (2.4) in
the electrostatic limit (|k| >> ω/c ) as

kmd = ln

(
±ε(ω)− 1

ε(ω) + 1

)
, (2.5)

where ε(ω) is the complex dielectric constant of SiO2 and the subindex m emphasizes
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Figure 2.8: (a) Dispersion relation for t = 3000 nm and different gaps. The open symbols
correspond to the results of the exact numerical solution of equation (2.4), while the dashed
lines correspond to the analytical result of equation (2.5). Notice that the analytical result
describes very accurately the numerical ones. (b)The same as in panel (a) but for a thickness
t = 100 nm. Notice that the analytical result ceases to reproduce the exact results when the
gap becomes comparable to the coating thickness.

that the wave vector corresponds to our bound mode. Notice that there are two branches
corresponding to an antisymmetric (+) and a symmetric mode (-) , but they are degen-
erate in the sense that both of them have the same real part of the wave vector. The
symmetry of the modes is given by the shape of the parallel component of the electric
field. In Fig. 2.8 we show that this analytical result nicely reproduces the numerical
solution of Eq. (2.4) in its range of validity (d < t). More importantly, as we show in
Fig. 2.7(c-d) (see vertical dashed line), Eq. (2.5) reproduces the position of the transmis-
sion maxima. This is further illustrated in Fig. 2.9 where we show that this dispersion
relation describes very accurately the transmission maxima for the whole range of fre-
quencies. Thus, there is no doubt that the CSPhSs are responsible for the NFRHT in
our system. The enhancement in heat transfer for small gaps is therefore due to the
excitation of these surfaces modes.

Now, it is easy to understand the thickness dependence of the NFRHT in terms of
the penetration depth [78] of the CSPhPs. This penetration depth is given, in the elec-
trostatic limit, by δm(ω) = 1/[2Re {km(ω)}], which in the limit of small gaps reduces
to
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2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

Figure 2.9: Transmission probability for TM modes, τp(ω,k), as a function of the radiation
energy and the magnitude of the parallel wave vector. The white dashed line corresponds to
the analytical dispersion relation of the CSPhPs (see text), while the pink solid line next to the
y-axis corresponds to the light line, i.e. ω = kc. The maxima of the transmission appear largely
to the right of the light line and therefore they correspond to evanescent waves.

δm =
d

2Re
{

ln
(
ε(ω)−1
ε(ω)+1

)} . (2.6)

The denominator in this expression is of the order of 1 for frequencies close to that of
the maximum of the spectral conductance. Thus, Eq. (2.6) tells us that the penetration
depth of the CSPhPs for small gaps is of the order of the gap size and it is independent
of the thickness of the coating. Therefore, CSPhPs are not just simply superpositions
of the SPhPs at the two air-SiO2 interfaces, but have distinct properties. This implies
that for small gaps, only a small portion of the coating thickness contributes to the
NFRHT and therefore, the heat transfer is independent of the coating thickness, as
we can see in Fig. 2.4(a). On the other hand, if the gap size becomes of the order of
the coating thickness, the CSPhSs penetrate completely inside the SiO2 coating film
and these surface modes start to feel the Au surface underneath. This is reflected in a
decrease of the transmission of these modes, see Fig. 2.7(a), and the subsequent reduction
of the heat transfer. This naturally explains the difference between thin coating films
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Figure 2.10: (a) Normalized electric field intensity of a representative CSPhP mode (~ω =
61.28 meV) for a gap of 20 nm and thickness of t = 3 µm (upper panel) and thickness of t = 100
nm (lower panel), normalized to peak intensity. The blue regions correspond to SiO2 and the
yellow region represents Au. (b) Same as in (a) but for a gap of 100 nm.

and thicker ones for intermediate gaps.

It is worth mentioning that in the context of metal-insulator-metal plasmonic waveg-
uides, it is well-known that the penetration depth of the surface EM modes increases
with increasing gap size [79]. In that case, the cavity modes are plasmon polaritons,
rather than phonon polaritons like in our case, and their relevant frequencies are in the
visible range, while in our system they lay in the infrared. The lower energies of our
modes allows them to contribute significantly to the heat transfer at room temperature.

Finally, let us say that a convenient way to illustrate the evolution of the CSPhPs
penetration depth with the gap size is to represent the electric field spatial profile of
these surface modes across the multi-layered structure. We have computed these profiles
in a standard manner using the scattering matrix formalism [80]. We show some repre-
sentative examples in Fig. 2.10, where one can see the normalized electric field intensity
profiles as a function of the coordinate z that measures the position along the direction
perpendicular to the layer planes (its origin is taken in the middle of the air layer, while
the Au layer is on the right hand side). The energy of these modes was chosen again to be
~ω = 61.28 meV, which corresponds to the maximum of the spectral heat conductance,
while the corresponding wave vectors were computed from the solution of Eq. (2.4). In
order to illustrate the typical behaviour of both thin and thick films, we have included
the results for two coating thicknesses (100 nm and 3000 nm). The left panel shows the
results for a small gap of 20 nm, while in the right one we display the result for a 100 nm
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2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

gap, where the gap is equal to the thickness of the thinner film. Notice that in the case
of d = 20 nm the profiles for the two thicknesses are identical and the penetration depth
of the SPhPs remains smaller than both coating thicknesses. This illustrates the fact
that for small gaps (smaller than the coating thickness) the NFRHT is independent of
the coating thickness simply because only a small portion of the silica layers contribute
to the heat transfer. On the other hand, as one can see in Fig. 2.10(b), when the gap
becomes comparable to the coating thickness, the SPhPs penetrate completely in the sil-
ica coating (see curve for t = 100 nm) and then, the field drops abruptly at the interface
with the Au layer simply because of the mismatch of dielectric constants between silica
and gold. Thus, for these intermediate gaps the profiles for thin films differ markedly
from those of thick films or bulk samples. This is reflected in a reduction of the trans-
mission of these modes for thin films and the corresponding lowering of the NFRHT as
compared to thick films. The above analysis shows that insights from plasmonics, which
enables intricate control of mode shapes, can be employed to tune NFRHT in a variety
of nanoscale systems.

2.4.3. Validity of the Derjaguin Approximation and Role of
the Film Roughness.

The validity of the Derjaguin approximation has been investigated in the past. For in-
stance, Sasihithlu and Narayanaswamy studied this issue [81] in the context of the heat
transfer between two silica microspheres. These authors concluded that the Derjaguin
approximation does provide excellent results when the far-field contribution is systemat-
ically accounted for using classical RHT theories. Further analysis on the validity of the
Derjaguin approximation was performed by Otey and Fan for the case of a silica sphere
and a silica infinite plate [33], which is a closer approximation to our system than the
work by Sasihitulu et al. These authors showed that the Derjaguin approximation pro-
vides a very accurate description of the NFRHT when the sphere radius is much larger
than the gap size (with relative errors within 1%). This is precisely the scenario in our
work as the diameter of our sphere is 53 µm and the gap-size of interest for near-field
effects is in the 20 nm - few µm range. Therefore, the use of Derjaguin approximation
in our work is well justified.

In order to further bolster these conclusions and directly test the validity of the Der-
jaguin approximation, we have performed our own numerical calculations of heat transfer
between a silica sphere and a silica plate. For this purpose, we have employed the open-
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Figure 2.11: (a) The sphere-finite plate used to study the validity of the Derjaguin approxi-
mation and the role of the film thickness. The silica sphere has a diameter of 20 µm, while the
silica disk has a diameter of 18.9 µm and a thickness of 2 µm. (b) Blow up of the receiver rough
surface used to investigate the role of the film roughness. (c) Calculated room temperature
radiative heat conductance as a function of the distance between the sphere and the disk. The
black solid curve corresponds to the Derjaguin approximation where only the near-field contri-
bution has been taken into account. The red filled circles correspond to the exact numerical
results for the total heat conductance for the system shown in a as obtained with the FSC
method, while the blue open squares correspond to the exact numerical results for the case
where the disk has a rough surface, as shown in panel (b).

source SCUFF-EM software package [82, 83]. This software implements the FSC formu-
lation of the heat transfer problem that has been recently put forward by Rodriguez and
coworkers [39].

In our calculation we analyzed a scenario with a silica sphere (diameter 20 µm) and
a silica disk (diameter 18.9 µm) as shown in Fig. 2.11a (the diameter of the disk was
chosen to be smaller than that of the sphere to reflect the ratio of the emitter and re-
ceiver dimensions used in our experiment). Further, the choice of the slightly smaller size
of the sphere and disk in the calculations keeps the problem computationally tractable
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2. Enhancement of near-field radiative heat transfer using polar dielectric thin films.

(computational resources scale polynomially with size of the system) and enables valida-
tion of the Derjaguin approximation for systems with sphere- and gap-sizes comparable
to those employed in our experiments. We have chosen a disk instead of a rectangle to
avoid the singularities in the EM fields associated with the sharp corners of a rectangle.
This choice facilitates computational convergence and is reasonable because the near-
field heat flow is dominated by a small region at the centre of the disk. In Fig. 2.11(c) we
present a comparison of the exact results (red filled circles) of the total thermal conduc-
tance (which exactly capture the near-field and far-field contributions) to that obtained
using the Derjaguin approximation (see Sec. 2.3.2) which includes only the near-field
contribution (black solid line). As one can see, the Derjaguin approximation is able to
reproduce the exact results for a wide range of gap sizes, which nicely demonstrates the
validity of this approximation in the context of our work. Moreover, this agreement also
suggests that the finite size of our receiver (the disk) does not play any role. Notice
that the only deviations between these two results occur at large gaps (of the order
of 5-10 µm), which are simply due to the fact that the exact result contains a small
far-field contribution that has not been subtracted here to avoid any post-processing of
the exact data. In any case, notice that at large gaps the heat conductance is quite low
and therefore, these small deviations are completely irrelevant for the conclusions of our
work. Thus the analysis provided above in conjunction with past work unambiguously
supports the use of the Derjaguin approximation for analyzing the experimental results
of our work.
The use of the FSC formulation in combination the SCUFF-EM package also allows us

to address another important issue. The experimental SiO2 films exhibit a surface rough-
ness of 10 nm. We performed analysis to evaluate if this roughness affects NFRHT and
if the Derjaguin approximation is still applicable to devices with rough films. Specifically,
we investigated heat transfer in the sphere-disk system discussed above, where the disk
is assumed to have a rough surface. To faithfully describe the experimental situation,
we introduced random Gaussian noise in the profile of the disk surface with a maximum
protrusion height of 18 nm and a correlation length between protrusions of 30 nm. We
show in Fig. 2.11(b) a blow up of the surface of the disk for this example. The results
for the total heat conductance as a function of the gap size are shown in Fig. 2.11(c)
as blue open squares. The obtained conductances are identical to those obtained for
those with a smooth disk, which clearly shows that the presence of the roughness in our
coating films does not play any significant role for the range of gaps explored in our
experiments (> 20 nm). The reason for this insensitivity to surface roughness is that
the sphere radius is much larger than the scale of the roughness and thus, the sphere
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averages over a large portion of the rough surface. The net result is that the total heat
transfer is only very slightly (<1 %) higher than in the ideal smooth case. In summary,
our results unambiguously validate the use of the Derjaguin approximation to analyze
NFRHT in our experiments.

2.5. Conclusions
In this work we have studied the NFRHT in thin polar dielectric films. We have shown
that the enhancement of NFRHT at small gaps can be achieved with nanometric dielec-
tric coatings. First, we have explained the theoretical tools used for the project, based on
the fluctuation-dissipation theorem and the scattering matrix formalism. Afterwards, we
have compared our numerical simulations with experimental results, obtaining a good
agreement and capturing the key aspects of the experiment. Finally, we have explain the
enhancement and thick dependence of NFRHT in terms of CSPhPs: EM waves confined
at the cavity and originated by the coupling between phonons and photons in polar
materials. The results reported here are of great importance to future nanotechnologies
[16, 54, 84] that seek to take advantage of near-field effects for thermal management,
lithography and thermo-photovoltaic applications.
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3 | Magnetic-field control of
NFRHT and the
realization of
highly-tunable hyperbolic
thermal emitters

3.1. Introduction

P resently, one of the central research lines in the field of RHT is the search for materi-
als where the NFRHT exhibits novel features. Recently, it has been predicted that

hyperbolic metamaterials could behave as broadband super-Planckian thermal emitters
[85–87]. Hyperbolic metamaterials are a special class of highly anisotropic media that
have hyperbolic dispersion. In particular, they are uniaxial materials for which one of
the principal components of either the permittivity or the permeability tensors is op-
posite in sign to the other two principal components [88]. Hyperbolic media have been
mainly realized by means of hybrid metal-dielectric superlattices and metallic nanowires
embedded in a dielectric host [89, 90]. It has been demonstrated that these metamateri-
als exhibit exotic optical properties such as negative refraction, subwavelength imaging
and focusing, and they can be used to do density of states engineering [89, 90]. In the
context of RHT, what makes these metamaterials so special is the fact that they can
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support EM modes that are evanescent in a vacuum gap, but they are propagating in-
side the material. This leads to a broadband enhancement of transmission efficiency of
the evanescent modes [86]. This special property has motivated a lot of theoretical work
on the use of hyperbolic metamaterials for NFRHT [91–100]. However, no experimental
investigation of this issue has been reported so far, which is mainly due to the difficulties
in handling these metamaterials. In this sense, it would be highly desirable to find much
simpler realizations of hyperbolic thermal emitters and, ideally, with tunable properties.
So far, we have seen how the RHT between two objects can be dramatically enhanced

in the near field due to the contribution of evanescent waves, both in bulk materials and
in thin films. However, in order to make use of this phenomenon in technological applica-
tions, it would be desirable to achieve an active control and modulation of NFRHT. In
this respect, several proposals have been put forward recently. One of the them is based
on the use of phase-change materials [101, 102], where the change of phase leads to a
significant change in the material dielectric function. These materials include an alloy
called AIST, where the phase change can be induced by applying an electric field [102],
and VO2, which undergoes a metal-insulator transition as a function of temperature
[101]. It has also been suggested that the NFRHT between chiral materials with magne-
toelectric coupling can be tuned by ultrafast optical pulses [103]. Another proposal to
tune the NFRHT is to use ferroelectric materials under an external electric field [104],
although the predicted changes are rather modest (< 17%). Let us also mention that
very recently it has been proposed that the heat flux between two semiconductors can
be controlled by regulating the chemical potential of photons by means of an external
bias [105]. So in short, although these proposals are certainly interesting, some of them
are not easy to implement and others are either not very efficient or they are restricted
to very specific materials. In this sense, the challenge remains to introduce strategies to
actively control NFRHT in an easy and relatively universal way.
In this Chapter [106] we tackle and resolve some of the open problems described

above by presenting an extensive theoretical analysis of the influence of an external dc
magnetic field in the RHT between two parallel plates made of a variety of materials.
We show that an applied magnetic field can indeed largely affect the NFRHT in a broad
class of materials, namely doped (polar and non-polar) semiconductors. We find that,
irrespective of its orientation, the magnetic field reduces the NFRHT with respect to the
zero-field case and we show that the reduction can be as large as a factor of 7 for fields
of about 6 T at room temperature. This effect originates from the fact that the magnetic
field not only strongly modifies the surface waves that dominate the NFRHT in doped
semiconductors (both SPhPs and SPPs), but it also generates broadband hyperbolic
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modes (HMs) that tend to govern the heat transfer as the field is increased. In particular,
when the applied field is perpendicular to the plates surfaces, the semiconductors behave
as hyperbolic thermal emitters with highly tunable properties. By changing the field
magnitude one can continuously tune the system and realize situations where (i) surface
waves dominate the NFRHT, (ii) both surface waves and HMs contribute significantly
to the near-field thermal radiation, and (iii) only HMs contribute to the NFRHT and
surface waves cease to exist. On the other hand, when the field is parallel to the surfaces
the NFRHT is nonmonotonic as a function of the magnetic field. For moderate fields,
surface waves and hyperbolic modes coexisting, while for high fields the NFRHT is
largely dominated by HMs. We emphasize that all these striking predictions are amenable
to measurements and do not require the use of any complicated metamaterial. Thus,
our work offers a simple strategy to actively control NFRHT in a broad variety of
materials and it also provides a very appealing recipe to realize hyperbolic materials
and, in particular, hyperbolic thermal emitters with highly tunable properties.

The remainder of this Chapter is structured as follows. Section 3.2 describes the system
under study and the general formalism for the description of NFRHT in the presence
of a magnetic field. We then turn in Sec. 3.3 to the application of the general results to
the case of n-doped InSb as an example of a polar semiconductor. We discuss in this
section both the results for different magnetic field orientations and the realization of
highly tunable hyperbolic thermal emitters. Section 3.4 is devoted to the case of Si as an
example of non-polar semiconductor. Finally, Section 3.5 summarizes our main results
and discusses future directions. Technical details of the general formalism and additional
calculations that support the claims of this Chapter can be found in Appendices A, B
and C.

3.2. RHT in the presence of a magnetic
field: General formalism

Our main goal is to compute the RHT in the presence of an external dc magnetic field
within the framework of FE [5, 6]. For simplicity, we shall concentrate here in the heat
exchanged between two infinite parallel plates made of arbitrary non-magnetic materials
and that are separated by a vacuum gap of width d, see Fig. 3.1(a). The magnetic field
can point in any direction and following Fig. 3.1(a), we shall refer to the left plate as
medium 1, the vacuum gap as medium 2, and the right plate as medium 3.
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Figure 3.1: (a) Two parallel anisotropic plates at temperatures T1 and T3 and separated by a
vacuum gap of width d interchange thermal radiation. (b) Same system as in (a). The vertical
dashed line inside the left plate indicates the position of an emitting plane that contains the
radiation sources that generate the field amplitudes b0 and a1.

When a magnetic field is applied to any object, it results in an optical anisotropy that
can be described by the following general permittivity tensor [107]

ε̂ =

 εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

 , (3.1)

where according to Fig. 3.1(a), x and y lie in the interface planes and z corresponds to
the surface normal. The components of the permittivity tensor depend on the applied
magnetic field, as we shall specify below, and on the frequency (local approximation). Let
us recall that the off-diagonal elements in Eq. (3.1) are responsible for all the well-known
magneto-optical (MO) effects (Faraday effect, Kerr effects, etc.) [107].

We will derive now an analytical expression for the RHT problem between two anisotropic
infinite plates. We will again make use of the fluctuation-dissipation theorem to calcu-
late the correlations of the random fluctuating currents J inside the different materials.
The expression shown in Eq. 1.7 can be generalizes to anisotropic bodies and it can be
written as [12, 13]:

〈Jk(R, ω)J∗l (R′, ω)〉 =
2ε0ω

iπ
Θ(ω, T )δ(R−R′) [εkl(R, ω)− ε∗lk(R, ω)] , (3.2)

Our strategy to compute the net RHT between the two plates follows closely that
of the seminal work by Polder and Van Hove [11]. First, we compute the radiation
power per unit of area transferred from the left plate to the right one, Q1→3. For this
purpose, we first compute the statistical average of the z-component of the Poynting
vector 〈Sz(ω,k, z′)〉 describing the power emitted from a plane located at z = z′ inside
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the left plate (see Fig. 3.1(b)) for a given frequency and parallel wave vector and then,
we integrate the result over all possible values of z′, ω, and parallel wave vector k

(k = (kx, ky)), i.e.,

Q1→3(d, T1) =

∫ ∞
0

dω

∫
dk

∫ ∞
0

dz′〈Sz(ω,k, z′)〉. (3.3)

A similar calculation for the power Q3→1 transferred from the right plate to the left one
completes the computation of the net transferred power per unit of area. 〈Sz(ω,k, z′)〉
shall be evaluated at z = 0, but it does not need to be propagated to the right plate
(layer 3), as it will carry the same energy at both sides of the interface. Thus the z
component of the Poyinting vector evaluated at z = 0 (see Fig. 3.1(a)) in the vacuum
can be written in its more general form as:

Sz(ω,k, z
′) =

c

4ω

√
µ0

ε0

{
h†‖(z = 0)e‖(z = 0) + e†‖(z = 0)h‖(z = 0)

}
2
, (3.4)

where µ0 is the vacuum permeability while h‖ and e‖ represent the vectors h‖(z) =

(hx(z), hy(z))T and e‖(z) = (−ey(z), ex(z))T , respectively. ex,y(z) and hx,y(z) are the
amplitudes of the electric and magnetic fields along the different axes (see Appendix A).

Let us focus now on the analysis of the power emitted by a plane inside the left plate,
see Fig. 3.1(b). This emitting plane defines a fictitious interface between layers 0 and 1,
which are both inside the left plate. To determine the power emitted to the right plate
we first compute the field amplitudes a1 on the right hand side of the plane. In order to
calculate these amplitudes, we have made use of the scattering matrix (S-matrix) method
applied to the description of thermal radiation. By definition, the S-matrix relates the
vectors of the amplitudes of forward and backward going waves, al and bl, where l now
denotes the layer, in the different layers of the structure as follows(

al

bl′

)
= Ŝ(l′, l)

(
al′

bl

)
=

(
Ŝ11 Ŝ12

Ŝ21 Ŝ22

)(
al′

bl

)
. (3.5)

Appendix A describes in detail how to apply the scattering matrix approach for
anisotropic multilayer systems [108]. Later, in Appendix B, we show how this formalism
can be used to describe the thermal radiation between two anisotropic parallel plates. Us-
ing this method, it is possible to find a expression for the z-component of the Poyinting
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vector as a function of the field amplitudes in the vacuum region a2 and b2:

Sz(ω,k, z′) =
c

2q2ω

√
µ0

ε0

{
a†2Âa2 − b†2Âb2, k < ω/c,

e−iq
∗
2db†2Âa2 − eiq2da†2Âb2, k > ω/c,

(3.6)

where k is the magnitude of k, q2 =
√
ω2/c2 − k2 is the transverse or z-component of

the wave vector in vacuum and the matrix Â can be expressed as:

Â =

(
ω2/c2 − k2

y kxky

kxky ω2/c2 − k2
x

)
. (3.7)

Now we can substitute the expressions obtained for a2 and b2 using the S-matrix
approach (See Appendix A) in Eq. (3.6). Then, the expected value can be applied
to Sz(ω,k, z

′) and the amplitude of the fluctuating currents can be substituted from
Eq. (3.2). Finally, after integrating over all the emitting planes located at different z′

(see Appendix B for more details), one arrives at the following result for the power per
unit of area transferred from the left plate to the right one

Q1→3(d, T1) =

∫ ∞
0

dω

2π
Θ(ω, T1)

∫
dk

(2π)2
τ(ω,k, d). (3.8)

Let us recall that Θi(ω) = ~ω/[exp(~ω/kBTi) − 1], Ti is the absolute temperature of
the layer i, ω is the radiation frequency, k = (kx, ky) is the wave vector parallel to the
surface planes, and τ(ω,k, d) is the total transmission probability of the EM waves and
it is given by

τ(ω,k, d) =

 Tr
{

[1̂− R̂21R̂†21]D̂†[1̂− R̂†23R̂23]D̂
}
, k < ω/c,

Tr
{

[R̂21 − R̂†21]D̂†[R̂†23 − R̂23]D̂
}
e−2|q2|d, k > ω/c.

(3.9)

Again, q2 =
√
ω2/c2 − k2 is the z-component of the wave vector in the vacuum gap

and the 2× 2 matrices R̂ij are the reflections matrices characterizing the two interfaces.
These matrices have the following generic structure

R̂ij =

(
rs,sij rs,pij

rp,sij rp,pij

)
, (3.10)

where rα,βij with α, β = s, p is the reflection amplitude for the scattering of an incoming
α-polarized plane wave into an outgoing β-polarized wave. Finally, the 2 × 2 matrix D̂
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appearing in Eq. (3.9) is defined as

D̂ = [1̂− R̂21R̂23e
2iq2d]−1. (3.11)

Notice that this matrix describes the usual Fabry-Pérot-like denominator resulting from
the multiple scattering between the two interfaces.

Following a similar reasoning, one can compute the power transferred per unit of
area from the right plate to the left one, and the expression obtained is very similar to
Eq. (3.8) but substituting T1 by T3. Thus the net power per unit of area exchanged by
the plates is given by the Landauer-like expression [109] obtained from the subtraction
of both equations :

Q(d, T1, T3) =

∫ ∞
0

dω

2π
[Θ(ω, T1)−Θ(ω, T3)]

∫
dk

(2π)2
τ(ω,k, d). (3.12)

.

In Appendixes A and B, we show explicitly how the different reflection matrices ap-
pearing in Eq. (3.9) can be computed within a scattering-matrix approach for anisotropic
multilayer systems [108]. This approach provides, in turn, a natural framework to ana-
lyze different issues that will be crucial later on such as the nature of the EM modes
responsible for the heat transfer. In the following sections, we apply the general results
presented here to different materials and magnetic field configurations.

3.3. Polar semiconductors: InSb
The first obvious question to be answered is: In which materials can a magnetic field
modify the NFRHT? Since the thermal radiation of an object is primarily determined
by its dielectric function, we need materials in which this function can be modified by an
external magnetic field, that is we need MO materials. Focusing on room temperature
experiments, the MO activity must be exhibited in the mid-infrared. Thus, doped semi-
conductors, where the MO activity is due to conduction electrons, are ideal candidates
[110]. In these materials, one can play with the doping level to tune the plasma frequency
to values comparable to the cyclotron frequency at experimentally achievable magnetic
fields, which is an important requirement to have sizable magnetic-induced effects in the
NFRHT (see discussion below). Moreover, in semiconductors the NFRHT in the absence
of field is typically dominated by surface EM waves (both SPhPs and SPPs), which in
turn are known to be strongly influenced by an external magnetic field [110, 111]. Thus,

53



3. Magnetic-field control of NFRHT and the realization of highly-tunable hyperbolic thermal emitters

it seems natural to expect a magnetic-field modulation of NFRHT in semiconductors.

There is a variety of semiconductors that we could choose to illustrate our predictions.
In this section we focus on InSb for several reasons. First, it is a polar semiconductor
where the NFRHT in the absence of field is dominated by two different types of surface
waves (SPhPs and SPPs), which allows us to study a very rich phenomenology. Second,
InSb has a small effective mass, which enables to tune the cyclotron frequency to values
comparable to those of the plasma frequency with moderate fields. Finally, InSb has
been the most widely studied material in the context of magnetoplasmons and coupled
magnetoplasmons-SPhPs. Thus, the magnetic field effect in the surface waves has been
very well characterized experimentally [112–115].

3.3.1. Perpendicular magnetic field: The realization of
hyperbolic near-field thermal emitters

Let us first discuss the RHT between two identical plates made of n-doped InSb when
the magnetic field is perpendicular to the plate surfaces, i.e. H = Hzẑ, see Fig. 3.1(a).
In this case, the permittivity tensor of InSb adopts the following form [114]

ε̂(H) =

 ε1(H) −iε2(H) 0

iε2(H) ε1(H) 0

0 0 ε3

 , (3.13)

where

ε1(H) = ε∞

(
1 +

ω2
L − ω2

T

ω2
T − ω2 − iΓω

+
ω2
p(ω + iγ)

ω[ω2
c − (ω + iγ)2]

)
,

ε2(H) =
ε∞ω

2
pωc

ω[(ω + iγ)2 − ω2
c ]
, (3.14)

ε3 = ε∞

(
1 +

ω2
L − ω2

T

ω2
T − ω2 − iΓω

−
ω2
p

ω(ω + iγ)

)
.

Here, ε∞ is the high-frequency dielectric constant, ωL is the longitudinal optical phonon
frequency, ωT is the transverse optical phonon frequency, ω2

p = ne2/(m∗ε0ε∞) defines the
plasma frequency of free carriers of density n and effective mass m∗, Γ is the phonon
damping constant, and γ is the free-carrier damping constant. Finally, the magnetic field
enters in these expressions via the cyclotron frequency ωc = eH/m∗. The important fea-
tures of the previous expressions are: (i) the magnetic field induces an optical anisotropy
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Figure 3.2: (a) HTC of n-doped InSb as a function of the gap at zero magnetic field. We show
the total result and the individual contributions of s- and p-polarized waves (both propagating
and evanescent). (b) The corresponding zero-field spectral heat flux as a function of frequency
(and wavelength) for three different gaps.

(via the modification of the diagonal elements and the introduction of off-diagonal ones),
(ii) there are two major contributions to the diagonal components of the dielectric ten-
sor: optical phonons and free carriers, and (iii) the MO activity is introduced via the
free carriers, which illustrates the need to deal with doped semiconductors. In what fol-
lows we shall concentrate in a particular case taken from Ref. [114], where ε∞ = 15.7,
ωL = 3.62× 1013 rad/s, ωT = 3.39× 1013 rad/s, Γ = 5.65× 1011 rad/s, γ = 3.39× 1012

rad/s, n = 1.07× 1017 cm−3, m∗/m = 0.022, and ωp = 3.14× 1013 rad/s. As a reference,
let us say that with these parameters ωc = 8.02 × 1012 rad/s for a field of 1 T. Let us
point out that in this configuration, and due to the structure of the permittivity tensor,
the transmission coefficient appearing in Eq. (3.12) only depends on the magnitude of
the parallel wave vector, which considerably simplifies the calculation of the RHT.

Let us now briefly review the expectations for the heat transfer in the absence of
magnetic field. As we show in Fig. 3.2(b), the HTC features a large near-field enhance-
ment for gaps below 1 µm. For d < 100 nm this enhancement is largely dominated by
p-polarized evanescent waves and the HTC increases as 1/d2 as the gap decreases, which
are two clear signatures of a situation where the heat transfer is dominated by surface
EM waves. This can be further confirmed with the analysis of the spectral heat flux, see
Fig. 3.2(c), which in the near-field regime is dominated by two narrow peaks that can
be associated to SPPs (low-frequency peak) and SPhPs (high-frequency peak), as it will
become evident below. Thus, the case of InSb constitutes an interesting example where
two types of surface waves contribute significantly to the NFRHT. Let us now see how
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Figure 3.3: (a) HTC for n-doped InSb as a function of the gap for different values of the
magnetic field perpendicular to the plate surfaces. The inset shows the ratio between the zero-
field coefficient and the coefficient for different values of the field in the near-field region. (b)
The corresponding spectral heat flux as a function of the frequency (and wavelength) for a gap
of d = 10 nm and different values of the perpendicular field. The solid lines correspond to the
exact calculation and the circles to the uniaxial approximation where the off-diagonal terms of
the permittivity tensor are assumed to be zero.

these results are modified in the presence of a magnetic field.

In Fig. 3.3(a) we show the HTC as a function of the gap size for different values of
the perpendicular magnetic field. There are three salient features: (i) the far-field heat
transfer is fairly independent of the magnetic field, (ii) in the near-field regime (below
300 nm) the magnetic field suppresses the heat transfer by up to a factor of 3 (see inset),
and (iii) by increasing the field, the HTC tends to saturate at around 6 T, although it
is slightly reduced upon further increasing the field above 10 T (not shown here). The
strong modification of heat transfer due to the magnetic field is even more apparent in
the spectral heat flux. As one can see in Fig. 3.3(b), the magnetic field not only distorts
and reduces the height of the peaks related to the surface waves, but it also generates
a new peak that shifts to higher frequencies as the field increases. This additional peak
appears at the cyclotron frequency and its presence illustrates the high tunability that
can be achieved. Notice, for instance, that for a field of 6 T the thermal emission at the
cyclotron frequency is increased by almost 3 orders of magnitude with respect to the
zero-field case.

To shed more light on these results it is convenient to examine the transmission of the
p-polarized waves, which can be shown to dominate the heat transfer for any field. We
present in Fig. 3.4 this transmission as a function of the magnitude of the parallel wave
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Figure 3.4: The transmission coefficient for p-polarized waves as a function of the magnitude
of the parallel wave vector and frequency for InSb and a gap of d = 10 nm. The different panels
correspond to different values of the magnetic field that is perpendicular to the surfaces. The
horizontal dashed lines separate the regions where transmission is dominated by surface waves
(SPPs and SPhPs) or HMs of type I and II (HMI and HMII). The white solid lines correspond
to the analytical dispersion relation of the surface waves of Eq. (3.15).

vector, k, and the frequency for a gap d = 10 nm and different values of the magnetic field.
As one can see, at low fields the transmission maxima are located around a restricted
area of k and ω, clearly indicating that surface waves dominate the NFRHT. Notice also
that their dispersion relation is modified by the field, see Fig. 3.4(b). By increasing the
field, those areas are progressively replaced by areas where the maximum transmission
is reached for a broad range of k-values and finally, the surface waves are restricted to
the reststrahlen band ωT < ω < ωL for the highest fields, see Fig. 3.4(d). What is the
nature of these magnetic-field-induced modes?

To answer this question and explain all the results just described, it is important to
realize that the off-diagonal elements of the permittivity tensor do not play a major role in
this configuration. This is illustrated in Fig. 3.3(b) where we show that the approximation
consisting in setting ε2 = 0 in Eq. (3.13) reproduces very accurately the exact results
for the spectral heat flux for arbitrary magnetic fields. This means that the polarization
conversion is irrelevant and the plates effectively behave as uniaxial media where their
permittivity tensors are diagonal: ε̂ = diag [εxx, εxx, εzz], where εxx = ε1 and εzz = ε3.
Within this approximation, which hereafter we refer to as uniaxial approximation, it is
easy to compute the dispersion relation of the surface EM modes in our geometry (see
Appendix C). In the electrostatic limit k � ω/c, the dispersion relation of these cavity
modes is given by

kSW =
1

d
ln

(
±
εxx −

√
εxx/εzz

εxx +
√
εxx/εzz

)
, (3.15)
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3. Magnetic-field control of NFRHT and the realization of highly-tunable hyperbolic thermal emitters

with the additional constraint that both εxx and εzz must be negative. In the zero-field
limit, this expression reduces to the known result for cavity surface modes in isotropic
materials [69]. As we show in Fig. 3.4, see white solid lines, the dispersion relation of
Eq. (3.15) nicely reproduces the structure of the transmission maxima in those frequency
regions in which surfaces waves are allowed (εxx, εzz < 0). It is worth stressing that this
dispersion relation describes in a unified manner both the SPPs that appear below the
reststrahlen band and the SPhPs due to the optical phonons. More importantly, this
dispersion relation tells us that the magnetic field reduces the parallel wave vector of the
surface waves and restricts the frequency region where they exist. Indeed, at high fields
the SPPs disappear, while the SPhPs are restricted to the reststrahlen band, Fig. 3.4(d).
These two effects are actually the cause of the reduction of the NFRHT in the presence
of a magnetic field. But what about the other modes that appear by increasing the
field? Their nature can also be understood within the uniaxial approximation. As we
show in Appendix C, the allowed values for the transverse component of the wave vector
inside these uniaxial materials are given by qo =

√
εxxω2/c2 − k2 for ordinary waves and

qe =
√
εxxω2/c2 − k2εxx/εzz for extraordinary waves. The dispersion of the extraordinary

waves can be rewritten as

k2
x + k2

y

εzz
+
q2
e

εxx
=
ω2

c2
, (3.16)

a dispersion that becomes hyperbolic when εxx and εzz have opposite signs [88]. This
is exactly what happens in our case in certain frequency regions at finite field. This
illustrated in Fig. 3.4(b-d), where we have indicated the hyperbolic regions defined by
the condition εxxεzz < 0. Notice that those regions correspond exactly to the areas
where the transmission reaches its maximum for a broad range of k-values. This fact
shows unambiguously that our InSb plates effectively behave as hyperbolic materials.
More importantly, and as it is evident from Fig. 3.4, we can easily modify the hyperbolic
regions by changing the field. Thus, we can change from situations where the HMs coexist
with both types of surface waves to situations where the HMs dominate the NFRHT,
which is what occurs at high fields, see Fig. 3.4(d). Moreover, contrary to what happens
in most hybrid hyperbolic metamaterials, we can have in a single material HMs of type
I (HMI), where εxx > 0 and εzz < 0, and HMs of type II (HMII), where εxx < 0 and
εzz > 0, see Fig. 3.4(b-d).

Let us recall that what makes HMs so special in the context of NFRHT is the fact
that, as it is evident from their dispersion relation, they are evanescent in the vacuum
gap and propagating inside the hyperbolic material for k > ω/c (HMI) or k >

√
|εzz|ω/c
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3.3. Polar semiconductors: InSb

(HMII). Thus, they are a special kind of frustrated internal reflection modes that exhibit
a very high transmission over a broad range of k-values that correspond to evanescent
waves in the vacuum gap [86]. As shown in Ref. [86], the number of HMs that contributes
to the NFRHT is solely determined by the intrinsic cutoff in the transmission, which
has the form τ(ω, k) ∝ exp(−2kd) for k � ω/c. From this condition it follows that the
heat flux due to HMs scales as 1/d2 for small gaps, as the contribution of surface waves.
This explains why the appearance of HMs as the field increases does not modify the
parametric dependence of the NFRHT with the gap size. Notice, however, that in spite
of the high transmission of these HMs, their appearance does not enhance the NFRHT
because they replace surface waves that possess even larger k-values (notice that the
conditions of HMs and surface waves are mutually excluding). Thus, we can conclude
that the NFRHT reduction induced by the magnetic field is due to both the modification
of the surface waves and their replacement by HMs that, in spite of their propagating
nature inside the material, turn out to be less efficient transferring the radiative heat in
the near-field region than the surface waves.

Let us point out that within the uniaxial approximation, the heat transfer can be
obtained in a semi-analytical form. In this case, the transmission coefficient is given by
the isotropic result of Eq. (1.9), where the reflections coefficients adopt now the form

rs,s21 = rs,s23 =
q2 − qo
q2 + qo

(3.17)

rp,p21 = rp,p23 =
εxxq2 − qe
εxxq2 + qe

. (3.18)

The uniaxial approximation is also useful to understand the high field behavior of the
NFRHT. The tendency to saturate the thermal radiation as the field increases is due to
the to the fact that the cyclotron frequency becomes larger than the plasma frequency
and the last term in the expression of εxx = ε1, see Eq. (3.14), progressively becomes
more irrelevant. Thus, the permittivity tensor becomes field-independent and the heat
transfer is simply given by the result for uniaxial media, where εzz = ε3 has the form in
Eq. (3.14), but εxx = ε1 does not contain the last term in the first expression of Eq. (3.14).
We find that the strict saturation of the NFRHT occurs at around 20 T and there is
an intermediate regime, between 6 and 20 T, in which the near-field thermal radiation
slightly increases upon increasing the field (not shown here), leading to a nonmonotonic
behavior. This behavior is due to an increase in the efficiency of the HMs that dominate
the NFRHT in this high-field regime.

To conclude this subsection, let us explain why the far-field heat transfer is rather
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Figure 3.5: Far-field spectral heat flux for InSb as a function of the frequency (and wavelength)
for different values of the perpendicular field. These spectra have been computed for a gap d = 1
m. The dotted line corresponds to the result for plates made of a dielectric with a frequency-
independent dielectric constant equal to ε∞. The inset shows the corresponding ratio between
the zero-field heat transfer coefficient and the coefficient for different values of the field.

insensitive to the magnetic field. For gaps much larger than the thermal wavelength (9.6
µm), the heat transfer is dominated by propagating waves and, as we show in Fig. 3.5,
the spectral heat flux in the absence of field exhibits a broad spectrum with a peak at
around 1.5× 1014 rad/s. Indeed, the spectrum is very similar to that of a dielectric with
a frequency-independent dielectric constant ε̂ = ε∞1̂, see dotted line in Fig. 3.5. As we
illustrate in that figure, the presence of a magnetic field only modifies this spectrum in
a significant way in a small region around the cyclotron frequency. This fact leads to
a tiny modification of the heat transfer upon the application of an external field. As it
can be seen in the inset of Fig. 3.5, the magnetic field reduces the far-field heat transfer
coefficient as the magnetic field increases, but this reduction is quite modest and, for
instance, it amounts to only 2.5% at a very high field of 20 T.

3.3.2. Parallel magnetic field
Let us now turn to the case in which the magnetic field is parallel to the plate surfaces.
For concreteness, we consider that the field is applied along the x-axis, H = Hxx̂, but
obviously the result is independent of the field direction as long as it points along the
surface plane, as we have explicitly checked. In this case, the permittivity tensor of InSb
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adopts the form

ε̂(H) =

 ε3 0 0

0 ε1(H) −iε2
0 iε2(H) ε1(H)

 , (3.19)

where the ε’s are given by Eq. (3.14). Let us emphasize that in this case the transmission
coefficient appearing in Eq. (3.12) depends both on the magnitude of the parallel wave
and on its direction, which makes the calculations more demanding. Let us also say that
we consider here the same parameter values for the n-doped InSb as in the example
analyzed above.

The results for the magnetic field dependence of the HTC for the parallel configuration
are summarized in Fig. 3.6(a). As in the perpendicular case, the far-field is barely affected
by the magnetic field, the near-field thermal radiation is suppressed by the field, and
at high fields the NFRHT tends to saturates. Interestingly, it saturates to the same
value as in the perpendicular configuration. In spite of the similarities, there are also
important differences. In this case, the NFRHT is much more sensitive to the field and
a significant reduction is already achieved at 1 T. Notice also that in this case the HTC
is clearly nonmonotonic and the maximum reduction is reached at around 6 T. Finally,
notice also that the reduction is more pronounced than in the perpendicular case and
the NFRHT can be diminished by up to a factor of 7 with respect to the zero-field case,
see inset of Fig. 3.6(a). This more pronounced reduction in the parallel configuration
is also apparent in the spectral heat flux, as one can see in Fig. 3.6(b). Notice that
also in this case there appears a high-frequency peak that is blue-shifted as the field
increases. This peak appears at the cyclotron frequency and it has the same origin as in
the perpendicular case.

Again, to understand this complex phenomenology, it is convenient to examine the
transmission of the p-polarized waves, which dominate the NFRHT for any field. Since
in this case the transmission also depends on the direction of k, we choose to analyze
the two most representative directions. In the first one, the in-plane wave vector k is
parallel to the field, i.e. k = (kx, 0), and in the second one, k is perpendicular to the field,
i.e. k = (0, ky). The transmission of p-polarized waves for these two directions is shown
in Fig. 3.7 as a function of the magnitude of the wave vector and as a function of the
frequency for different values of the field. As one can see, the transmission exhibits very
different behaviors for these two directions. While for k ‖ H the situation resembles that
of a perpendicular field (see discussion above), for k ⊥ H it seems like the transmission
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Figure 3.6: (a) HTC for n-doped InSb as a function of the gap for different values of the
magnetic field applied along the surfaces of the plates. The inset shows the ratio between the
zero-field coefficient and the coefficient for different values of the field in the near-field region.
(b) The corresponding spectral heat flux as a function of the frequency (and wavelength) for a
gap of d = 10 nm and different values of the parallel field.

is dominated by surface waves that are severely affected by the magnetic field (with the
appearance of gaps in their dispersion relations). These very different behaviors can be
understood with an analysis of both the surface waves and the propagating waves inside
the material in these two situations. In the case k ‖ H, one can show that a uniaxial
approximation, similar to that discussed above, accurately reproduces the results for
the transmission found in the exact calculation. In this case, the permittivity tensor
can be approximated by ε̂ = diag [εxx, εzz, εzz], where εxx = ε3 and εzz = ε1. Within
this approximation, the dispersion relation of surface waves in the electrostatic limit
k � ω/c is also given by Eq. (3.15) (see Appendix C). As we show in Fig. 3.7(a-c),
this dispersion relation nicely describes the structure of the transmission maxima in
the regions where the surface waves can exist (εxx, εzz < 0). On the other hand, as
we show in Appendix C, the allowed values for the transverse component of the wave
vector inside these uniaxial-like materials are given by qo =

√
εzzω2/c2 − k2 for ordinary

waves and qe =
√
εxxω2/c2 − k2εxx/εzz for extraordinary waves. Again, the dispersion of

these extraordinary waves is of hyperbolic type when εxx and εzz have opposite signs. In
Fig. 3.7(a-c) we identify the frequency regions where the HMs exist with the condition
εxxεzz < 0, regions that progressively dominate the transmission as the field increases.
Thus, we see that for k ‖ H the situation is very similar to that extensively discussed in
the case in which the field is perpendicular to the materials’ surfaces.
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Figure 3.7: The transmission coefficient for p-polarized waves as a function of the magnitude
of the parallel wave vector and frequency for InSb and a gap of d = 10 nm. In all cases the field
is parallel to the plate surfaces, H = Hxx̂. The panels (a-c) correspond to different values of
the magnetic field for wave vectors parallel to field, k = (kx, 0), while panels (d-f) correspond
to wave vectors perpendicular to the field, k = (0, ky). The horizontal dashed lines separate the
regions where transmission is dominated by surface waves (SPPs and SPhPs) or HMs of type I
and II (HMI and HMII). The white solid lines correspond to the analytical dispersion relation
of the surface waves of Eq. (3.15) in panels (a-c) and of Eq. (3.20) in panels (d-f).

On the contrary, the situation is very different for k ⊥ H. In this case, there are
no HMs and no uniaxial approximation can describe the situation. As we show in
Appendix C, the allowed q-values are given by qo,1 =

√
εxxω2/c2 − k2 and qo,2 =√

(ε2yy + ε2yz)ω
2/(c2εyy)− k2, which both describe waves with no hyperbolic dispersion.

On the other hand, the dispersion relation of the surface waves in the electrostatic limit
is given by

kSW =
1

2d
ln

(
(ηyy − 1 + iηyz)(ηyy − 1− iηyz)
(ηyy + 1 + iηyz)(ηyy + 1− iηyz)

)
, (3.20)

where ηyy = εyy/(ε
2
yy + ε2yz) and ηyz = −εyz/(ε2yy + ε2yz). As we show in Fig. 3.7(d-f), this

dispersion relation explains the complex structure of the transmission maxima in this
case. We emphasize that this dispersion relation is reciprocal in our symmetric geometry
and for this reason we only show results for ky > 0. Notice that this dispersion is very
sensitive to the magnetic field and already fields of the order of 1 T strongly affect the
surface waves. Notice also the appearance of gaps in the dispersion relations, a subject
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3. Magnetic-field control of NFRHT and the realization of highly-tunable hyperbolic thermal emitters

that has been extensively discussed in the case of a single interface [110, 111]. Overall,
the field rapidly reduces the k-values of the surface waves and restricts the regions where
they can exist. This strong sensitivity of the surface waves with k ⊥ H is the reason for
the more pronounced reduction of the NFRHT for this field configuration.

In general, for an arbitrary direction k = (kx, ky) the situation is somehow a com-
bination of the two types of behaviors just described. The complex interplay of these
behaviors for different k-directions is responsible for the nonmonotonic dependence with
magnetic field, along with the change in efficiency of the HMs upon varying the field. On
the other hand, at very high fields the cyclotron frequency becomes much larger than
the plasma frequency and the off-diagonal elements of the permittivity tensor become
negligible. At the same time, the field-dependent terms in the diagonal elements also
become very small. Thus, the systems effectively become uniaxial and field-independent
and the heat transfer is identical to the case in which the field is perpendicular. Finally,
in the far-field regime, the heat transfer is not sensitive to the magnetic field for the
same reason as in the perpendicular configuration.

Let us conclude this section with two brief comments. First, as it is obvious from the
discussions above, another way to modulate the NFRHT is by rotating the magnetic
field, while keeping fixed its magnitude. Actually, we find that for any field magnitude,
the NFRHT is always smaller in the parallel configuration. Thus, one can increase or
decrease the near-field thermal radiation by rotating appropriately the magnetic field.
Second, we have focused here in the case of doped InSb, but similar results can in
principle be obtained for other doped polar semiconductors such as GaAs, InAs, InP,
PbTe, SiC, etc.

3.4. Non-polar semiconductors: Si
In the previous section we have seen that when the field is parallel to the surfaces, one
can have hyperbolic emitters, but the HMs always coexist to some degree with surface
waves (even at the highest field). We show in this section that in the case of non-polar
semiconductors, where phonons do not play any role, it is possible to tune the system
with a magnetic field to a situation where only HMs contribute to the NFRHT. For this
purpose, we choose Si as the material for the two plates. It has been predicted [116, 117],
and experimentally tested [118, 119], that in doped Si the NFRHT in the absence of
field can be dominated by SPPs even at room temperature. Let us see now how this is
modified upon applying a magnetic field.
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Figure 3.8: (a) HTC for n-doped Si as a function of the gap for different values of the mag-
netic field perpendicular to the plate surfaces. The inset shows the ratio between the zero-field
coefficient and the coefficient for different values of the field in the near-field region. (b) The
corresponding spectral heat flux as a function of the frequency (and wavelength) for a gap of
d = 10 nm.

The dielectric properties of doped Si are similar to those of InSb, the only difference
being the absence of a phonon contribution. Thus, the dielectric functions of Eq. (3.14)
now read

ε1(H) = ε∞

(
1 +

ω2
p(ω + iγ)

ω[ω2
c − (ω + iγ)2]

)
,

ε3 = ε∞

(
1−

ω2
p

ω(ω + iγ)

)
, (3.21)

while ε2(H) remains unchanged. Using the results of Ref. [116] for the dielectric constant
of doped Si, we focus on a room temperature case where the electron concentration is
n = 9.3×1016 cm−3, ε∞ = 11.7, γ = 8.04×1012 rad/s,m∗/m = 0.27, and ωp = 9.66×1012

rad/s. We have chosen this doping level to have a situation in which the plasma frequency
is not too high so that we can affect the NFRHT with a magnetic field, and not too low
so that the NFRHT in the absence of field is still dominated by SPPs.

The results for the HTC and spectral heat flux for a perpendicular magnetic field
are displayed in Fig. 3.8. Although there are several features that are similar to those
of the InSb case, there are also some notable differences. To begin with, notice that
now higher fields are needed to see a significant reduction of the NFRHT (the required
fields are around an order of magnitude higher than for InSb) and the reduction factors
are clearly more modest, see inset of Fig. 3.8(a). This is mainly a consequence of the
smaller cyclotron frequency in the Si case for a given field due to its larger effective mass.
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Figure 3.9: The transmission coefficient for p-polarized waves as a function of the magnitude
of the parallel wave vector and frequency for Si and a gap of d = 10 nm. The different panels
correspond to different values of the magnetic field that is perpendicular to the surfaces. The
horizontal dashed lines separate the regions where transmission is dominated by SPPs or HMs
of type I (HMI). The white solid lines correspond to the analytical SPP dispersion relation of
Eq. (3.15).

Another consequence of the small cyclotron frequency is the fact that there is no sign of
saturation of the NFRHT for reasonable magnetic fields. On the other hand, the spectral
heat flux at low fields is dominated this time by a single broad peak that originates from
SPPs (see discussion below). As the field increases, the peak height is reduced and the
peak itself is broadened and deformed. As we show in what follows, this behavior is due
to the appearance of HMs that at high fields completely replace the surface waves.

Again, we can gain a further insight into these results by analyzing the transmission of
the p-polarized waves for different fields, which is illustrated in Fig. 3.9. As one can see,
the transmission is dominated by evanescent waves (in the vacuum gap) in a frequency
region right below the plasma frequency. The origin of the structure of the transmission
maxima can be understood with the uniaxial approximation discussed above in the
context of InSb. Again, this approximation reproduces very accurately all the results for
arbitrary perpendicular fields (not shown here). Within this approximation, one can see
that at low fields the transmission is dominated by SPPs, as we illustrate in Fig. 3.9(a-b)
in which we have introduced the dispersion relation of the SPPs given by Eq. (3.15). As
soon as the magnetic magnetic field becomes finite, the system starts to develop HMs
of type I in a tiny frequency region right above the region of existence of the SPPs, see
Fig. 3.9(b). The origin of these HMs is identical to that of the InSb case, but the main
difference in this case is that upon increasing the field, one reaches a critical field value (of
4.36 T for this example) for which the surface waves cease to exist and the transmission
is completely dominated by HMs turning the Si plates into “pure" hyperbolic thermal
emitters, see Fig. 3.9(c-d).
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Figure 3.10: (a) HTC for n-doped Si as a function of the gap for different values of the
magnetic field applied along the surfaces of the plates. The inset shows the ratio between the
zero-field coefficient and the coefficient for different values of the field in the near-field region.
(b) The corresponding spectral heat flux as a function of the frequency (and wavelength) for a
gap of d = 10 nm.

For completeness, we have also studied the heat transfer in the parallel configuration
and the results for the HTC and spectral heat flux are shown in Fig. 3.10. In this case
the results are rather similar to those of the perpendicular configuration. In particular,
contrary to the InSb case we do not find a nonmonotonic behavior. Moreover, the NFRHT
reduction is not much more pronounced than in the perpendicular case, although one can
reach reduction factors of 50% for 12 T. Finally, saturation is not reached for these high
fields for the same reason as in the perpendicular configuration. As in the case of InSb, all
these results can be understood in terms of the modes that govern the near-field thermal
radiation. In this sense, for a direction where k ‖ H, the SPPs that dominate the NFRHT
at low fields are progressively replaced by HMIs upon increasing the field and above 4.36
T they “eat out" all surface waves. On the contrary, for k ⊥ H there are no HMs and
the only magnetic field effect is the modification of the SPP dispersion relation. Again,
the interplay between these two characteristic behaviors among the different k-directions
explains the evolution of the NFRHT with the field.

Let us conclude this section by saying that the behavior reported here for Si could
also be observed for other non-polar semiconductors such as Ge.
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3.5. Outlook and conclusions
The results reported in this work raise numerous interesting questions. Thus for instance,
in all cases analyzed so far, we have found that the magnetic field reduces the NFRHT
as compared to the zero-field result. Is there any fundamental argument that forbids a
magnetic-field-induced enhancement? In principle, there is no such an argument. The
reduction that we have found in doped semiconductors is due to the fact that the we have
explored cases where surface waves, which are extremely efficient, dominate the NFRHT
in the absence of field. In this sense, one may wonder if a field-induced enhancement
could take place in a situation where the NFRHT in the absence of field is dominated by
standard frustrated internal reflection modes, as it happens in metals [120]. Obviously,
metals are out of the question due to their huge plasma frequency, but one can investi-
gate non-polar semiconductors with a low doping level. Indeed, we have done it for the
case of Si and again, we find that the magnetic field reduces the NFRHT and moreover,
exceedingly high fields are required to see any significant effect. Of course, we have by
no means exhausted all possibilities and, for instance, we have not explored asymmetric
situations with different materials. Thus, the question remains of whether the applica-
tion of a magnetic field can under certain circumstances enhance the near-field thermal
radiation.

The discovery in this work of the induction of HMs upon the application of a magnetic
field may also have important consequences for layered structures involving thin films.
Recently, it has been demonstrated that thin films made of polar dielectrics may support
NFRHT enhancements comparable to those of bulk samples due to the excitation of
SPhPs [69]. Since HMs have a propagating character inside the material, they may be
severely affected in a thin film geometry by the presence of a substrate. Thus, one could
expect much more dramatic magnetic-field effects in systems coated with semiconductor
thin films.

Obviously, the question remains of whether one can modulate the NFRHT with a
magnetic field in other classes of materials. For instance, since a MO activity is required,
what about ferromagnetic materials? Ideally, one could imagine to tune the NFRHT by
playing around with the relative orientation of the magnetization, following the spin-
valve experiments in the context of spintronics.

Another question of general interest for the field of metamaterials is if a doped semi-
conductor under a magnetic field could exhibit the plethora of exotic optical properties
reported in hybrid hyperbolic metamaterials [89, 90]. We have shown here that it can

68



3.5. Outlook and conclusions

behave as a hyperbolic thermal emitter, but can it also exhibit negative refraction or be
used do to subwavelength imaging and focusing in the infrared? These are very important
questions that we are currently pursuing.

So in summary, we have presented in this work a very detailed theoretical analysis
of the influence of a magnetic field in the NFRHT. By considering the simple case of
two parallel plates, we have demonstrated that for doped semiconductors the near-field
thermal radiation can be strongly modified by the application of an external magnetic
field. In particular, we have shown that the magnetic field may significantly reduce
the NFRHT and the reduction in polar semiconductors can be as large as 700% at
room temperature. Moreover, we have shown that when the field is perpendicular to the
parallel plates, doped semiconductors become ideal hyperbolic thermal emitters with
highly tunable properties. This provides a unique opportunity to explore the physics of
thermal radiation in this class of metamaterials without the need to resort to complex
hybrid structures. Finally, all the predictions of this work are amenable to measurements
with the present experimental techniques, and we are convinced that the multiple open
questions that this work raises will motivate many new theoretical and experimental
studies of this subject.
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4 | Enhancing near-field
radiative heat transfer
with Si-based
metasurfaces.

4.1. Introduction

In previous Chapters, we have shown that the heat flow between two bodies can be en-
hanced by orders of magnitude in the near-field due to the contribution of evanescent

waves. So far, the largest enhancements have been reported in polar dielectrics [18, 121],
where the near-field thermal radiation is dominated, as we have analyzed in Chapter
1, by the excitation of SPhPs. Up to date, the polar material that exhibits the highest
near-field thermal conductance is silica (SiO2).

In this context, the question on the fundamental limits of NFRHT is attracting a
lot of attention. Very recently, an upper bound for the RHT between two objects has
been obtained [122, 123]. By applying energy conservation and the reciprocity theorem
of optics, the authors derived an upper limit for the RHT between two closely-spaced
bodies which is much higher than the current enhancements observed in the near-field.
The limit found is independent of the exact shape of the objects and only depends on the
distance between the objects and on their material susceptibilities [122, 123]. However,
there has not been still any proposal of an extended structure that has a HTC exceeding
that between two planar polar dielectric surfaces.
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Hyperbolic materials were introduced as a promising strategy to enhance the NFRHT
of extended structures [86, 97]. However, they do not show in practice a larger thermal
conductance than the best polar dielectrics. In an attempt to tune NFRHT, several calcu-
lations of NFRHT between periodic metallic nanostructures in both 1D [27, 28, 31, 124]
and 2D [32] have been reported. These calculations have shown some degree of tunability
and a NFRHT enhancement over the corresponding material without nanostructuration.
However, the reported NFRHT in these structures is still smaller than in the case of
parallel plates made of polar dielectrics. There have also been theoretical studies of
the NFRHT between photonic crystals and periodic metamaterials made of dielectrics
[29, 30, 35] that show how the radiative properties can be enhanced with respect to the
bulk counterpart. However, the resulting NFRHTs are again much smaller than in planar
polar dielectrics.

In this Chapter we show that metasurfaces of doped Si (see Fig. 4.1) can be used to
boost NFRHT. Making use of a rigorous coupled wave analysis, we demonstrate that
one can design Si metasurfaces that not only exhibit a room-temperature NFRHT much
larger than that of bulk Si or other proposed periodic structures [29, 30, 32], but they
also outperform the best unstructured polar dielectric (SiO2). By appropriately choosing
the geometrical parameters of the metasurfaces, the enhancement over polar dielectrics
occurs over a broad range of separations (from 13 nm to 2 µm). The underlying physical
mechanisms responsible of this striking behavior are the existence of broad-band SPPs
in doped Si, and the ability to tune via nanostructuration the dispersion relation of these
SPPs that dominate NFRHT in our structure. The predictions of this work show the
great potential of metasurfaces for the field of NFRHT and can be tested with recent
advances to measure NFRHT in parallel extended structures [44].

4.2. Modelling the NFRHT between two
metasurfaces

The system that we consider consists of two identical metasurfaces formed by 2D peri-
odic arrays of square holes drilled in a doped Si layer, see Fig. 4.1. The metasurfaces are
deposited on semi-infinite planar substrates. The geometrical parameters of the meta-
surfaces are the lattice constant a, the distance between holes p, the gap size d, and the
thickness of the metasurfaces τ , which is equal to the depth of the holes in the struc-
ture. We define the filling factor of this structure as f = (a − p)2/a2, which describes
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T1
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τ
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 d
T2

τ

Substrate

Substrate

Figure 4.1: Schematics of two doped-Si metasurfaces made of 2D periodic arrays of square
holes placed on semi-infinite planar substrates and held at temperatures T1 and T2. The key
parameters are shown: lattice parameter (a), distance between holes (p), gap size (d), and
metasurface thickness (τ).

the fraction of vacuum in the structure (f = 0 means no holes, while f = 1 means
no Si). The dielectric function of doped Si is described within a Drude model [125]:
εSi(ω) = ε∞ − ω2

p/(ω
2 + iγω), where ε∞ = 11.7, ωp = 711 meV is the plasma frequency,

and γ = 61.5 meV is the damping. These values correspond to a doping level of 1020

cm−3. The choice of this material and the doping level were motivated by the possibility
to sustain SPPs at frequencies that can be thermally excited at room temperature. This
is not possible for very high doping levels, while for very low ones the SPPs are not
very confined and give a modest contribution to the NFRHT. Our main idea is that by
introducing holes in the Si layers, one can reduce the losses and the effective plasma
frequency that, in turn, should redshift the surface modes. This way, these modes could
be more easily occupied at room temperature leading to an enhancement of the NFRHT.

To test this idea we need a formalism which is able to calculate the NFRHT between
two periodic systems (See Fig. 4.1). As we are dealing with periodic structures, it is
convenient to use the rigorous coupled wave analysis (RCWA) and express the fields in
our system as a sum of plane waves using Bloch theorem. The expression derived in
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4. Enhancing near-field radiative heat transfer with Si-based metasurfaces.

Section 3.2 (Eq. 3.12) can be used again to calculate the RHT between the two parallel
periodic plates. Therefore, we can express in this case the HTC, which corresponds to
the radiative linear heat conductance per unit area (see Eq. 1.12) as:

h(d, T ) =

∫ ∞
0

dω

2π

∂Θ(ω, T )

∂T

∫ π/a

−π/a

∫ π/a

−π/a

dk

(2π)2
T (ω,k), (4.1)

where again Θ(ω, T ) = ~ω/[exp(~ω/kBT ) − 1], T is the absolute temperature of the
system, ω is the radiation frequency, k = (kx, ky) is the wave vector parallel to the surface
planes, and T (ω,k) is the sum over polarizations of the transmission probability of the
EM waves. This transmission function above can be obtained by combining scattering
matrices of the different interfaces in reciprocal space. In particular, if we place the
coordinates origin at metasurface 1, the transmission coefficient can be expressed as [24]

T (ω,k) = Tr
{
D̂Ŵ1D̂

†Ŵ2

}
, (4.2)

where

D̂ = (1̂− Ŝ1Ŝ2)−1, (4.3)

Ŵ1 = Σ̂pw
−1 − Ŝ1Σ̂pw

−1Ŝ
†
1 + Ŝ1Σ̂ew

−1 − Σ̂ew
−1Ŝ

†
1, (4.4)

Ŵ2 = Σ̂pw
+1 − Ŝ

†
2Σ̂pw

+1Ŝ2 + Ŝ†2Σ̂ew
+1 − Σ̂ew

+1Ŝ2. (4.5)

Here, Ŝ1 = R̂1 and Ŝ2 = eiqairdR̂2e
iqaird, where R̂1 and R̂2 are the reflection matrices

of the two vacuum-metasurface interfaces and q2
air = ω2/c2 − k2. These matrices were

computed with the scattering-matrix approach of Ref. [108]. This formalism extends
the scattering-matrix method employed in Chapter 3 and explained in Appendix A to
the case of periodic systems. The matrix Σ̂

pw(ew)
−1(+1) is a projector into the propagating

(evanescent) sector. All these matrices are 2Ng × 2Ng matrices, where Ng is the number
of reciprocal lattice vectors included in the plane-wave expansions. On the other hand,
the k-integral in Eq. (4.1) must be calculated in the interval (−π/a, π/a) for both kx

and ky. A key point in our method is the use of the so-called fast Fourier factorization
when dealing with the Fourier transform of two discontinuous functions in the Maxwell
equations [108, 126]. This factorization solves the known convergence problems of the
RCWA approach. Let us explain in more detail the fast Fourier factorization in two
dimensional photonic crystals, as it has been crucial to perform all the calculations
shown in this chapter.
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4.2. Modelling the NFRHT between two metasurfaces

4.2.1. Fast Fourier factorization to calculate the reflection
matrix of a 2D square lattice

The scattering approach does have important convergence problems, specially when the
analyzed periodic structure is metallic [108]. These problems are well-known in the field
of photonic gratings [127] and they originate due to the incorrect Fourier factorization
of the product of two discontinuous functions. One example of this is the constitutive
relation D = εE, which is equal to the product of two discontinuous functions at some
regions of the grating.

Let us know explain in more detail how to carry out the Fourier factorization in this
case. The Fourier transform h of the product of two arbitrary functions f and g is given
by Laurent’s rule:

hn =
∞∑

m=−∞

fn−mgm, (4.6)

where hn is the nth Fourier component of h. We can write the last expression in matrix
notation:

[h] = JfK [g] . (4.7)

Here, [g] is a column vector constructed with the Ng Fourier components gn and JfK
denotes the Ng × Ng Toeplitz matrix whose (n,m) entry is fn−m. However, if f and
g are piecewise smooth periodic functions, which are discontinuous at the same points,
but their product fg remains continuous everywhere, the appropriate way to Fourier
transform the product h = fg is [126, 127]:

[h] = J1/fK−1 [g] . (4.8)

When the number of Fourier terms is infinite, Eq. (4.7) and Eq. (4.8) are equivalent.
However, when we consider truncated series, as we do numerically, Eq. (4.8) is the only
expression that warrants convergence of the Fourier transform of function h.

We consider now a 2D square grating as the one depicted in Fig. 4.1, where both the
dielectric constant ε and the electric field in the x-direction Ex are discontinuous at the
boundaries parallel to the y-axis. Besides, the product εEx is continuous with respect to
x, so when performing a Fourier transform along the x-direction, the so-called inverse
rule (Eq. (4.8)) should be followed. On the other hand, as Ex is continuous with respect
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Figure 4.2: Spectral HTC as a function of the photon energy for a gap of d = 20 nm, lattice
constant a = 50 nm and filling factor f = 0.4. The different lines correspond to different values
of the number of reciprocal lattice vectors Ng used in the calculations.

to y, the Laurent’s rule must be applied for a Fourier transform along y. Eventually, the
matrix which corresponds to the Fourier transform of the dielectric constant component
εxx is given by [127]:

(εxx)mn,m′n′ =
1

a

∫
(A−1)m,m′e

−2iπ(n−n′)y/ady, (4.9)

where A is a Toeplitz matrix whose components are the Fourier coefficients of the per-
mittivity respect to the x-direction:

Am,m′ =
1

a

∫
1

ε
e−2iπ(m−m′)x/adx, (4.10)

where m,m′ (n, n′) represent the Fourier indices along the x(y)-direction. In summary,
the inverse of ε is Fourier transform along x following the inverse rule. Afterwards, it is
inversed and Fourier transformed along the y-axis, applying Laurent’s rule. The same
procedure has to be followed to calculate (εyy)mn,m′n′ . As we are considering an isotropic
material and a square grating, (εxx)mn,m′n′ = (εyy)mn,m′n′ . Besides, εxy = εyx = 0.
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Figure 4.3: (a) Spectral HTC as a function of the photon energy for a gap of d = 20 nm
and a lattice constant a = 50 nm. The blue line corresponds to the case of bulk doped silicon,
while the red dots are the numerical results obtained with our RCWA method for f = 0.001.
(b) Spectral HTC as a function of the photon energy for a gap of d = 20 nm and a lattice
constant a = 50 nm. The blue line corresponds to the case of two air plates, while the red dots
correspond to the results obtained with our method for 1− f = 10−6.

4.2.2. Testing the validity of our formalism.

Before analyzing the results obtained for the NFRHT between our two doped-Si metasur-
faces, we have tested the validity and the accuracy of our method based on the rigorous
coupled wave analysis (RCWA). First of all, it is important to emphasize that we have
carefully checked the convergence of all our results with the number of reciprocal lattice
vectors (Ng) used in our RCWA-based calculations. This convergence is illustrated in
Fig. 4.2 where we show the spectral HTC (see Eq. 1.13) as a function of energy between
our Si metasurfaces for a filling factor f = 0.4, a lattice constant a = 50 nm and a
gap size d = 20 nm. The different curves in Fig. 4.2 correspond to different values of
Ng and, as one can see, the results nicely converge as the number of plane waves in the
calculations is increased. Moreover, it is worth stressing that the use of the so-called fast
Fourier factorization employed in this chapter ensures that the calculations converge to
the correct result. We have made sure that all the results presented in this work are
converged with a relative accuracy of better than 1%.

A second test that we have done is to verify that our approach is able to reproduce
known results in two different limits, namely in the limits of small and large filling factors.
In the first one, when the filling factor tends to zero, one has to recover the results of
the heat transfer between two planar doped-Si surfaces. As we show in Fig. 4.3(a) for
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the case of f = 0.001, our results for the spectral HTC do reproduce the known results
for two Si parallel plates. In the opposite limit of filling factors close to 1, one should
recover the results for two parallel plates made of air, i.e., one should recover the results
for two black-body plates. As we show in Fig. 4.3(b) below for the case of 1− f = 10−6,
our RCWA-based results accurately reproduce this limit as well.

4.3. Results: overcoming the NFRHT
between polar dielectrics.

After demonstrating the validity of our formalism, we start the discussion of the results
by illustrating the main finding of our work. For simplicity, we first assume that the Si
layer thickness is infinite (no substrate). In Fig. 4.4(a) we show the room-temperature
HTC as a function of the gap size for two metasurfaces with a = 50 nm and f = 0.9.
This result is compared with the HTC for two doped-Si and two SiO2 parallel plates.
Notice that the NFRHT between the Si metasurfaces is more than an order of magnitude
larger than the corresponding result for Si plates for a broad range of separations. More
importantly, the Si metasurfaces also exhibit a higher HTC than the silica plates in a
broad distance range (from 13 nm to 2 microns), an enhancement that reaches a factor
3 for gap sizes of about 100 nm. Let us emphasize that our structure exhibits a super-
Planckian radiative heat transfer in that range of gaps (see arrow on the right). We
also show in Fig. 4.4(a) the contribution of evanescent TM-polarized waves to the HTC
of the doped-Si metasurfaces. Notice that this contribution dominates the NFRHT for
separations below 1 µm, which is a first hint that surface modes are responsible for the
enhancement in this regime.

To get further insight into the role of nanostructuration, we show in Fig. 4.4(b) the
spectral HTC of the metasurfaces for a gap d = 20 nm, a lattice constant a = 50

nm, and for different filling factors. This spectral HTC is defined as the HTC per unit
of frequency or photon energy. As one can see, the maximum of the spectral HTC is
redshifted upon increasing the size of the holes from 0.2 eV for f = 0 up to around
0.05 eV for f = 0.98. Notice also that the HTC (the integral of these spectral functions)
also increases drastically with the filling factor reaching a maximum at f ≈ 0.98. These
results illustrate the high tunabilibity of NFRHT in metasurfaces.

The origin of the redshift in the spectral HTC can be understood with an analysis of
the frequency and parallel wave vector dependence of the transmission T (ω,k). Such a
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(a)

(b)

Figure 4.4: (a) Room-temperature HTC as a function of the gap size for doped-Si metasurfaces
with a = 50 nm and f = 0.9 (black dashed line). For comparison, we show the results for the Si
metasurfaces computed with effective medium theory (orange line), SiO2 parallel plates (blue
line), and doped-Si parallel plates (red line). The green line shows the contribution of evanescent
TM-polarized waves to the HTC of the Si metasurfaces and the arrow on the right indicates
the blackbody limit, 6.1 W/(m2K). (b) Spectral HTC as a function of the photon energy for a
gap of d = 20 nm and a lattice constant a = 50 nm. The different lines correspond to different
filling factors.

dependence is displayed in Fig. 4.5 for p-polarized waves, which dominate the NFRHT.
In particular, we show the transmission along the x-direction [k = (kx, 0)], see Fig. 4.1,
for d = 20 nm, a = 50 nm, and different filling factors. As shown in Fig. 4.5(a) for the
case of two Si parallel plates (f = 0), the transmission maxima resemble the dispersion
relation of a surface mode. As shown below, it corresponds to a cavity SPP mode that
emerges from the hybridization of the SPP modes of the two vacuum-Si interfaces. Notice
that the transmission maxima lie to the right of the light line (or dispersion relation of
light in vacuum), which indicates that these modes correspond to evanescent waves (both
in vacuum and inside Si). As the filling factor increases, we find that the transmission

79



4. Enhancing near-field radiative heat transfer with Si-based metasurfaces.

(a) (b)

(d)(c)

f = 0 f = 0.8

f = 0.9 SiO2 plateslight line

Figure 4.5: Transmission of p-polarized waves along the x-direction for d = 20 nm. (a-c) Si
metasurfaces with lattice parameter a = 50 nm. The different panels correspond to various filling
factors. The red dashed lines correspond to the dispersion relation of the SPPs, see Eq. (4.12),
and the black lines shows the dispersion relation of light in vacuum. (d) The same as in the
other panels but for two SiO2 parallel plates. In this case, the red dashed line corresponds
to the dispersion relation of the SPhPs in this structure. The white dotted lines in all panels
correspond the occupation factor ∂Θ(ω, T )/∂T , see Eq. (4.1), in arbitrary units.

maxima redshift, see Fig. 4.5(b-c), which is consistent with our observation above about
the spectral HTC. Indeed, the frequency at which the maxima of the spectral HTC
occur, see Fig. 4.4(b), corresponds exactly to the position at which the transmission
maxima fold back towards the light line. The reason is that in that frequency region the
transmission is not only maximum, but also k takes the largest value, maximizing thus
the density of photonic modes.

4.4. Effective medium theory analysis
To confirm that cavity SPPs are indeed responsible for the NFRHT in our structure, we
have analyzed their dispersion relation. For this purpose, we have made used of an effec-
tive medium theory (EMT) [128]. Within this theory our metasurfaces can be modeled
as uniaxial materials with a diagonal permittivity tensor: ε̂ = diag(εo, εo, εe), where the
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subindex o and e denote the ordinary and extraordinary optical axis, respectively. The
components of the dielectric tensor are given by [128]

εo = εSi
εSi(1− f) + 1 + f

εSi(1 + f) + 1− f
, εe = f + (1− f)εSi. (4.11)

In such an system, light propagates along the optical axes with perpendicular components
of the wave vector given by q2

o = εoω
2/c2 − k2 and q2

e = εoω
2/c2 − k2εo/εe. Within this

approximation, the SPP dispersion relation is given by the solution of the following
equation [106]

eiqaird = ±
(
qe − εoqair

qe + εoqair

)
. (4.12)

In the electrostatic limit (k � ω/c), this equation leads to the following dispersion
relation for the cavity SPPs

kSPP(ω) =
1

d
ln

(
±
εo(ω)−

√
εo(ω)/εe(ω)

εo(ω) +
√
εo(ω)/εe(ω)

)
. (4.13)

The exact dispersion relations obtained from Eq. (4.12) are shown in Fig. 4.5 as red
dashed lines. These dispersion relations nicely coincide with the transmission maxima
for the whole range of filling factors, which unambiguously demonstrates that cavity
SPPs dominate the NFRHT in our system. Moreover, this shows that NFRHT is drasti-
cally enhanced upon increasing the filling factor because the surfaces modes shift to lower
frequencies, which increases their thermal occupation at room temperature. This is illus-
trated in Fig. 4.5 where we show the frequency dependence of the factor ∂Θ(ω, T )/∂T

that determines the occupation of these surface modes.

The enhancement of NFRHT in our metasurfaces over polar dielectrics like SiO2 can
be understood as follows. As we show in Fig. 4.5(d), the transmission between two silica
plates is dominated by SPhPs [18], whose dispersion relation is given by Eq. (4.13) with
εo = εe = εSiO2 [69]. Although theses modes exhibit larger k-values than the SPPs in
our Si metasurfaces and therefore larger photonic density of states, they are restricted
to rather narrow frequency regions corresponding to the two Reststrahlen bands in this
material. Thus, the larger extension in frequency of the SPPs in the Si structures is one
of the key factors that leads to a higher NFRHT.

The fact that the EMT nicely describes the position of the transmission maxima raises
the question of whether this theory can also accurately describe the NFRHT. This is
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Figure 4.6: HTC as a function of the thickness of the periodically patterned Si layers for
d = 20 nm, a = 50 nm, and f = 0.9. The dashed line corresponds to τ = ∞. The inset shows
the spectral HTC as a function of energy for several metasurface thicknesses.

actually not the case because EMT assumes that the geometrical features are much
smaller than the relevant physical length scales of the problem. In our case, where there
is a considerable damping, the natural lateral scale is set by the propagation length of
the cavity SPP wavelengths, 1/(2Im{kSPP}). For frequencies close to the folding back
of the dispersion relation, which are the ones that dominate the spectral HTC, this
propagation length can obtained from Eq. (4.13). Thus for instance, for the structure
analyzed in Fig. 4.4(a), Eq. (4.13) predicts that the SPP propagation length for the
frequency of the spectral HTC maximum becomes of the order of the lattice parameter
for d ≈ 100 nm. Thus, the EMT is expected to fail below this gap size. To confirm this
idea, we have computed the HTC in this structure within the EMT using the formalism
for anisotropic planar systems of Ref. [106] and the result is shown in Fig. 4.4(a). As
one can see, the EMT fails for gaps below the SPP propagation length. This analysis
illustrates the need of an exact approach to accurately predict the NFRHT in these
metasurfaces. Besides, the agreement between EMT results and the exact calculations
for large gaps is an additional evidence of the validity of our approach.
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4.5. Metasurface behaviour
Let us stress that our periodic structures truly behave as metasurfaces, which can be
understood as follows. From Eq. (4.13) we can estimate the penetration depth of the
cavity SPPs, which in the electrostatic limit is given by 1/(2Re{kSPP}). Thus, we see
that this penetration depth diminishes as the gap is reduced, which implies that the
NFRHT is dominated by the surface of the periodic structures. Thus for instance, for
d = 20 nm, a = 50 nm, and f = 0.9 the penetration depth estimated from Eq. (4.13) is
about 27 nm for the frequency of the spectral HTC maximum. Thus, one expects that
all periodic structures with Si layers thicker than this penetration depth behave in the
same way. To test this idea we have computed the HTC as a function of the thickness
of the periodic Si layers, τ , assuming that the substrate underneath is also made of
(unstructured) doped Si. In Fig. 4.6 we show the results for this thickness dependence
for the case mentioned above. Notice that when the layer thickness becomes larger than
the gap, which is comparable to the SPP penetration depth, the HTC quickly tends
to the result for a semi-infinite structure. This behavior is illustrated in the inset of
Fig. 4.6 with the corresponding spectral HTCs. Thus, we can conclude that our periodic
structures effectively behave as true metasurfaces as long as their thickness is larger than
the gap size.

4.6. Conclusions
In summary, we have proposed a novel mechanism to further enhance NFRHT with
the use of Si-metasurfaces, which is based on the broad spectral bandwidth and high
tunability of the SPPs that dominate NFRHT in these structures. We have shown
that these metamaterials can exhibit room-temperature near-field radiative heat con-
ductances higher than any existent or proposed structure. The fabrication of these meta-
surfaces is feasible with the state-of-the-art nanolithography [129] and our predictions
could be tested with the recent developments in the measurement of NFRHT in parallel
extended structures [44].
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5 | Radiative heat transfer in
the extreme near-field.

5.1. Introduction

A s we have discussed in Section 1.5, a number of experimental studies [40, 43–
45, 49, 69, 130, 131] have demonstrated super-Planckian thermal transport for gap

sizes ranging from hundreds of nanometers to as small as 20 nm. Generally, the results
from these measurements were found to be in good agreement with the predictions based
on FE for a broad range of materials and geometries.

In spite of the important progress described above, there remains significant disagree-
ment in the literature about RHT in the extreme near-field (gap size < 10 nm). Specifi-
cally, measurements [50–52] for two gold (Au)-coated surfaces with gap size in the range
of ∼ 0.2-10 nm have suggested and extraordinarily large near-field enhancement—over
4 orders of magnitude larger than the predictions from conventional FE [6, 39]. These
surprising results question the validity of current theories of heat transfer for these small
gaps. Some studies have explored the possibility of reconciling the experimental data
with computations, by relaxing the local approximation for the dielectric constant [132].
This approximation is often employed in calculations of NFRHT and is assumed in all the
calculations shown in this thesis (see Sec. 1.3). However, such investigations [120, 133]
suggest that the inclusion of nonlocal effects leads to relatively modest changes of heat
fluxes in the extreme near-field (down to gap sizes fo a few Å). The contribution of
phonons to thermal transport across vacuum gaps has also been investigated [134–138].
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For example, a recent computational analysis [19] of RHT between plane-parallel sur-
faces of NaCl, based on microscopic Maxwell’s equations, has shown that deviations from
the predictions of FE (for example, via acoustic phonon tunneling), occur only for gap
sizes <0.5 nm. In particular, at a gap size of ∼ 3 Å the phononic contribution to the
total thermal conductance was found to be approximately three times higher than its
photonic counterpart. This disagreement between experimental results and theoretical
predictions is of great concern both from a fundamental point of view, as the physical
mechanisms that govern the heat transfer in the extreme near-field are still unclear,
and from an applied perspective, because understanding RHT in the extreme near-field
(eNFRHT) is critical for the development of a range of novel technologies [16, 61, 139].

In this Chapter [140, 141] we study the eNFRHT from both theoretical and experi-
mental points of view. The experimental group of professors Pramod Reddy and Edgar
Meyhofer (University of Michigan) has measured the radiative heat flow down to gap
sizes of ∼ 2 nm for polar dielectrics (SiO2 and SiN) and ∼ 3 nm for metallic materials
(Au). These experiments have been performed using custom-fabricated scanning probes
with embedded thermocouples [142, 143] in conjunction with new microdevices capable
of periodic temperature modulation. We have carried out state-of-the-art calculations of
RHT, performed within the theoretical framework of FE. As we show below, our compu-
tations are in excellent agreement with the experimental results, providing unambiguous
evidence that confirms the validity of this theory for modelling RHT in gaps as small
as a few nanometers [140]. Furthermore, in order to confirm our conclusions, we also
explore the RHT in Ångtrom- and nanometer-sized gaps between a Au-coated scanning
thermal microscopy probe and a heated planar Au substrate. The experimental results
obtained by our colleagues, together with our numerical simulations, suggest that past
reports [50–52] of large deviations from the predictions of FE are probably due to surface
contamination effects [141].

5.2. Experimental measurement of
eNFRHT

Let us now explain the experimental strategy followed by our colleagues in the University
of Michigan to measure the radiative heat flow in this regime. Experimental elucidation
of RHT across few-nanometer-sized gaps is exceedingly difficult, owing to numerous
technical challenges in creating and stably maintaining such gaps while simultaneously
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Figure 5.1: (a) Schematic of the experimental setup, in which an SThM probe is in close
proximity to a heated substrate (insets show cross-sections of the SThM probe). The scenario
for SiO2 measurements is shown (the coating on the substrate is replaced with SiN and Au in
other experiments) (b) SEM image (top) of a SThM probe. The inset shows an SEM image of
the hemispherical probe tip, which features an embedded Au-Cr thermocouple from which the
thermoelectric voltage is measured. The bottom panel illustrates a schematic cross-section for a
SiO2-coated probe used in SiO2 measurements. For SiN and Au measurements, the outer SiO2

coating is appropriately substituted. A resistance network that describes the thermal resistance
of the probe (RP) and the vacuum gap (Rg = (GeNFRHT)−1), as well as the temperatures
of the substrate (TS), tip (TP) and reservoir (TR) is also shown. (c) Schematic showing the
measurement scheme used for high-resolution eNFRHT measurements of Au-Au. The amplitude
of the supplied sinusoidal electric current is If , the sinusoidal temperature oscillations at 2f
are related to the voltage output V3f (d) SEM image of the suspended microdevice featuring
the central region coated with Au and a serpentine Pt heater-thermometer.

measuring minute (pW) heat currents across them. One key innovation used in this work
to overcome the technical challenges was to leverage highly sensitive, custom-fabricated
probes with embedded Au-Cr thermocouples (Fig. 5.1(a-c)), called scanning thermal
microscopy (SThM) probes [142]. The SThM probes were fabricated by deposition of
multiple metal and dielectric layers to create a nanoscopically small Au-Cr thermocouple
at the very end of the tip. The probes were optimized to have both a high thermal
resistance [144] (RP ≈ 106 KW−1) and stiffness [142] (> 4 Nm−1), and were coated
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Fig. 8 for details). This was accomplished by using a new microdevice  
(see Fig. 1c, d and Supplementary Figs 4, 5, 9, 10 for details of 
device fabrication and characterization) that features a suspended 
island whose temperature can be readily modulated at f = 18 Hz 
(see Supplementary Information). Sinusoidal electric currents 
(9 Hz) supplied to the embedded electrical heater resulted in  
sinusoidal temperature oscillations at the second harmonic with 
amplitude (∆TS,f = 18 Hz) that was accurately measured using a lock-in  
technique6,24 (see Supplementary Information). To character-
ize eNFRHT, we positioned a Au-coated SThM probe (30 nm Au 
thickness) in close proximity to the surface of the microfabricated 
device, which features a suspended region that is 50 µm× 50 µm 
large and was coated with 100 nm of Au. The amplitude of temper-
ature modulation of the probe (∆TP,f = 18 Hz), due to eNFRHT, was 
measured at various gap sizes (see Supplementary Information) in 
a bandwidth of 0.78 mHz. Given the low noise in this bandwidth 
it was possible to resolve temperature changes as small as ∼20 µ K, 
which corresponds to a conductance noise floor of ∼6 pW K−1, when  
∆TS,f = 18 Hz is 5 K (see Supplementary Information section 7 for details 
of the noise characterization). The measured ∆TP,f = 18 Hz values were 

used to estimate GeNFRHT (Fig. 3d) via: GeNFRHT(d) = ∆TP,f = 18 Hz/ 
[RP,Au(∆TS,f = 18 Hz − ∆TP,f = 18 Hz)], where RP,Au = 0.7 × 106 K W−1 is 
the thermal resistance of the Au-coated probe (see Supplementary 
Information and Supplementary Fig. 7). The smallest gap size at which 
measurements could be accomplished is ∼3 nm and is limited by both 
snap-in and deflections of the microdevice due to periodic thermal 
expansion resulting from bimaterial effects (see Supplementary  
Fig. 11). The measured GeNFRHT (Fig. 3d) is indeed much smaller than 
that obtained with SiO2 (Fig. 3a) and SiN (Fig. 3b) films. In contrast 
to previous experiments7, our measured GeNFRHT for Au–Au surfaces 
is in excellent agreement with the predictions of fluctuational elec-
trodynamics (solid line in Fig. 3d).

To obtain insight into our experimental results, we used a fluc-
tuating-surface-current formulation of the radiative heat transfer 
problem13,25 combined with the boundary element method, as imple-
mented by us in the SCUFF-EM solver26. This allows NFRHT calcu-
lations between bodies of arbitrary shape and provides numerically 
exact results within the framework of fluctuational electrodynamics 
in the local approximation13,25. For our calculations, we character-
ized the dielectric function for SiN, whereas the dielectric functions 
for SiO2 and Au were taken from previous work (see Supplementary 
Information section 12 and Supplementary Fig. 12). To simulate our 
experiments accurately, we considered the tip–substrate geometries 
shown in the left insets of Fig. 4c, d. Here, the tip has a conical shape 
and ends in a spherical cap whose radius was obtained from scanning 
electron microscope (SEM) images of the probes (see Supplementary 
Figs 1–3). In our simulations, we included sufficiently large areas of 
the probe’s conical part and the substrate such that the results do not 
depend on their finite size (see Supplementary Information section 14 
and Supplementary Fig. 13). To maintain high fidelity to the experi-
mental conditions, we also accounted for the small roughness of our 
probes by including random Gaussian-correlated noise in the tip pro-
file (Fig. 4c, d). More precisely, the maximum protrusion height on 
the tip and the correlation length between protrusions were chosen to 
be 10 nm and 17 nm, respectively, on the basis of the surface charac-
teristics observed in the SEM images (Supplementary Figs 1–3). We 
investigated the effect of surface roughness by computing GeNFRHT for 
every material from 15 different tip–substrate ensembles with rough-
ness profiles generated as described earlier. The computational results 
for the different materials are presented in Fig. 3a, b, d. As pointed out 
earlier, we indeed find very good agreement between computation and 
experiment without any adjustable parameters.

To elucidate the underlying physical mechanism and explain the 
differences in eNFRHT between different material combinations, we 
computed the spectral conductance (heat conductance per unit of 
energy) for several gap sizes as shown in Fig. 4a, b for SiO2 and Au, 
respectively (see Supplementary Fig. 14 for SiN results). In Fig. 4a, one 
can see that the dominant contributions to the spectral conductance of 
SiO2 come from two narrow energy ranges centred around ∼0.06 eV 
and ∼0.14 eV, which correspond to the energies of the transverse opti-
cal phonons of SiO2. This strongly suggests that for SiO2, eNFRHT is 
dominated by surface phonon polaritons (SPhPs), as previously found 
for larger gaps6,27,28. In turn, this explains the marked decrease in heat 
transfer as the gap size increases, which is a consequence of the rapid 
decrease in the number of available surface electromagnetic modes 
for radiation to tunnel across the vacuum gap. In contrast, eNFRHT 
for Au exhibits a rather broad spectral conductance that decays more 
slowly with gap size (Fig. 4b). This slow decay is reminiscent of the 
situation encountered in a plate–plate geometry29 where NFRHT is 
dominated by frustrated internal reflection modes, that is, by modes 
that are evanescent in the vacuum gap but are propagating inside the 
Au tip and substrate whose contribution saturates for gaps below  
the skin depth29, which for Au is around 25 nm. This naturally explains 
the weaker dependence of eNFRHT on gap size observed in our Au–Au 
measurements. The fundamental difference in eNFRHT between die-
lectrics and metals is also apparent from the computed Poynting-flux 
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Figure 2 | Detection of mechanical contact from deflection and 
temperature signals. a, Data from an experiment in which a SiO2-coated 
probe at about 400 K (heated by the incident laser) is displaced towards 
a heated SiO2 substrate at 425 K. The deflection of the scanning probe 
(blue), reported in arbitrary units (a.u.), and rise in temperature of probe, 
ΔTP (red), are shown. The sudden decrease in the deflection signal due 
to snap-in coincides with a simultaneous increase in the tip temperature 
due to conduction of heat from the hot substrate to the cold tip, clearly 
showing that contact can be readily detected by the large temperature 
jump. The snap-in distance is seen to be ∼2 nm. b, Measured ΔTP when 
an unheated probe (310 K, laser turned off) is displaced towards the 
substrate. A sudden increase in the tip temperature is seen when the cold 
tip contacts the substrate. Inset shows the increase in the tip temperature 
due to eNFRHT.
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Fig. 8 for details). This was accomplished by using a new microdevice  
(see Fig. 1c, d and Supplementary Figs 4, 5, 9, 10 for details of 
device fabrication and characterization) that features a suspended 
island whose temperature can be readily modulated at f = 18 Hz 
(see Supplementary Information). Sinusoidal electric currents 
(9 Hz) supplied to the embedded electrical heater resulted in  
sinusoidal temperature oscillations at the second harmonic with 
amplitude (∆TS,f = 18 Hz) that was accurately measured using a lock-in  
technique6,24 (see Supplementary Information). To character-
ize eNFRHT, we positioned a Au-coated SThM probe (30 nm Au 
thickness) in close proximity to the surface of the microfabricated 
device, which features a suspended region that is 50 µm× 50 µm 
large and was coated with 100 nm of Au. The amplitude of temper-
ature modulation of the probe (∆TP,f = 18 Hz), due to eNFRHT, was 
measured at various gap sizes (see Supplementary Information) in 
a bandwidth of 0.78 mHz. Given the low noise in this bandwidth 
it was possible to resolve temperature changes as small as ∼20 µ K, 
which corresponds to a conductance noise floor of ∼6 pW K−1, when  
∆TS,f = 18 Hz is 5 K (see Supplementary Information section 7 for details 
of the noise characterization). The measured ∆TP,f = 18 Hz values were 

used to estimate GeNFRHT (Fig. 3d) via: GeNFRHT(d) = ∆TP,f = 18 Hz/ 
[RP,Au(∆TS,f = 18 Hz − ∆TP,f = 18 Hz)], where RP,Au = 0.7 × 106 K W−1 is 
the thermal resistance of the Au-coated probe (see Supplementary 
Information and Supplementary Fig. 7). The smallest gap size at which 
measurements could be accomplished is ∼3 nm and is limited by both 
snap-in and deflections of the microdevice due to periodic thermal 
expansion resulting from bimaterial effects (see Supplementary  
Fig. 11). The measured GeNFRHT (Fig. 3d) is indeed much smaller than 
that obtained with SiO2 (Fig. 3a) and SiN (Fig. 3b) films. In contrast 
to previous experiments7, our measured GeNFRHT for Au–Au surfaces 
is in excellent agreement with the predictions of fluctuational elec-
trodynamics (solid line in Fig. 3d).

To obtain insight into our experimental results, we used a fluc-
tuating-surface-current formulation of the radiative heat transfer 
problem13,25 combined with the boundary element method, as imple-
mented by us in the SCUFF-EM solver26. This allows NFRHT calcu-
lations between bodies of arbitrary shape and provides numerically 
exact results within the framework of fluctuational electrodynamics 
in the local approximation13,25. For our calculations, we character-
ized the dielectric function for SiN, whereas the dielectric functions 
for SiO2 and Au were taken from previous work (see Supplementary 
Information section 12 and Supplementary Fig. 12). To simulate our 
experiments accurately, we considered the tip–substrate geometries 
shown in the left insets of Fig. 4c, d. Here, the tip has a conical shape 
and ends in a spherical cap whose radius was obtained from scanning 
electron microscope (SEM) images of the probes (see Supplementary 
Figs 1–3). In our simulations, we included sufficiently large areas of 
the probe’s conical part and the substrate such that the results do not 
depend on their finite size (see Supplementary Information section 14 
and Supplementary Fig. 13). To maintain high fidelity to the experi-
mental conditions, we also accounted for the small roughness of our 
probes by including random Gaussian-correlated noise in the tip pro-
file (Fig. 4c, d). More precisely, the maximum protrusion height on 
the tip and the correlation length between protrusions were chosen to 
be 10 nm and 17 nm, respectively, on the basis of the surface charac-
teristics observed in the SEM images (Supplementary Figs 1–3). We 
investigated the effect of surface roughness by computing GeNFRHT for 
every material from 15 different tip–substrate ensembles with rough-
ness profiles generated as described earlier. The computational results 
for the different materials are presented in Fig. 3a, b, d. As pointed out 
earlier, we indeed find very good agreement between computation and 
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differences in eNFRHT between different material combinations, we 
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SiO2 come from two narrow energy ranges centred around ∼0.06 eV 
and ∼0.14 eV, which correspond to the energies of the transverse opti-
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transfer as the gap size increases, which is a consequence of the rapid 
decrease in the number of available surface electromagnetic modes 
for radiation to tunnel across the vacuum gap. In contrast, eNFRHT 
for Au exhibits a rather broad spectral conductance that decays more 
slowly with gap size (Fig. 4b). This slow decay is reminiscent of the 
situation encountered in a plate–plate geometry29 where NFRHT is 
dominated by frustrated internal reflection modes, that is, by modes 
that are evanescent in the vacuum gap but are propagating inside the 
Au tip and substrate whose contribution saturates for gaps below  
the skin depth29, which for Au is around 25 nm. This naturally explains 
the weaker dependence of eNFRHT on gap size observed in our Au–Au 
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Figure 2 | Detection of mechanical contact from deflection and 
temperature signals. a, Data from an experiment in which a SiO2-coated 
probe at about 400 K (heated by the incident laser) is displaced towards 
a heated SiO2 substrate at 425 K. The deflection of the scanning probe 
(blue), reported in arbitrary units (a.u.), and rise in temperature of probe, 
ΔTP (red), are shown. The sudden decrease in the deflection signal due 
to snap-in coincides with a simultaneous increase in the tip temperature 
due to conduction of heat from the hot substrate to the cold tip, clearly 
showing that contact can be readily detected by the large temperature 
jump. The snap-in distance is seen to be ∼2 nm. b, Measured ΔTP when 
an unheated probe (310 K, laser turned off) is displaced towards the 
substrate. A sudden increase in the tip temperature is seen when the cold 
tip contacts the substrate. Inset shows the increase in the tip temperature 
due to eNFRHT.
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Figure 5.2: (a) Data from an experiment in which a SiO2-coated probe at about 400 K (heated
by the incident laser) is displaced towards a heated SiO2 substrate at 425 K. The deflection of
the scanning probe (blue), reported in arbitrary units (a.u.), and rise in temperature of probe,
∆TP (red), are shown. The sudden decrease in the deflection signal due to snap-in coincides
with a simultaneous increase in the tip temperature due to conduction of heat from the hot
substrate to the cold tip, clearly showing that contact can be readily detected by the large
temperature jump. The snap-in distance is seen to be ∼ 2 nm (b) Measured ∆TP when an
unheated probe (310 K, laser turned off ) is displaced towards the substrate. A sudden increase
in the tip temperature is seen when the cold tip contacts the substrate. Inset shows the increase
in the tip temperature due to eNFRHT.

with a desired dielectric (silica (SiO2) or silicon nitride (SiN)) or metal (Au) layer. The
resulting probes have tip diameters ranging from 350 nm to 900 nm (see Fig. 5.1(b)).

The basic strategy for quantifying NFRHT is to record the tip temperature, via the
embedded nanoscale thermocouple, which rises in proportion to the radiative heat flow
when the tip is displaced towards a heated substrate. To eliminate conductive and con-
vective heat transfer and to remove any water adsorbed to the surfaces, all measure-
ments were performed in an ultra-high vacuum (UHV) using a modified scanning probe
microscope (RHK UHV 7500) housed in an ultra-low-noise facility. In performing the
measurements, the substrate is heated to an elevated temperature (TS = 425 K) while
the SThM probe, mounted in the scanner of the scanning probe microscope, is connected
to a thermal reservoir maintained at a temperature TR = 310 K. The spatial separation
between the probe and the substrate is reduced at a constant rate of 0.5 nm s−1 from
a gap size of 50 nm until probe-substrate contact. During this process, the temperature
difference between the tip (TP) and the reservoir (TR), ∆TP = TP − TR, is monitored
via the embedded thermocouple, while the deflection of the cantilever is concurrently
measured optically via an incident laser (Fig. 5.1(a)).

A typical deflection trace for a SiO2-coated tip approaching a SiO2-coated surface is
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shown in Fig. 5.2(a). From the deflection trace it is apparent that the gap size can be
controllably reduced to values as small as ∼ 2 nm, below which the tip rapidly “snaps”
towards the substrate and makes contact. This instability is created by attractive forces
between the tip and the substrate that arise owing to Casimir and/or electrostatic forces.
Figure 5.2(a) shows the simultaneously measured ∆TP, which represents the sudden
increase in temperature that occurs when the tip snaps into the substrate. This rapid
increase in tip temperature (∼ 2 K) upon mechanical contact is due to heat conduction,
via the solid-solid contact, from the hot substrate (425 K) to the tip of the SThM probe,
the temperature of which is ∼ 400 K (heating by the incident laser results in an elevated
temperature).

The tight temporal correlation between the mechanical snap-in and the temperature
jump of the probe makes it possible to identify tip-substrate contact solely on the basis
of temperature signals. In Fig. 5.2(b), the recorded tip temperature is shown as a probe
approaches a heated substrate with the laser beam turned off. The recorded temperature
signals with and without laser tracking are basically identical (Fig. 5.2(a-b)), except
that the magnitude of the jump reflects the tip-substrate temperature difference with
and without laser excitation. Thus, mechanical contact can be readily detected from the
robust temperature jump without laser excitation, thereby avoiding probe heating and
laser interference effects. Therefore, all experiments were performed by first estimating
the snap-in distance using the optical scheme and subsequently turning the laser off to
perform eNFRHT measurements.

To determine the gap (d)-dependent near-field radiative conductance (GeNFRHT), ∆TP

was measured and GeNFRHT was directly estimated from GeNFRHT(d) = ∆TP/[RP(TS −
TR −∆TP)], where RP is the thermal resistance of the probe, which was experimentally
independently determined. This technique provides a noise floor of ∼ 220 pWK−1 in the
measurement of the thermal conductance in the eNFRHT. This sensitivity is sufficient
to measure the heat flow between polar materials, but it is not good enough to resolve
quantitatively the heat flow between Au-coated probes and samples. In order to improve
the resolution of the conductance measurements, a new microdevice was employed (see
Fig. 5.1(c-d)). This system features a suspended island whose temperature can be readily
modulated at f = 18 Hz. Sinusoidal electric currents (9 Hz) supplied to the embedded
electrical heater resulted in sinusoidal temperature oscillations at the second harmonic
with amplitude (∆TS,f=18 Hz) that was accurately measured using a lock-in technique
[69, 70]. To characterize eNFRHT, a Au-coated SThM probe (30 nm Au thickness) was
positioned in close proximity to the surface of the microfabricated device, which features
a suspended region that is 50 µm × 50 µm large and was coated with 100 nm of Au.
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The amplitude of temperature modulation of the probe (∆TP,f=18 Hz), due to eNFRHT,
was measured at various gap sizes in a bandwidth of 0.78 mHz. Given the low noise
in this bandwidth it was possible to resolve temperature changes as small as ∼ 20 µK,
which corresponds to a conductance noise floor of ∼6 pW K−1, when ∆TS,f=18 Hz is 5 K
. The measured ∆TP,f=18 Hz values were used to estimate GeNFRHT via: GeNFRHT(d) =

∆TP,f=18 Hz/[RP,Au(∆TS,f=18 Hz − ∆TP,f=18 Hz)], where RP,Au = 0.7 × 106 K W−1 is the
thermal resistance of the Au-coated probe. The smallest gap size at which measurements
could be accomplished is ∼ 3 nm and is limited by both snap-in and deflections of the
microdevice due to periodic thermal expansion resulting from bimaterial effects.

5.3. Theoretical modelling of eNFRHT
Let us explain in this section how we have analyzed theoretically the radiative heat
flow between the SThM probes and the substrates. As explained in previous chapters,
modeling of NFRHT requires the frequency-dependent complex dielectric function of
materials as a key input. It is well-known that even for nominally identical materials,
the dielectric functions may differ due to variations in actual material compositions and
microstructures as a function of preparation methods and conditions. The use of different
dielectric functions for the same nominal material could lead to significant discrepancies
in the calculated near-field heat fluxes, analogous to what has been reported in the case
of Casimir force [149] calculations.

While there is relatively little uncertainty in the composition of SiO2 and Au films,
the stoichiometry of SiN films is sensitive to deposition conditions. Hence the frequency-
dependent complex dielectric function of the SiN films deposited on the substrates used
in our measurements was characterized by the external company WoollamTM. These mea-
surements were performed to accurately account for the fact that the properties (porosity,
chemical composition, dielectric function, etc.) of SiN films could vary significantly with
different deposition methods and parameters. The dielectric function obtained from these
measurements is shown in Fig. 5.3. For Au and SiO2, the dielectric constants were taken
from previous works and they are the ones employed in Chapter 2 (See Fig. 2.3).

5.3.1. Formalism employed for computing RHT

In order to model theoretically the RHT between a thermal scanning tip and a sample, we
need a numerical method which can described the RHT between arbitrary geometries
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material with properties that are similar to those of SPhPs. The surface waves in the interface 

between a dielectric like vacuum and a lossy dielectric like SiN are often referred to in the 

literature as Zenneck waves41.  

The similarities between SiN and SiO2 are also evident in the spatial distribution of the 

surface Poynting vector, as illustrated in Fig. S14b. As in the SiO2 case, the radiative heat 

transfer is very much concentrated at the tip apex as a consequence of the fact that NFRHT is 

dominated in this case by surface electromagnetic waves with very small penetration depths. 

Again, this is clearly at variance with the observations in the Au case (Fig. 4d).    

Figure S14.  Spectral conductance and spatial distribution of the Poynting-flux for SiN. a, 
Spectral conductance as a function of the energy for a SiN tip-sample geometry for three 
different gap sizes. The tip radius is 175 nm and the reservoir temperatures are 310 K for the tip 
and 425 K for the substrate. Notice the logarithmic scale in the vertical axis. b, Surface-contour 
plot showing the spatial distribution of Poynting-flux pattern on the surface of the bodies for the 
SiN tip-substrate geometry of panel a with a gap of 1 nm. The colour scale has units of 
W/(K!eV!m2) and the plot has been computed at an energy of 0.12 eV, which corresponds to the 
maximum of the spectral conductance. The right inset shows the corresponding surface heat flux 
on the substrate, while the left inset displays the entire tip-sample geometry simulated along with 
the mesh used in the calculations. 

16. Role of the Tip Roughness in the Calculations of eNFRHT

As explained both in the manuscript and in section 14, in our simulations we have taken into 

account the roughness present in our experimental probes. For completeness, we illustrate here 

the impact of the tip roughness. Towards this goal, in Fig. S15 we compare the results with and 

without roughness for the three materials investigated in this work (SiO2, SiN and Au).  
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While there is relatively little uncertainty in the composition of SiO2 and Au films the 

stoichiometry of SiN films is sensitive to deposition conditions. Hence the frequency-dependent 

complex dielectric function of the SiN films deposited on the substrates used in our 

measurements was characterized using two WoollamTM spectroscopic ellipsometers (VUV-

VASE and IR-VASE). Three angles of incidence (55°, 65° and 75°) were used and a wavelength 

range from 137 nm to 40 µm was covered. These measurements were performed to accurately 

account for the fact that the properties (porosity, chemical composition, dielectric function, etc.) 

of SiN films could vary significantly with different deposition methods and parameters. The 

dielectric function obtained from these measurements and subsequent analysis36 is shown in Fig. 

S12b. 

Figure S12. Dielectric functions. a-c, Real and imaginary parts of the dielectric functions 
employed in our simulations as a function of energy for SiO2, SiN, and Au. 

13. Formalism Employed for Computing Radiative Heat Transfer

In order to model the radiative heat transfer for the configurations experimentally studied by us 

we employed the fluctuating-surface-current (FSC) formulation of the heat transfer problem that 

has been recently put forward by one of us in collaboration with others13,25. This novel approach 

is based on the surface-integral-equation (SIE) formulation of classical electromagnetism and 

allows direct application of the boundary element method (BEM). In this method the 

electromagnetic scattering problem is solved by considering a set of linear equations involving a 

number of surface unknowns (fictitious surface currents in the surfaces of the objects). The FSC-

BEM combination allows describing the radiative heat transfer between bodies of arbitrary shape, 

and can provide numerically exact results within the framework of fluctuational electrodynamics. 

In practice, we use the implementation of this approach provided in the open-source SCUFF-EM
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Figure S15. Role of the tip roughness. a, Computed near-field radiative conductance as a 
function of the gap size for a SiO2 tip-sample geometry. The tip radius is 225 nm, and the 
reservoir temperatures are 310 K for the tip and 425 K for the substrate. The solid blue line 
corresponds to the average result obtained for 15 different tips featuring a roughness of 10 nm, 
while the blue shaded region represents the corresponding standard deviation. The red solid line 
corresponds to the result for an ideal tip without any roughness. The black dashed line 
corresponds to the result obtained using the proximity approximation, see text. b, The same as in 
panel a, but for a SiN tip-sample geometry. In this case the tip radius is 175 nm, and the reservoir 
temperatures are 310 K for the tip and 425 K for the substrate. c, The same as in panel a, but for 
a Au tip-sample geometry. In this case the tip radius is 450 nm, and the reservoir temperatures 
are 300 K for the tip and 301 K for the substrate. 
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Figure 5.3: Real and imaginary parts of the dielectric function of SiN employed in our simu-
lations as a function of energy.

in the near-field. One option would be to use the scattering matrix approach, which
relates the RHT between two arbitrary objects with the scattering properties of each
individual object [21–23]. These scattering matrices are generally expressed in terms of
spectral basis which are adapted to the geometry of the object. The main advantage
of an appropriate basis choice is that it speeds up the convergence of the method, for
instance if spherical harmonics are chosen to describe the RHT between two spheres.
However, in order to describe the RHT between arbitrary objects these bases do not
offer a exponential convergence anymore.

Another option would be to use a direct method such as the FTDT to calculate
numerically the heat flow between the SThM and the samples. This method can be
applied to arbitrary geometries and requires a very low use of memory. However, due to
its statistical nature [35], as we have explained in Sec. 1.4, this method is very noisy and
it exhibits convergence issues. We have finally opted to use a BEM implementation of the
FSC formulation of RHT which was recently derived by Rodriguez et al [39]. We have
chosen this method due to several reasons. First of all, it offers numerically exact results
within the framework of local FE. Moreover, this method discretizes only the surface of
the bodies involved in the RHT problem in order to find the unknown surface currents.
This simplifies in principle the complexity of the problem from a computational point of
view. We briefly explain this formalism in the next section.

91



5. Radiative heat transfer in the extreme near-field.

5.3.2. FSC formulation of RHT

In this section we outline the FSC formulation of RHT introduced by Rodriguez et al [39].
In general, the total radiative power (Prad) exchanged between two objects a different
temperatures can be expressed as:

Prad =

∫ ∞
0

dω [Θ(ω, T1)−Θ(ω, T3)] Φ(ω), (5.1)

where Θ(ω, T ) = ~ω/[exp(~ω/kBT ) − 1] and Φ(ω) is the heat flux per unit frequency
emitted from one body to the other. The problem is how to solve for Φ(ω) to find the
total power exchanged between two objects. In this method, one of the main ideas is
to employ the principle of equivalence of electromagnetism [145–147], which states that
the EM fields inside body i due to interactions with other bodies (this includes both the
fields generated by sources in other bodies and the fields scattered off the interface of
body i) can be said to be generated by some fictitious electric and magnetic currents ξi

which exist on the boundary of body i. Using this principle, it is possible to express the
spectral heat flux Φ(ω) as:

Φ(ω) =
1

2π
Tr
[(
symG1

)
W 21,∗ (symG2

)
W 21

]
, (5.2)

where Gi is the self-interaction Green’s function for surface currents within body i,
symO = (O + O∗)/2 corresponds to the Hermitian component of an operator and W ij

represents the interaction between body i and j and relates the incident fields at the
surface of body j to the surface currents at body i. More precisely,W ij is the off-diagonal
block of the inverse of the total Green’s function of the system. The components of the
Green’s function connecting surface currents within object i are given by the following
inner product:

Gi
αβ =

〈
fα,Γ

i ? fβ
〉
, (5.3)

where 〈g, h〉 =
∫
g∗h and Γi is the well-known dyadic Green’s tensor for a homogeneous

medium with the dielectric properties of body i. The functions fα and fβ are two com-
ponents of the basis chosen in which the surface currents ξi(x) can be expressed. More
explicitly, ξi(x) =

∑
α ξαfα(x). The basis function fα is normally, in BEM, a piecewise-

polynomial "element" function which is defined in meshed pieces at the surface of every
object.

The compact expression for the RHT found using this formalism (Eq. 5.2) is very
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5.3. Theoretical modelling of eNFRHT

convenient computationally as it does not need to consider any fields or sources in
the volumes or separate between incoming and outgoing EM waves. This formulation
of the heat transfer problem has been implemented in the open-source SCUFF-EM
software package [82, 83], which we have used to perform all the simulations shown in
this chapter. This code makes use of the BEM to discretize the surfaces of the bodies
into triangular elements or panels and the surface currents in each element are described
by piecewise low-degree polynomials. In particular, SCUFF-EM employs the so-called
RWG [148] basis of vector-valued polynomial functions defined on a mesh of triangular
panels. This basis is suitable to deal with arbitrary geometries and yields results that
converge with increasing resolution (smaller triangles). Further technical details can be
found in Refs. [38, 39, 82].

5.3.3. Tip-substrate geometries and convergence of
simulations

In order to provide a quantitative description of our experiments, we consider tip-
substrate geometries like the one shown in Fig. 5.4. The tip has a conical shape and
ends in a spherical cap. The angle of the cone and the radius of the spherical cap have
been obtained in every case from the SEM images of the experimental probes. The exper-
imental tip radii were 450 nm for Au, 225 nm for SiO2, and 175 nm for SiN. The height
of the tip was chosen to be 3 µm for Au and 1.3 µm for SiO2 and SiN. The substrate was
modeled by a finite disk of radius 4 µm for Au and 2 µm for SiO2 and SiN, and thick-
ness 2 µm for Au and 1 µm for SiO2 and SiN. The dimensions of both the tip and the
substrate were carefully chosen so that there are no finite-size effects. To maintain high
fidelity to the experimental conditions, we also accounted for the small roughness of our
probes by including random Gaussian-correlated noise in the tip profile (Fig. 5.6(c-d)).
More precisely, the maximum protrusion height on the tip and the correlation length
between protrusions were chosen to be 10 nm and 17 nm, respectively, on the basis of
the surface characteristics observed in the SEM images. We investigated the effect of sur-
face roughness by computing GeNFRHT for every material from 15 different tip-substrate
ensembles with roughness profiles generated as described earlier Let us remark that in
our theoretical approach we assume that the RHT can be well described in terms of
dielectric functions that only depend on frequency or energy (local approximation).

A key issue in our numerical simulations is the choice of the mesh of triangular pan-
els for the RWG-BEM approach. To obtain accurate results, the size of the triangular
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Figure S13. Simulated tip-substrate geometry and numerical convergence. a, Example of the 
tip-substrate geometries employed in our numerical simulations. The tip has a conical shape and 
ends in a spherical cap, while the substrate is modelled as a thick disk. The solid white lines 
correspond to the mesh of triangular panels used in the BEM calculations. The right inset shows 
a blow-up of the tip apex region. Here, R is the tip radius, and d is the gap size (or distance 
between the tip and the substrate). b, Example of a convergence test of the numerical results 
upon refinement of the mesh of triangular panels for a SiO2 tip-substrate geometry with a tip 
radius of 200 nm and a gap size of 4 nm. In this case, the tip was assumed to not have any 
roughness. The different curves correspond to different numbers of basis functions employed in 
the BEM calculations as indicated in the figure. Notice that the two curves for the largest 
numbers of basis functions lie on top of each other illustrating the excellent convergence of our 
results. The reservoir temperatures in this calculation were assumed to be 310 K for the tip and 
425 K for the substrate.  
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Figure 5.4: (a) Example of the tip-substrate geometries employed in our numerical simulations.
The tip has a conical shape and ends in a spherical cap, while the substrate is modelled as a
thick disk. The solid white lines correspond to the mesh of triangular panels used in the BEM
calculations. The right inset shows a blow-up of the tip apex region. Here, R is the tip radius, and
d is the gap size (or distance between the tip and the substrate). (b) Example of a convergence
test of the numerical results upon refinement of the mesh of triangular panels for a SiO2 tip-
substrate geometry with a tip radius of 200 nm and a gap size of 4 nm. In this case, the tip
was assumed to not have any roughness. The different curves correspond to different numbers
of basis functions employed in the BEM calculations as indicated in the figure. Notice that
the two curves for the largest numbers of basis functions lie on top of each other illustrating
the excellent convergence of our results. The reservoir temperatures in this calculation were
assumed to be 310 K for the tip and 425 K for the substrate.
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5.4. Results

panels must be comparable to the (local) gap size or smaller. This was accomplished by
employing a non-uniform grid that was finer at both the tip apex and in the centre of
the plate (Fig. 5.4). The convergence of our results was checked, for every combination
of materials and every tip-substrate distance, by progressively refining the mesh, i.e., by
reducing the size of the triangles and increasing the number of basis functions in the
BEM calculations. In Fig. 5.4 (b) we show an example of our convergence tests for the
case of a SiO2 tip-substrate geometry. It can be seen that the results progressively con-
verge to a single solution (or spectral conductance) as the number of basis functions is
increased. For calculations that included the presence of tip roughness, we have defined
a smaller spherical cap around the tip apex where the triangular panels were chosen to
have an equal size. The same was done in the substrate for a circular region around its
centre. Again, the size of these triangles was checked to be sufficiently small to obtain
converged results. We note that the convergence of the results with the size and the
number of triangles critically depends on the material of choice. For metals (Au) the
convergence is faster than for polar dielectrics (SiN, SiO2) due to the different physical
mechanism that dominates the NFRHT. In metals, NFRHT is governed by total inter-
nally reflected waves and does not depend critically on the distance between the tip and
the plate. In contrast, NFRHT in polar dielectrics is dominated by SPhPs, EM waves
whose dispersion relation is very sensitive to the distance between the two objects. Thus,
the simulations for polar dielectrics require much more refined grids with considerably
higher number of basis functions, i.e., with much smaller triangular panels.

5.4. Results

5.4.1. Comparison of the numerical simulations with the
experimental measurements

Once we have described the modeling of the eNFRHT in the tip-plate system, let us
compare the experimental results with the numerical computations. Fig. 5.5 shows the
measured extreme near-field conductances for both dielectric and metal surfaces. The
red solid lines correspond to the average experimental conductance from 15 independent
measurements, while the light red band represents the standard deviation. The blue
solid line shows the average of the computed radiative conductance for 15 different tips
with stochastically chosen roughness profiles, as we have explained before. Fig. 5.5(a-b)
show the radiative conductance for SiO2 and SiN surfaces, respectively. It can be seen
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Figure 5.5: (a) Measured and computed near-field radiative conductance between a SiO2-
coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line represents experimental
data while blue line corresponds to the numerical simulations. (b-c) Same as (a), but for SiN-SiN
and Au-Au, respectively. The tip diameter is 350 nm for the SiN-coated tip. Computed results
are not included for Au-Au. (d) Near-field conductance from experiments with a Au-coated
probe and a suspended microdevice (see inset) The red dots represents the measurements while
the blue line corresponds to the computed conductance (tip diameter is 900 nm).

that GeNFRHT increases monotonically until the probe snaps into contact (gap size at
snap-in is 2 nm for both SiO2 and SiN measurements). Furthermore, it can be seen that
the eNFRHT is larger between the SiO2-coated tip and sample. The agreement between
the experimental results and the computed values is very good for both SiO2 and SiN
devices.

This remarkable agreement between eNFRHT measurements and computational pre-
dictions raises important questions with regards to recent experiments [50] investigating
eNFRHT between Au surfaces, which suggested strong disagreements (∼ 4 orders of
magnitude) between predictions of FE and the results of experiments. One may wonder
if the good agreement reported above is unique to eNFRHT between polar dielectric
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materials. To answer this question unambiguously, we show the measured conductance
between Au-coated probes and substrates in Fig. 5.5(c). It can be seen that the mea-
sured GeNFRHT with decreasing gap size remains comparable to the noise floor of ∼ 220
pW K−1 for Au-coated probes at an applied temperature differential of ∼ 115 K and
is much smaller than that observed for polar dielectrics. These measurements set an
upper bound of ∼ 250 pW K−1 for GeNFRHT in our Au-Au experiments. This result is
particularly surprising because previous studies that used probes with smaller diameters
[50] reported conductances >40 nW K−1, which are at least two orders of magnitude
larger than conductances measured by us and predicted by theory. Figure 5.5(d) shows
the near-field conductance between a Au-coated tip and a suspended microdevice whose
temperature can be modulated. The red dots correspond to the average from 10 different
experiments (temperature periodically modulated at 18 Hz) and the error bars represent
the standard deviation. Again, the blue solid line represents the computed conductance.
The Au-Au GeNFRHT (Fig. 5.5(d)) is indeed much smaller than that obtained in the
SiO2-SiO2 (Fig. 5.5(a)) and SiN-SiN (Fig. 5.5(b)) case. In contrast to previous experi-
ments [50], our measured GeNFRHT for Au-Au surfaces is in excellent agreement with the
predictions of FE.

5.4.2. Physical mechanisms of RHT enhancement
To elucidate the underlying physical mechanism and explain the differences in eNFRHT
between different material combinations, we compute the spectral conductance (heat
conductance per unit of energy) for several gap sizes as shown in Fig. 5.6(a-c) for SiO2,
SiN and Au, respectively. In Fig. 5.6(a), one can see that the dominant contributions to
the spectral conductance of SiO2 come from two narrow energy ranges centered around
∼ 0.06 eV and ∼ 0.14 eV, which correspond to the energies of the transverse optical
phonons of SiO2. This strongly suggests that for SiO2, eNFRHT is dominated by SPhPs,
as we previously found in Chapter 2 when we studied the NFRHT between a sphere and
a thin film at larger gaps. In turn, this explains the marked decrease in heat transfer
as the gap size increases, which is a consequence of the rapid decrease in the number of
available surface EM modes for radiation to tunnel across the vacuum gap.

We show in Figure. 5.6(b) the spectral heat conductance for a SiN tip-substrate ge-
ometry for three different gap sizes. As one can see, the major contribution to heat
transfer comes from an energy region around 0.12 eV, which corresponds to the energy
of the transverse optical phonons in this material. As in the case of SiO2, the coupling of
optical phonons to EM waves gives rise to SPhPs that dominate the NFRHT. For this
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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material with properties that are similar to those of SPhPs. The surface waves in the interface 

between a dielectric like vacuum and a lossy dielectric like SiN are often referred to in the 

literature as Zenneck waves41.  

The similarities between SiN and SiO2 are also evident in the spatial distribution of the 

surface Poynting vector, as illustrated in Fig. S14b. As in the SiO2 case, the radiative heat 

transfer is very much concentrated at the tip apex as a consequence of the fact that NFRHT is 

dominated in this case by surface electromagnetic waves with very small penetration depths. 

Again, this is clearly at variance with the observations in the Au case (Fig. 4d).    

Figure S14.  Spectral conductance and spatial distribution of the Poynting-flux for SiN. a, 
Spectral conductance as a function of the energy for a SiN tip-sample geometry for three 
different gap sizes. The tip radius is 175 nm and the reservoir temperatures are 310 K for the tip 
and 425 K for the substrate. Notice the logarithmic scale in the vertical axis. b, Surface-contour 
plot showing the spatial distribution of Poynting-flux pattern on the surface of the bodies for the 
SiN tip-substrate geometry of panel a with a gap of 1 nm. The colour scale has units of 
W/(K!eV!m2) and the plot has been computed at an energy of 0.12 eV, which corresponds to the 
maximum of the spectral conductance. The right inset shows the corresponding surface heat flux 
on the substrate, while the left inset displays the entire tip-sample geometry simulated along with 
the mesh used in the calculations. 

16. Role of the Tip Roughness in the Calculations of eNFRHT

As explained both in the manuscript and in section 14, in our simulations we have taken into 

account the roughness present in our experimental probes. For completeness, we illustrate here 

the impact of the tip roughness. Towards this goal, in Fig. S15 we compare the results with and 

without roughness for the three materials investigated in this work (SiO2, SiN and Au).  
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While there is relatively little uncertainty in the composition of SiO2 and Au films the 

stoichiometry of SiN films is sensitive to deposition conditions. Hence the frequency-dependent 

complex dielectric function of the SiN films deposited on the substrates used in our 

measurements was characterized using two WoollamTM spectroscopic ellipsometers (VUV-

VASE and IR-VASE). Three angles of incidence (55°, 65° and 75°) were used and a wavelength 

range from 137 nm to 40 µm was covered. These measurements were performed to accurately 

account for the fact that the properties (porosity, chemical composition, dielectric function, etc.) 

of SiN films could vary significantly with different deposition methods and parameters. The 

dielectric function obtained from these measurements and subsequent analysis36 is shown in Fig. 

S12b. 

Figure S12. Dielectric functions. a-c, Real and imaginary parts of the dielectric functions 
employed in our simulations as a function of energy for SiO2, SiN, and Au. 

13. Formalism Employed for Computing Radiative Heat Transfer

In order to model the radiative heat transfer for the configurations experimentally studied by us 

we employed the fluctuating-surface-current (FSC) formulation of the heat transfer problem that 

has been recently put forward by one of us in collaboration with others13,25. This novel approach 

is based on the surface-integral-equation (SIE) formulation of classical electromagnetism and 

allows direct application of the boundary element method (BEM). In this method the 

electromagnetic scattering problem is solved by considering a set of linear equations involving a 

number of surface unknowns (fictitious surface currents in the surfaces of the objects). The FSC-

BEM combination allows describing the radiative heat transfer between bodies of arbitrary shape, 

and can provide numerically exact results within the framework of fluctuational electrodynamics. 

In practice, we use the implementation of this approach provided in the open-source SCUFF-EM
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Figure S15. Role of the tip roughness. a, Computed near-field radiative conductance as a 
function of the gap size for a SiO2 tip-sample geometry. The tip radius is 225 nm, and the 
reservoir temperatures are 310 K for the tip and 425 K for the substrate. The solid blue line 
corresponds to the average result obtained for 15 different tips featuring a roughness of 10 nm, 
while the blue shaded region represents the corresponding standard deviation. The red solid line 
corresponds to the result for an ideal tip without any roughness. The black dashed line 
corresponds to the result obtained using the proximity approximation, see text. b, The same as in 
panel a, but for a SiN tip-sample geometry. In this case the tip radius is 175 nm, and the reservoir 
temperatures are 310 K for the tip and 425 K for the substrate. c, The same as in panel a, but for 
a Au tip-sample geometry. In this case the tip radius is 450 nm, and the reservoir temperatures 
are 300 K for the tip and 301 K for the substrate. 
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).

a

–100

0

100

200

300

400

500

600

30 50 0
–20

0

20

40

60

80

100c d

0 10 20 30 40 50
–500

0

500

1,000

1,500

2,000

 Experimental data
 Computed data

Gap size (nm) Gap size (nm)

Gap size (nm) Gap size (nm)
G

eN
FR

H
T,

 A
u–

A
u 

(p
W

 K
–1

)
G

eN
FR

H
T,

 S
iO

2–
S

iO
2 (p

W
 K

–1
)

G
eN

FR
H

T,
 A

u–
A

u 
(p

W
 K

–1
)

G
eN

FR
H

T,
 S

iN
–S

iN
 (p

W
 K

–1
)

 Experimental data
 Computed data

 Experimental data

10 

1,600

1,200

800

400

0

–400
0 20 40 100 200 300 400 

0 30 50 10 20 40 

 Experimental data
 Computed data

b

 Au
Mica

 SiO2Si
 SiN
Si

 Au

 Au

© 2015 Macmillan Publishers Limited. All rights reserved

LETTERRESEARCH

3 9 0  |  N A T U R E  |  V O L  5 2 8  |  1 7  D E C E M B E R  2 0 1 5

b

d

a

c

0.04 0.06 0.08 0.10 0.12 0.14 0.16
100

101

102

103

104

105

S
pe

ct
ra

l c
on

du
ct

an
ce

 (p
W

 K
–1

 e
V–1

)

Energy (eV)

d = 1 nm
d = 10 nm
d = 50 nm

0 0.02 0.04 0.06 0.08 0.10 0.120

500

1,000

1,500

2,000

2,500

3,000

Energy (eV)

S
pe

ct
ra

l c
on

du
ct

an
ce

 (p
W

 K
–1

 e
V–1

) d = 1 nm
d = 10 nm
d = 50 nm

100 nm

200 nm2 μm

35 × 103

 

353.3 × 105

3.3 × 108

1 μm 100 nm

50 nm

Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
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surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.
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shows the average conductance from 15 independent measurements, the 
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stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 
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Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
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Figure 4 | Spectral conductance and spatial distribution of the 
Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Poynting flux. a, Spectral conductance as a function of energy for a SiO2 
tip–substrate geometry for three different gap sizes. The tip diameter is 
450 nm, and the reservoir temperatures are 310 K for the tip and 425 K for 
the substrate. Notice the logarithmic scale in the vertical axis. b, Same as  
a, but for Au. In this case, the tip radius is 450 nm, and the tip and substrate  
temperatures are 300 K and 301 K, respectively. c, Surface-contour plot 
showing the spatial distribution of the Poynting-flux pattern on the 

surface of the bodies for the SiO2 tip–substrate geometry corresponding to 
that in a with a gap of 1 nm. The colour scale is in units of W (K eV m2)−1 
and the plot was computed at an energy of 61 meV, which corresponds 
to the maximum of the spectral conductance. The right inset shows the 
corresponding surface heat flux on the substrate; the left inset displays the 
whole tip–substrate geometry simulated, including the mesh used in the 
calculations. d, Same as c, but for Au. In this case the surface-contour plot 
was computed at 9 meV, the maximum of the spectral conductance.

Figure 3 | Measured extreme near-field thermal conductances for dielectric 
and metal surfaces. a, Measured near-field radiative conductance between 
a SiO2-coated probe (310 K) and a SiO2 substrate at 425 K. The red solid line 
shows the average conductance from 15 independent measurements, the 
light red band represents the standard deviation. The blue solid line shows 
the average of the computed radiative conductance for 15 different tips with 
stochastically chosen roughness profiles (root-mean-squared roughness of 
∼10 nm) and a tip diameter (450 nm) obtained from SEM images of the probe. 

The blue shaded region represents the standard deviation in the calculated 
data. b, c, Same as a, but for SiN–SiN and Au–Au, respectively. The tip 
diameter is 350 nm for the SiN-coated tip. Computed results are not included 
for Au–Au. d, Near-field conductance from experiments with a Au-coated 
probe and a suspended microdevice. Red dots represent the average from 10 
different measurements (temperature periodically modulated at 18 Hz); the 
error bars represent the standard deviation. The blue solid line represents the 
computed conductance (tip diameter is 900 nm).
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Figure 5.6: (a) Spectral conductance as a function of energy for a SiO2 tip-substrate geometry
for three different gap sizes. The tip diameter is 450 nm, and the reservoir temperatures are
310 K for the tip and 425 K for the substrate. Notice the logarithmic scale in the vertical axis.
(b) Same as (a), but for SiN. In this case, the tip radius is 175 nm. (c) Same as (a,b), but for
Au. Now the tip radius is 450 nm, and the tip and substrate temperatures are 300 K and 301
K, respectively. (d) Surface-contour plot showing the spatial distribution of the Poynting-flux
pattern on the surface of the bodies for the SiO2 tip-substrate geometry corresponding to that
in a with a gap of 1 nm. The color scale is in units of W (K eV m2)−1 and the plot was computed
at an energy of 61 meV, which corresponds to the maximum of the spectral conductance. The
right inset shows the corresponding surface heat flux on the substrate; the left inset displays
the whole tip-substrate geometry simulated, including the mesh used in the calculations. (e-f)
Same as d, but for SiN and Au respectively. The surface-contour plots have been computed at
an energy of 0.12 eV (SiN) and 9 meV (Au), which correspond to the maximum of the spectral
conductance in every case.
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5.4. Results

reason, the NFRHT rapidly decays with the gap size, very much like in the SiO2 case.
An important conceptual difference between SiO2 and SiN is that for SiN the real part
of the dielectric constant never becomes negative, see Fig. 5.3. This means in practice
that, even in the energy region where the optical phonons exist, SiN behaves as a lossy
dielectric material. However, one can show that it is still possible to have surface EM
waves in this material with properties that are similar to those of SPhPs. The surface
waves in the interface between a dielectric like vacuum and a lossy dielectric like SiN are
often referred to in the literature as Zenneck waves [150].

In contrast with the previous materials, eNFRHT for Au exhibits a rather broad spec-
tral conductance that decays more slowly with gap size (Fig. 5.6(c)). This slow decay
is reminiscent of the situation encountered for metals in the plate-plate geometry which
was analyzed in Sec 1.3.2. As we have explained in that section, NFRHT is dominated
in the Au-Au case by frustrated internal reflection modes, that is, by modes that are
evanescent in the vacuum gap but are propagating inside the Au tip and substrate whose
contribution saturates for gaps below the skin depth [120], which for Au is around 25
nm. This naturally explains the weaker dependence of eNFRHT on gap size observed in
our Au-Au measurements. The fundamental difference in eNFRHT between dielectrics
and metals is also apparent from the computed Poynting-flux patterns on the surfaces
(Fig. 5.6(d-f)), which show that eNFRHT in the SiO2 and in the SiN case is much more
concentrated in the tip apex than it is in the Au case. This difference reflects the fact
that in a polar dielectric, such as SiO2 and SiN, eNFRHT has a very strong distance
dependence due to the excitation of SPhPs with a penetration depth comparable to the
gap size, as we derived in Sec. 2.4.2 of Chapter 2 (see Eq. 2.6). Given these differences
between metals and dielectrics, it is not surprising that Au-Au eNFRHT is relatively in-
sensitive to small surface roughness (see Sec. 5.4.3). For this reason, the large differences
between our results for Au and those of previous work [50, 51], which disagree with the
predictions of FE, cannot be attributed to differences in the surface roughness. Our com-
putational results, when compared with our experimental data, provide unambiguous
evidence that FE accurately describes eNFRHT.

5.4.3. Role of the tip roughness in the calculations of
eNFRHT

As explained in the previous sections, in our simulations we have taken into account
the roughness present in our experimental probes. For completeness, we illustrate here
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5. Radiative heat transfer in the extreme near-field.

 

Figure S15. Role of the tip roughness. a, Computed near-field radiative conductance as a 
function of the gap size for a SiO2 tip-sample geometry. The tip radius is 225 nm, and the 
reservoir temperatures are 310 K for the tip and 425 K for the substrate. The solid blue line 
corresponds to the average result obtained for 15 different tips featuring a roughness of 10 nm, 
while the blue shaded region represents the corresponding standard deviation. The red solid line 
corresponds to the result for an ideal tip without any roughness. The black dashed line 
corresponds to the result obtained using the proximity approximation, see text. b, The same as in 
panel a, but for a SiN tip-sample geometry. In this case the tip radius is 175 nm, and the reservoir 
temperatures are 310 K for the tip and 425 K for the substrate. c, The same as in panel a, but for 
a Au tip-sample geometry. In this case the tip radius is 450 nm, and the reservoir temperatures 
are 300 K for the tip and 301 K for the substrate. 
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Figure 5.7: (a) Computed near-field radiative conductance as a function of the gap size for a
SiO2 tip-sample geometry. The tip radius is 225 nm, and the reservoir temperatures are 310 K
for the tip and 425 K for the substrate. The solid blue line corresponds to the average result
obtained for 15 different tips featuring a roughness of 10 nm, while the blue shaded region
represents the corresponding standard deviation. The red solid line corresponds to the result
for an ideal tip without any roughness. The black dashed line corresponds to the result obtained
using the proximity approximation, see text. (b) The same as in panel (a), but for a SiN tip-
sample geometry. In this case the tip radius is 175 nm, and the reservoir temperatures are 310
K for the tip and 425 K for the substrate. (c) The same as in panel (a), but for a Au tip-sample
geometry. In this case the tip radius is 450 nm, and the reservoir temperatures are 300 K for
the tip and 301 K for the substrate.

the impact of the tip roughness. Towards this goal, in Fig. 5.7 we compare the results
with and without roughness for the three materials investigated in this work (SiO2, SiN
and Au).From this comparison, one can draw two main conclusions: (i) the presence of
roughness tends to reduce the radiative heat conductance and (ii) the roughness has
a larger impact on the conductance of polar dielectrics. The first property is a simple
consequence of the fact that the gap size is defined as the shortest tip-sample distance
(following our AFM experiments). Thus, the presence of roughness effectively leads to
an increase in the average tip-sample distance, as compared with the ideal tip with no
roughness. This fact leads naturally to a reduction of the RHT at a given gap size. Notice
also that the impact of the roughness is obviously larger for the smallest gaps, where it
can lead to a reduction of the conductance on the order of a factor of two, while it is
negligible when the gap size becomes larger than the natural scale of the roughness (10
nm in our case). Furthermore, the larger impact of the roughness in the case of SiO2 and
SiN, as compared with Au, is again due to the fact that in polar dielectrics the RHT
is much more localized in the tip apex due to the excitation of SPhPs with very short
penetration depths.

To conclude, it is interesting to compare the results for the ideal tips (with no rough-
ness) with those obtained using the so-called proximity or Derjaguin approximation (see
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5.5. Role of contaminants in eNFRHT measurements

Sec. 2.3.2), which is frequently used to estimate the RHT in complex geometries. For
this purpose, we assume that the tips can be modelled by spheres of the same radius
and compute the NFRHT between a sphere and an infinite plate. The results obtained
with this approximation for the three materials considered in this work are shown in
Fig. 5.7 (black dashed lines). It can be seen that this simple approximation provides
a very good estimate of the gap-size dependent NFRHT in the case of the ideal tips.
Therefore, it is clear that for ideal tips the proximity approximation can be used as a
good first approximation to estimate the RHT.

5.5. Role of contaminants in eNFRHT
measurements

In this Chapter, we have shown so far that the RHT between two objets separated by
single-nanometer distances can be described using the formalism of FE [140]. However,
as we have explained in the Introduction, other measurements [50–52] have suggested
an extraordinary large heat flux in this regime that is more than four orders of mag-
nitude larger than the values predicted by conventional theory of FE. In these works,
the gap size is quantified by measuring the tuneling current between the tip and the
sample. Conversely, in the experiments performed by our colleagues from University of
Michigan, the gap size was measured using compliant cantilevers that enabled direct
detection of mechanical contact ensuring that the measurements were performed only
under conditions where a vacuum gap was present between the surfaces that were being
studied. In order to resolve this controversy, the experimental group of Professor Pramod
Reddy and Edgar Meyhofer has performed further experiments [141] on eNFRHT be-
tween an Au-coated tip and a sample measuring the gap size from the tunneling current,
as in previous works [50–52]. Further details on the experimental details can be found
in Ref. [141].

5.5.1. Experimental results
In a first set of experiments, a probe, thoroughly cleaned in acetone to remove potential
contaminants and residue from fabrication and handling, was loaded into a UHV scan-
ning probe microscope along with a Au surface to study NFRHT. In this experiment
the sample temperature was chosen to be 343 K, while the probe was held at a lower
temperature of 303 K, thus establishing a temperature differential (∆T ) of 40 K. The
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5. Radiative heat transfer in the extreme near-field.

measurements were performed at various locations on the Au sample to evaluate any
possible surface inhomogeneity effects. Figure 5.8 shows the measured radiative thermal
conductance (pink) and tunneling current (blue) from 15 independent measurements as
the gap size between the probe and the sample is reduced at a constant speed (∼ 0.1 nm
s−1). The solid lines represent the mean value of the data, whereas the transparent color
represents the standard deviation (s.d.). It can be seen from the data that the observed
thermal conductance begins to increase monotonically as the gap size is reduced below
∼ 2.5 nm and reaches a value as large as ∼ 30 nWK−1 at the smallest gap size. This
behavior is similar to what was reported in recent papers [51, 52]. As a comparison, in
Ref. [51], the measured heat flux begins to monotonically increase below gaps of ∼ 4.5
nm, whereas in Ref. [52] for a probe similar to that used in Ref. [51], the monotonic
increase with declining gap size starts at ∼ 6 nm, and the thermal conductance at the
smallest gap is reported to be ∼ 3 nWK−1—a value smaller than that observed by us,
possibly because of the smaller tip size of the probes employed in Ref. [52] (our probe’s
diameter is approximately five times larger). This experimentally observed conductance
(∼ 30 nWK−1) for our solvent-cleaned probes is almost three orders of magnitude larger
than that predicted by calculations performed using FE (see Fig. 5.9, calculation details
explained later).

A possible explanation for the large thermal conductance observed in our first experi-
ments with solvent-cleaned probes is the presence of contaminants that may bridge the
tip and the sample before the Au on the tip contacts the Au atoms on the sample, thus
providing a pathway for heat transfer via conduction. One may hypothesize that such
contamination arises from imperfect removal of any molecules bound to the SThM probe
during fabrication, contamination during storage and handling, or due to recontamina-
tion of the tip due to diffusion of molecules present elsewhere on the sample or the tip.
Given the small size of the SThM tip (diameter of ∼ 300nm), a direct characterization
of its surface is challenging. Therefore, as a first test of our hypothesis that the sample is
contaminated we analyzed the tunneling current curves following a procedure reported
elsewhere [151, 152]. Specifically, we fitted the tunneling current data to a tunneling
barrier model to obtain the apparent barrier height (φap, in eV) from

φap =

(
1

1.025

d(ln(It))

dz

)2

(5.4)

where z is the gap size in Å and It is the tunneling current. From the slope of the
tunneling current shown in Fig. 5.8(a) we obtained a value for φap of 1.1 eV. This low
barrier height is in contrast to the large (∼ 4.7 ± 1 eV) barrier heights [151] expected

102



5.5. Role of contaminants in eNFRHT measurements

low barrier heights (o1 eV), indicating the possibility of
contamination.

In order to explore the feasibility of reducing or eliminating
surface contamination effects, we employed oxygen plasma-based
techniques49 for cleaning the probe (see Methods). Subsequently,
we repeated the conductance measurements following an approach
identical to that used in obtaining the data in Fig. 2a. The data
obtained from this experiment are shown in Fig. 2b, in which we
can clearly see that the thermal conductance is reduced by a factor
of 2 and the thermal conductance starts to monotonically increase
from a smaller gap size of B1 nm. Since this measurement
employed the same probe, sample and experimental procedures as
that in Fig. 2a, we conclude that surface contaminants are the most
probable reason for the observed spurious thermal conductances.
This conclusion is further supported by our analysis of the
tunnelling current data (obtained from the cleaned sample and
tip), which yielded a jap of 1.6 eV, a value significantly larger than
that obtained for the data in Fig. 2a.

Upon reducing the effect of potential surface contaminants,
we repeated the oxygen plasma-cleaning process (three times
for both the probe and the sample) to evaluate whether the
cleanliness can be further improved. Data obtained from
experiments performed after these additional cleaning steps are
shown in Fig. 2c. It can be seen that there is no discernible
increase in thermal conductance until the probe contacts the
sample. Further, the apparent barrier height was further increased
to B1.7 eV, reflecting the increased cleanliness of the surfaces.
The noise floor in thermal conductance (root mean square value

B3 nWK! 1) measurements has significant contributions from
low-frequency noise associated with temperature drift of the
ambient (see Supplementary Note 5 and Supplementary Figs 5
and 6 for details) and from Johnson noise of the thermocouple,
whose electrical resistance is B5 kO. The data in Fig. 2c
(corresponding to the solid line) show that the thermal
conductance is less than 2.5 nWK! 1 for subnanometre gaps.
To get a more refined estimate of this conductance, we increased
the temperature differential to 130 K by increasing the sample
temperature to 445 K (the probe temperature increases to 315 K).
Such increased temperature differentials resulted in an enhanced
signal-to-noise ratio as the noise remains (largely) unchanged,
whereas the signal increases, to first order, proportionally to the
applied temperature differential. This larger temperature differ-
ential leads to deviations from the linear response regime;
however, the expected deviations in the thermal conductance are
small (see inset of Fig. 5b). Further, application of this larger
temperature differential enables a more direct comparison with
past experiments30–32 where similarly large temperature
differentials were applied. Data obtained from these
experiments (Fig. 2d) show a significantly reduced noise floor
(B900 pWK! 1, RMS) and the mean from 15 different
experiments (solid pink line in the inset) shows that the
maximum possible thermal conductance at the smallest gaps
(B2 Å) is B0.5 nWK! 1 —a value much smaller than that
reported in previous works30,32.

In addition to the approaches described above, we further
explored the feasibility of cleaning the tip and the sample locally
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Figure 2 | Measured gap size-dependent thermal conductance and tunnelling current. Each thermal conductance (pink) and tunnelling current (blue)
curve is averaged over 15 repeated measurements. The shaded region represents the s.d. The first three panels show representative experimental results
from (a) organic solvent-cleaned, (b) oxygen plasma-cleaned and (c) repeated oxygen plasma-cleaned probes. The gold sample is heated while the probe
is maintained at a lower temperature to create a temperature difference DT¼40 K. (d) The measurement results obtained in experiments where a large
temperature differential (DT) of 130 K was applied. The thermal conductance data in the subnanometre region is shown on an expanded scale in the inset
to facilitate visualization. The green line in the inset panel corresponds to the near-field radiative thermal conductance calculated from fluctuational
electrodynamics. Further, the measured tunnelling currents versus displacement are shown in insets for each of the plots and were used in the analysis of
the apparent tunnelling barrier height jap. The estimated values of jap are 1.1, 1.6, 1.7 and 1.9 eV for a–d, respectively.
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Figure 5.8: Measured gap size-dependent thermal conductance and tunneling current. Each
thermal conductance (pink) and tunneling current (blue) curve is averaged over 15 repeated
measurements. The shaded region represents the s.d. The first three panels show representative
experimental results from (a) organic solvent-cleaned, (b) oxygen plasma-cleaned and (c) re-
peated oxygen plasma-cleaned probes. The gold sample is heated while the probe is maintained
at a lower temperature to create a temperature difference ∆T = 40 K. (d) The measurement
results obtained in experiments where a large temperature differential (∆T ) of 130 K was ap-
plied. The thermal conductance data in the subnanometer region is shown on an expanded
scale in the inset to facilitate visualization. The green line in the inset panel corresponds to the
near-field radiative thermal conductance calculated from FE. Further, the measured tunneling
currents versus displacement are shown in insets for each of the plots and were used in the
analysis of the apparent tunnelling barrier height φap. The estimated values of φap are 1.1, 1.6,
1.7 and 1.9 eV for (a-d), respectively.

for ultraclean Au surfaces and is indeed consistent with the presence of surface contam-
ination [151, 152]. We note that careful analysis of tunneling current curves presented
in previous studies [50–52] also suggested low barrier heights (<1 eV), indicating the
possibility of contamination.

In order to explore the feasibility of reducing or eliminating surface contamination
effects, oxygen plasma-based techniques were employed [153] for cleaning the probe. Sub-
sequently, the conductance measurements were repeated following an approach identical
to that used in obtaining the data in Fig. 5.8(a). The data obtained from this experiment
are shown in Fig. 5.8(b), in which we can clearly see that the thermal conductance is
reduced by a factor of 2 and the thermal conductance starts to monotonically increase

103



5. Radiative heat transfer in the extreme near-field.

from a smaller gap size of ∼ 1 nm. Since this measurement employed the same probe,
sample and experimental procedures as that in Fig. 5.8(a), we conclude that surface
contaminants are the most probable reason for the observed spurious thermal conduc-
tances. This conclusion is further supported by our analysis of the tunneling current
data (obtained from the cleaned sample and tip), which yielded a φap of 1.6 eV, a value
significantly larger than that obtained for the data in Fig. 5.8(a). Upon reducing the ef-
fect of potential surface contaminants, the oxygen plasma-cleaning process was repeated
(three times for both the probe and the sample) to evaluate whether the cleanliness can
be further improved. Data obtained from experiments performed after these additional
cleaning steps are shown in Fig. 5.8(c). It can be seen that there is no discernible increase
in thermal conductance until the probe contacts the sample. Further, the apparent bar-
rier height was further increased to ∼ 1.7 eV, reflecting the increased cleanliness of the
surfaces. The data in Fig. 5.8(c) (corresponding to the solid line) show that the ther-
mal conductance is less than 2.5 nWK−1 for subnanometer gaps. To get a more refined
estimate of this conductance, the temperature differential was increased to 130 K by
increasing the sample temperature to 445 K (the probe temperature increases to 315 K).
Such increased temperature differentials resulted in an enhanced signal-to-noise ratio as
the noise remains (largely) unchanged, whereas the signal increases, to first order, pro-
portionally to the applied temperature differential. This larger temperature differential
leads to deviations from the linear response regime; however, the expected deviations in
the thermal conductance are small (see inset of Fig. 5.9(b)). Further, application of this
larger temperature differential enables a more direct comparison with past experiments
[50–52] where similarly large temperature differentials were applied. Data obtained from
these experiments (Fig. 5.8(d)) show a significantly reduced noise floor (∼ 900 pWK−1)
and the mean from 15 different experiments (solid pink line in the inset) shows that the
maximum possible thermal conductance at the smallest gaps (∼ 2 Å) is ∼ 0.5 nWK−1

–a value much smaller than that reported in previous works [50–52].

5.5.2. Numerical simulations
In order to simulate the experiments as accurately as possible, we considered tip-substrate
geometries very similar to the ones considered for the previous experiments, as it can
be observed Fig. 5.9(a). Again, we followed the SEM images of the thermal probes and
modelled the gold tip with an irregular conical shape that ends in a hemispherical cap
of radius 150 nm, while the substrate was modeled by a thick disk whose dimensions
have been carefully chosen to avoid any finite-size effects. The roughness from the tips,
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5.5. Role of contaminants in eNFRHT measurements

current (before performing in situ cleaning) and features
an apparent tunnelling barrier of B1.0 eV. Further, the
corresponding thermal measurement (Fig. 3b) reveals large
thermal conductances (B20–30 nWK! 1) in gaps below 1 nm,
consistent with the presence of contamination. Following the
initial characterization of thermal conductance we performed an
experiment where the probe was displaced into the substrate by
1 nm after an electrical conductance of 1 G0 (G0¼ 2e2/h, the
quantum of electrical conductance, corresponding to a single-
atom contact) was established. After the experiment the apparent
barrier height had increased to B1.4 eV (Fig. 3a, light blue)
and the thermal conductance in subnanometre gaps decreased
modestly to a value of B25 nWK! 1 (Fig. 3c). In order to explore
the feasibility of achieving greater cleanliness we performed
two additional experiments where we made more aggressive
indentations (that is, displacement of the tip into the substrate by
2 and 5 nm after making atomic contact). After the 2 nm
displacement a much larger apparent barrier height B2.2 eV was
measured (Fig. 3a, red). However, the thermal conductance was
reduced only modestly to B10 nWK! 1. This incomplete
cleaning is possibly due to the local nature of the cleaning
procedure, which results in removal of contaminants only directly
under the tip while leaving the surrounding region unaffected.
However, the data from the 5 nm displacement experiments
showed a significantly reduced thermal conductance of
B2 nWK! 1 (Fig. 3c) in subnanometre gaps as limited by the
noise floor of our technique (the applied temperature differential

was 40 K), whereas the barrier height was found to increase to
2.5 eV (Fig. 3a, green). These experiments show that the effect of
contamination can be systematically reduced by locally crashing
the tip into the sample. We note that the tip shape of the probes
subjected to the in situ cleaning method does not undergo
any observable change (as observed from scanning electron
microscopy (SEM) images of the probes, see Supplementary
Note 6 and Supplementary Fig. 7). Therefore, we conclude that
the surface changes that may occur because of the exchange of Au
atoms between the tip and the substrate are microscopic in
nature. We show in Fig. 5 that such small variations in the surface
roughness are not expected to result in significant changes in
near-field radiative heat transfer and hence cannot be the source
of the observed decrease in thermal conductance.

Finally, we performed one more set of experiments where we
explored how robust the cleaning procedures are and if the tip
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Figure 4 | Time-dependent thermal conductance for probes subjected to
different cleaning procedures. (a–c) Thermal conductance as a function of
time for probes subjected to the cleaning procedures as described for
Fig. 2a–c, respectively.
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Figure 5 | Computational prediction of the radiative thermal
conductance. (a) Tip-substrate geometry employed in our numerical
simulations. Following the SEM images of our thermal probes, the tip was
modelled as an irregular cone that ends in a hemisphere, while the
substrate was modelled as a thick disk. The height of the cone was chosen
to be 3mm and the radius of its base was 1.9 mm. The radius of the disk was
4 mm and its thickness was 2 mm. The solid black lines depict the triangular
mesh employed in the boundary element method (BEM) calculations. The
right inset shows a blow-up of the tip apex region. (b) The computed total
radiative thermal conductance as a function of the gap size between the Au
tip and substrate. The red solid line corresponds to the ideal tip (no
roughness) and the blue line to the average obtained for 15 different tips
with stochastically chosen roughness profiles (RMS roughness B2–3 nm),
while the shaded region indicate the s.d. The black dashed line is the
computed thermal conductance from the proximity approximation for the
case of no roughness. The tip diameter in these calculations is 300 nm,
while the temperature of the probe and substrate were chosen to be 303
and 343 K, respectively. Inset, similar to the main panel except that the
probe and substrate temperatures are 315 and 445 K, respectively.

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms14479

6 NATURE COMMUNICATIONS | 8:14479 | DOI: 10.1038/ncomms14479 | www.nature.com/naturecommunications

Figure 5.9: (a) Tip-substrate geometry employed in our numerical simulations. Following the
SEM images of our thermal probes, the tip was modeled as an irregular cone that ends in a
hemisphere, while the substrate was modeled as a thick disk. The height of the cone was chosen
to be 3 µm and the radius of its base was 1.9 µm. The radius of the disk was 4 µm and its
thickness was 2 µm. The solid black lines depict the triangular mesh employed in the BEM
calculations. The right inset shows a blow-up of the tip apex region. (b) The computed total
radiative thermal conductance as a function of the gap size between the Au tip and substrate.
The red solid line corresponds to the ideal tip (no roughness) and the blue line to the average
obtained for 15 different tips with stochastically chosen roughness profiles, while the shaded
region indicate the s.d. The black dashed line is the computed thermal conductance from the
proximity approximation for the case of no roughness. The tip diameter in these calculations
is 300 nm, while the temperature of the probe and substrate were chosen to be 303 and 343 K,
respectively. Inset, similar to the main panel except that the probe and substrate temperatures
are 315 and 445 K, respectively.
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which has a similar profile than in the previous case (see Fig. 5.6), has also been taken
into account by simulating an ensemble of 15 tips with different roughness profiles. We
emphasize that the only input information in our simulations, apart from the geometry,
is the frequency-dependent dielectric function of gold that we obtained from published
work [75].

The results of the simulations for the total radiative thermal conductance between the
gold tip and the gold substrate are shown in Fig. 5.9(b) for gap sizes from 0.1 to 5 nm.
This figure displays the results for an ideal tip (no roughness) and for 15 tips featuring
roughness (both mean value and s.d.). It can be seen that the tip roughness has no
major impact on the thermal conductance. More importantly, the thermal conductance
for the smallest gap size is of the order of 30 pWK−1, which is ∼ 30 times smaller than
the noise floor (∼ 900 pWK−1) in our large bias measurements (see Fig. 5.8(d)). The
results obtained by using the proximity approximation (see Sec. 2.3.2) are also shown in
Fig. 5.9(b) and are found to show similar trends (that is, increase in conductance with
reducing gap size) as our exact simulations but fail to accurately reproduce the simulation
results. These calculations support our conclusion that the large signals observed in our
experiments before the cleaning procedure cannot be explained in terms of RHT. For
completeness, we note that the slow decay of the thermal conductance with gap size
(Fig. 5.9(b)) is the characteristic of metals. This is due to the fact that RHT is dominated
by evanescent (in the vacuum gap) TE modes resulting from total internal reflection, the
contribution of which saturates at single-nanometre gaps [120]. In addition, the role of
nonlocal effects in the dielectric function of gold has been studied [120] in the context
of RHT and has been shown to be very small for the gap sizes explored in our work.

5.6. Conclusions
In this chapter [140, 141] we have analyzed the RHT between a scanning tip and a
substrate from both a experimental and a theoretical point of view. The measurements
presented here provide the first experimental evidence for extremely large enhancements
of RHT in the extreme near-field between both dielectric and metal surfaces surfaces. Our
theoretical modeling of the experimental setups, which takes into account the exact shape
of the objects together with their nanometric roughness, shows an excellent agreement
(deviations < 15%) with the experimental results. Let us remark that our numerical
simulations do not consider any free parameter and their only input is the local dielectric
constant of the different materials. The results presented in this chapter establish the
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funtamental validity of FE in modelling NFRHT down to gaps as small as 2-3 nanometers,
for both metals and dielectrics.

An interesting question pertains to the gap size at which FE fails to describe RHT.
First, we note that, while some deviations from computational predictions can be seen in
the inset of Fig. 5.8(d) for subnanometer-sized gaps, these deviations are within the noise
floor of our measurement technique, making it hard to draw any robust conclusions about
the failure of current theories. We note that for small gap sizes electrons can also make
significant contributions to heat transfer. For Au electrodes, the electronic contribution
to thermal conductance (Gth,electronic) can be readily computed using the Wiedemann-
Franz law that relates Gth,electronic to the electrical conductance Ge, by Gth,electronic =

L0TGe, where L0 = 2.44 × 10−8 WΩK−2 is the Lorentz number and T is the absolute
temperature. Since the measured electrical conductance, corresponding to the smallest
gap sizes in the experiments, is ∼ 0.1 G0 we estimate Gth,electronic to be ∼ 60 pWK−1,
which is also below our noise floor.

Finally, our results suggest that past reports [50–52] of large deviations from the predic-
tions of FE are probably because of surface contamination effects. We also demonstrate,
from measurements of apparent tunneling barrier heights, that such deviations can be
systematically attenuated by carefully cleaning the surfaces as indicated by an increase
in the apparent barrier height. In contrast to previous studies [50–52], which observed
both conductances as large as 3 nWK−1 (three to four orders larger than the predictions
of FE) and conductance enhancements beginning at gap sizes as large as 4-5 nm, our
results (Fig. 5.8(d)) suggest that deviations, if any, are in the subnanometer regime and
are much smaller in magnitude (∼ 0.5 nWK−1, based on the observed mean value). These
deviations in subnanometer-sized gaps could potentially result from monolayer-level con-
taminations that may still be present on our surfaces and cannot be detected from our
probes. Further, this work highlights the need for the development of probes, that can
accurately resolve the small heat fluxes expected for Au surfaces at subnanometer gaps
while independently quantifying the gap size, surface roughness and interaction forces
with the substrate. Such approaches are crucial for drawing careful conclusions about
extreme near-field radiation.
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6.1. Introduction
In the previous Chapters, we have analyzed RHT in different situations when two objects
are separated by distances smaller than λTh. In this regime, Plank’s law is no longer valid
and the Planckian limit for blackbodies can be surpassed by orders of magnitude due
to the contribution of evanescent waves. Another limitation of Planck’s law is related to
the description of RHT between objects with dimensions smaller than λTh. In this case,
this law is expected to fail even in the far-field regime, where separations are larger than
λTh.

The goal of this Chapter [159] is to demonstrate that Planck’s law can fail dramati-
cally when describing the far-field RHT (FFRHT) between finite objects and, more im-
portantly, that the Planckian limit can be greatly overcome in the far-field regime. For
this purpose, we have combined state-of-the-art numerical simulations within FE with
analytical insight provided by a general relation derived here between the FFRHT be-
tween finite objects and their directional absorption efficiencies. Guided by this relation,
we show that the FFRHT between highly anisotropic systems can greatly overcome the
Planckian limit when some of their dimensions are smaller than λTh. This exploits that
due to its inherent directionality, super-Planckian RHT can occur even if the involved
objects are not super-Planckian emitters. In particular, we illustrate this phenomenon
with the analysis of the RHT between micron-sized suspended pads made of polar di-
electrics (SiN and SiO2). To be precise, we show that when the thickness of these pads is
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much smaller than λTh, the far-field radiative thermal conductance at room temperature
can be several orders of magnitude higher than that between blackbodies of the same
dimensions. Let us stress that this type of dielectric pads are widely used in the context
of thermal transport measurements of nanowires and low-dimensional systems [70, 154–
158], and they thus constitute an available technology with which our predictions can
be quantitatively tested.

The rest of the Chapter is organized as follows. In Section 6.2 we derive several analyt-
ical formulas relating the FFRHT between finite objects and the directional absorption
efficiencies. Section 6.3 is devoted to illustrate why it is so difficult to overcome the
Planckian limit in the far-field regime. For this purpose, we present in this section re-
sults for the FFRHT between optically isotropic systems like spheres and cubes. In
Section 6.4, we demonstrate the possibility to greatly overcome the Planckian limit in
the far field by exploring the RHT between parallelepipeds made of polar dielectrics (SiN
and SiO2). Then, in Section 6.5 we illustrate the super-Planckian FFRHT in suspended
pads made of dielectric materials, where we show in particular that our predictions can
be quantitatively tested with existent technology. We conclude the Chapter in Section 6.6
with a brief summary of the main conclusions of our work.

6.2. Relation between FFRHT and
absorption efficiencies

In principle, the theory of FE provides a general framework to describe the RHT between
arbitrary objects both in the near-field and in the far-field regime [6]. So, in this sense,
one may be tempted to think that the search for super-Planckian FFRHT should be
straightforward. However, in practice, one encounters several problems. First of all, there
is an infinite number of possibilities in terms of materials, shapes, and sizes of the
bodies. More importantly, until very recently there were no numerical methods capable
of describing the RHT between objects of arbitrary size and shape, and this actually
continues to be a very important practical problem that is often insurmountable. For
this reason, it would be highly desirable to have, for instance, a relation between the
FFRHT of objects of arbitrary size and shape and their radiation absorption properties,
something that has been widely studied over the years [64]. The goal of this section is
to present such a relation, which will turn out to be extremely useful in our quest for
super-Planckian FFRHT.
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In what follows, we derive a relation between the FFRHT between two objects and
their directional absorption efficiencies. This result was obtained with the help of the ther-
mal discrete dipole approximation (TDDA) put forward in Ref. [160], see also Refs. [161,
162]. This approach allows us to compute the RHT between finite objects of arbitrary
size and shape within the framework of FE. The full derivation is actually quite cumber-
some. For this reason, we shall show in some detail how this result can be obtained in the
limit of very small objects and then, we shall indicate how it can be extended to objects
of arbitrary size. So, let us first consider the RHT between two small objects that can
be approximated by (electrical) dipolar particles. In this case, the power exchanged by
them in the form of thermal radiation is given by Eq. (35) in Ref. [160]. That equation
tells us that the net power exchanged by two identical dipoles at temperatures T1 and
T2 and located at positions r1 and r2 such that their separation d = |r2 − r1| is much
larger than the thermal wavelength is given by

P = 8π2

∫ ∞
0

k2
0 Tr

{
Ĝχ̂Ĝ†χ̂

}
[IBB(ω, T1)− IBB(ω, T2)] dω. (6.1)

Here, ω is the radiation frequency, k0 = ω/c, c being the speed of light in vacuum, and
IBB(ω, T ) is the Planck distribution function given by

IBB(ω, T ) =
ω2

4π3c2

~ω
exp(~ω/kBT )− 1

, (6.2)

where ~ is Planck’s constant, kB is Boltzmann’s constant and T is the temperature. On
the other hand, the (3× 3) matrix χ̂ is given by [160]

χ̂ =
1

2i

(
α̂− α̂†

)
− k3

0

6π
α̂†α̂, (6.3)

where α̂ is the polarizability tensor of the particles. Finally, Ĝ is the dyadic Green tensor
connecting the two dipoles that in the far-field limit is given by Ĝ = eik0d[1− r̂⊗ r̂/(4πd)],
where r̂ = (r2 − r1)/d and ⊗ denotes the exterior product. The result of Eq. (6.1) is valid
for dipolar particles of arbitrary shape and made of materials with an arbitrary dielectric
tensor. Let us focus now on the case of optically isotropic materials and particles with a
scalar polarizability tensor, like spheres or cubes, such that χ̂ = χ1̂. In this case, one can
show that the absorption cross section, which in this case is independent of the direction
and of the light polarization, is given by σabs(ω) = k0χ(ω) [160]. Thus, it is easy to show
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that Eq. (6.1) reduces to

P = πAF12

∫ ∞
0

Q2(ω) [IBB(ω, T1)− IBB(ω, T2)] dω, (6.4)

where A is the area of the bodies, F12 is a geometrical view factor, and Q(ω) is the
absorption efficiency defined as Q(ω) = σabs(ω)/σgeo, where σgeo is the geometrical or
physical cross section. For isotropic particles, the absorption cross section is given by [160]

σabs(ω) =
k0Im{α0(ω)}

|1− ik3
0α0(ω)/(6π)|2

, (6.5)

where α0(ω) = 3V [ε(ω) − 1]/[ε(ω) + 2] is the quasistatic polarizability, ε(ω) being the
frequency-dependent dielectric function of the material, and V is the volume of the
particle. In the case of spherical particles we have that

A = 4πR2, F12 =
R2

4d2
, σgeo = πR2, V =

4

3
πR3, (6.6)

where R is the particle radius. In the case of cubic particles, we have

A = L2, F12 =
L2

πd2
, σgeo = L2, V = L3, (6.7)

where L is the cube side. Let us recall that for black bodies Q(ω) = 1 for all frequencies
and Eq. (6.4) reduces to the Stefan-Boltzmann law [1]: PBB = σAF12(T 4

1 − T 4
2 ), where

σ = 5.67 × 10−8 W/(m2K4).

As we shall show later in Section 6.4, we need a certain degree of anisotropy in the
shape of the bodies to achieve the super-Planckian FFRHT. For this reason, we now
consider the simplest case of anisotropic dipolar particles, namely rectangular paral-
lelepipeds of sides Lx, Ly and Lz. Here, we assume that the z-axis is oriented along the
line joining the two dipolar particles. In this case, the polarizability tensor adopts the di-
agonal form α̂ = diag(αx, αy, αz), which from Eq. (6.3) implies that χ̂ = diag(χx, χy, χz)

with χj = Im{αj} − (k3
0/6π)|αj|2 and j = x, y, z. Thus, using Eq. (6.1), it is straight-

forward to show that the net power exchanged by these two dipolar particles is given
by

P = πAF12

∫ ∞
0

1

2
(Q2

x(ω) +Q2
y(ω)) [IBB(ω, T1)− IBB(ω, T2)] dω, (6.8)

where A = LxLy, F12 = LxLy/(πd
2), and Qx,y(ω) are the absorption efficiencies for a

plane wave impinging in the parallelepiped along the z-direction and with linear po-
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larization along the x and y directions, respectively. These efficiencies are defined as
Qj(ω) = σabs,j(ω)/σgeo (j = x, y), where σgeo = LxLy and σabs,j = k0χj. Finally, the
different components of the polarizability tensor are given by [160]

αj(ω) =
V

1
ε(ω)−1

+ Λj − iV k30
6π

, (6.9)

with V = LxLyLz and

Λj =
2

π
arctan

(
V

L2
j

√
L2
x + L2

y + L2
z

)
. (6.10)

Again, the black-body limit is obtained by assuming that Qx,y(ω) = 1 for all frequencies.

Equations (6.4) and (6.8) can be generalized to the case of objects of arbitrary size
employing the full TDDA formulation detailed in section IV of [160]. In particular, the
starting point is Eq. (56) in that reference, together with the far-field approximation of
Eq. (58). The results of Eqs. (6.4), for isotropic objects and (6.8), for parallelepipeds,
are recovered when the gap is much larger than both the thermal wavelength and the
characteristic dimensions of the objects. In the generalized formulas, the absorption effi-
ciencies correspond to plane waves with normal incidence (along the line joining the two
objects) and with a given polarization. It is important to stress that the corresponding
absorption cross sections are no longer given by the analytical formulas above for dipolar
particles, but they have to be calculated numerically, something that we have done with
either the discrete dipole approximation (DDA) method [160] or with COMSOL MUL-
TIPHYSICS. The corresponding view factors for finite objects are taken from Ref. [1],
except for spheres, which are taken from Ref. [163] (see Sec. 6.2.1). In the following sec-
tions we shall test those formulas for bodies of arbitrary size against numerically exact
calculations carried out with the TDDA method [160] and SCUFF-EM [39, 82]. In all
cases, our numerical results confirm the validity of these formulas relating the FFRHT
with the absorption efficiencies.

To conclude this section, let us say that Eq. (6.4) has the expected form from the
expression of thermal emission of a sphere [6, 64, 66], where Q(ω) is independent of
the direction and the polarization. However, to our knowledge, this result has not been
reported in the literature for bodies of arbitrary size and its generalization to anisotropic
bodies, for instance Eq. (6.8), is by no means trivial. As we shall see in the following
section, these expressions provide very useful guidelines for the search of super-Planckian
FFRHT.

113



6. Super-Planckian far-field radiative heat transfer

6.2.1. View factors

In most of the cases discussed in this Chapter, we have presented the results of the far-
field radiative thermal conductance normalized by the corresponding black-body results.
Those results are given by the Stefan-Boltzmann law: GBB = 4σAF12T

3, where σ is the
Stefan-Boltzmann constant, A is the area of the bodies (assumed to be identical), T is
the absolute temperature and F12 is the so-called view factor [1]. For completeness, we
present in this section the expressions for the different view factors used in this work.
Moreover, let us recall that these view factors also appear in the formulas for the FFRHT,
see e.g. Eqs. (6.4) and (6.8).

The view factor between two aligned parallel rectangles of sides Lx and Ly and sepa-
rated by a gap d is given by [1]

F rectangles
12 =

2

πL̃xL̃y

{
ln

[
(1 + L̃2

x)(1 + L̃2
y)

1 + L̃2
x + L̃2

y

]1/2

+ L̃x(1 + L̃2
y)

1/2 arctan

[
L̃x

(1 + L̃2
y)

1/2

]
+

L̃y(1 + L̃2
x)

1/2 arctan

[
L̃y

(1 + L̃2
x)

1/2

]
− L̃x arctan(L̃x)− L̃y arctan(L̃y)

}
, (6.11)

where L̃x = Lx/d and L̃y = Ly/d. This is the view factor that has been used for the
calculation of the RHT between parallelepipeds, including the pads and cubes. In the
two-spheres case, there is no analytical expression for the view factor. However, when
the gap d is larger than the sphere radius R, it can be approximated by [163]

F spheres
12 =

1

2

1−

[
1−

(
R

d+ 2R

)2
]1/2

 . (6.12)

This expression yields a value that differs less than 1% from the exact numerical result
in most of the cases explored in this work. For all other cases, we have considered the
exact numeric view factor. To be precise, the value of the view factor in those cases
is: F spheres

12 (d = 100 µm, R = 50 µm) = F spheres
12 (d = 20 µm, R = 10 µm) = 0.0161,

F spheres
12 (d = 20 µm, R = 20 µm) = 0.0294, and F spheres

12 (d = 20 µm, R = 50 µm) =

0.0485.
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d d d

(a) (b)

(f)(e)(d)
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Figure 6.1: (a-c) Absorption efficiency of a sphere of Au (a), SiO2 (b), and SiN (c) as a
function of frequency for different values of the sphere radius R, see legend in panel (b). (d-f)
Room-temperature radiative heat conductance, normalized by the blackbody results, for two
identical spheres separated by a distance d as a function of the sphere radius. The spheres are
made of Au (d), SiO2 (e), and SiN (f). The solid lines are the exact calculations for different
gaps, see legend in panel (e), while the black dashed line is the result obtained with Eq. (6.4)
and the results of panels (a-c).

6.3. Why is it so difficult to overcome the
Planckian limit in the far field?

As explained in the introduction, super-Planckian FFRHT has never been reported.
Thus, we find instructive to devote this section to explain why this is a non-trivial
phenomenon. Equations (6.4) and (6.8) derived in the previous section seem to provide
a straightforward recipe to overcome the Planckian limit in the far-field regime. Since
the absorption efficiency of a finite object can be larger than unity [64], those equations
suggest that super-Planckian FFRHT might be possible if we find the right combination
of material and object shape that leads to resonant absorption close to the maximum of
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Planck’s distribution at a given temperature. This appealing idea is, however, not easy to
realize in practice, as we proceed to illustrate. For simplicity, let us first study the FFRHT
between two identical spheres of arbitrary radius. In Fig. 6.1(a-c) we show the results for
the absorption efficiency and the FFRHT for spheres made of a metal (Au) and two polar
dielectrics (SiO2 and SiN) with radii ranging from 100 nm to 50 µm. The absorption
efficiencies, which in this case are independent of the angle of incidence and polarization,
were obtained with analytical Mie theory [64], while the dielectric functions of these
three materials were taken from tabulated values [74, 75, 77]. The RHT is characterized
here in terms of the room-temperature linear heat conductance, which is normalized in
Fig. 6.1(d-f) by the corresponding blackbody result: GBB = 4σAF12T

3. In this figure we
present the results computed with Eq. (6.4) and the absorption efficiencies as well as
numerical results for three gaps in the far-field regime (20 µm, 100 µm, and 5 mm) that
were obtained with the code SCUFF-EM [39, 82].

The results of Fig. 6.1(d-f) show that the FFRHT between spheres does not overcome
the Planckian limit and only becomes comparable to the blackbody result in the case of
polar dielectrics with a sphere radius of the order of λTh. For small radii, smaller than the
corresponding skin depth, the normalized conductance increases linearly with the radius,
i.e., the conductance is proportional to the sphere volume because the whole particle
contributes to the RHT. In the opposite limit, when the radius is much larger than λTh

the conductance tends to the result for two parallel plates. It is worth stressing that the
numerical results obtained for various gaps nicely confirm the validity of Eq. (6.4) for
spheres of arbitrary size and material. In particular, this equation provides very accurate
results even for a gap of 20 µm, which is on the edge of the far-field regime at room
temperature.
To further illustrate the difficulty to beat the Planckian limit with optically isotropic

objects, we now consider the case of cubes, focusing on polar dielectrics since metals have
a very small emissivity (cf. Fig. 6.1). In Fig. 6.2 we present the results for the absorption
efficiency and the FFRHT between cubes made of SiO2 and SiN with sides L ranging
from 100 nm to 20 µm. The absorption efficiencies, which again refer to a plane wave
with normal incidence and the linear polarization indicated in the inset of Fig. 6.2(b),
were obtained numerically with the DDA method [160]. Again, the RHT is characterized
here in terms of the room-temperature linear thermal conductance normalized by the
corresponding blackbody result. We present in this figure the results computed with
Eq. (6.4), which in this case is equivalent to Eq. (6.8), and the absorption efficiencies as
well as numerical results for two gaps in the far-field regime (20 µm and 500 µm) that
were obtained with the TDDA approach [160]. As one can see, the results of Fig. 6.2
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Figure 6.2: (a) Two identical cubes made of SiO2 or SiN with side L and separated by a gap
d. (b) Absorption efficiency as a function of the frequency for a linearly polarized plane wave
impinging with normal incidence in a SiO2 cube of side L, as indicated in the legend. The inset
describes the polarization in terms of the direction of the electric field E, the magnetic field H,
and the wave vector k. (c) Room-temperature radiative heat conductance, normalized by the
blackbody results, for the system shown in panel (a) as a function of the cube side L. The solid
lines correspond to the exact calculations for two gaps (see legend), while the black dashed line
corresponds to the results obtained by combining Eq. (6.4) with the results of panel (b). (d-e)
The same as in panels (b) and (c), but for SiN.

show that, in general, the FFRHT between cubes does not overcome the Planckian
limit, similar to the case of spheres (Fig. 6.1). Only when the size of the cubes becomes
of the order of λTh (≈10 µm) the RHT becomes comparable to the blackbody result,
and even a bit larger. Notice that the fact that in Fig. 6.2(c,e) the thermal conductance
is lower for the smallest gap of 20 µm is simply due to the fact that the results are
normalized by the blackbody ones. We emphasize that in the far-field regime, the thermal
conductance decays monotonically with the distance between the objects. It is also worth
stressing that once again the numerical results obtained for the largest gap (500 µm)
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nicely coincide with those based on Eq. (6.4), confirming its validity.

The results presented in this section for spheres and cubes show that although the
emissivity of an object can be larger than 1 for some frequencies, this does not imply
super-Planckian FFRHT. From Eqs. (6.4) and (6.8) it is obvious that to overcome the
Planckian limit one needs thermal emitters with directional emissivities larger than 1 over
a broad range of frequencies around the maximum of Planck’s distribution, something
that is highly non-trivial to achieve. In the following section, we shall show how one can
get around this problem.

6.4. Overcoming the Planckian limit
In the previous section we have seen the difficulty to overcome the Planckian limit in
the far-field regime with optically isotropic bodies and we have also discussed with the
help of Eq. (6.4) why this is so. Fortunately, the same equation also provides a possible
strategy to overcome the Planckian limit, which consists in increasing as much as possible
the corresponding directional absorption efficiency. This can be done by enhancing the
absorption cross section, while maintaining the geometrical one. We shall illustrate this
idea in this section by studying the RHT between two parallelepipeds.

Figure 6.3 shows the FFRHT between two parallelepipeds of SiO2 and SiN as well
as the relevant emissivities. It is worth stressing that the RHT in the extreme far-field
regime is still given by Eq. (6.4) where the emissivity is given by the absorption efficiency
related to the direction joining the parallelepipeds. In this case, we start with a cube
of side 0.5 µm and we form an elongated rectangular parallelepiped by progressively
changing one of the dimensions, Lz, while keeping constant the other two, Lx and Ly,
see Fig. 6.3(a). Thus, we keep the geometrical cross section constant, while the normal-
incidence absorption efficiency is expected to increase linearly with Lz as long as it is
small compared to the propagation length of the radiation inside the structure, which is
hundreds of microns (see next section). This can be understood as follows. The efficiency
Q for normal incidence is roughly proportional to [1 − exp(−2αLz)], where α is the at-
tenuation constant of the parallelepiped guided modes, i.e., 1/2α is the corresponding
propagation length. Thus, in the limit αLz � 1, Q ∝ Lz. Our calculations of these emis-
sivities, which were performed with the TDDA approach [160], indeed confirm that they
grow linearly with Lz in the regime explored here where αLz � 1, and that they can
become much larger than 1 in a broad frequency range, see Fig. 6.3(b,d). As shown in
Fig. 6.3(c,e), this fact leads to a far-field conductance that grows as L2

z and it reaches val-
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Figure 6.3: (a) Two identical parallelepipeds of SiO2 or SiN with dimensions Lx = Ly =
0.5 µm and varying Lz and separated by a gap d. (b) Absorption efficiency as a function of
frequency for a linearly polarized plane wave impinging with normal incidence, see inset, in a
SiO2 parallelepiped with Lx = Ly = 0.5 µm and various values of Lz, see legend. (c) Room-
temperature radiative heat conductance, normalized by the blackbody results, for the system
of panel (a) as a function of Lz. The solid lines are the exact calculations for different gaps,
see legend in panel (e), while the black dashed line is the result obtained with Eq. (6.4). The
inset shows the total power emitted, normalized by the blackbody result, by a single SiO2

parallelepiped with Lx = Ly = 0.5 µm and varying Lz at 300 K. (d-e) The same as in panels
(b) and (c), but for SiN.

ues that overcome the Planckian limit by several orders of magnitude when Lz becomes
of the order of 50 µm. Notice that the numerical results for several gaps in the far-field
regime coincide with those obtained via Eq. (6.4) in the limit of sufficiently large gaps.
In any case, the Planckian limit is greatly overcome for all gaps in the far-field regime.
Let us also stress that these parallelepipeds are not super-Planckian thermal emitters,
i.e., they emit less thermal radiation than a corresponding blackbody. This is shown in
the inset of Fig. 6.3(c) where we display the total power emitted, normalized by the
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Figure 6.4: (a) SiN parallelepipeds with dimensions Lx × Ly × Lz separated by a gap d. We
keep constant the dimensions Lx = Lz = 0.5 µm, while we vary the transverse dimension Ly.
(b) The room-temperature radiative thermal conductance normalized by the blackbody result
for the system shown in panel (a) as a function of the dimension Ly. The solid lines correspond
to the exact calculations for three gaps in the far-field (see legend), while the black dashed line
corresponds to the results obtained by combining Eq. (6.8) with the results of panels (c) and
(d). (c) Absorption efficiency as a function of the frequency for a plane wave impinging with
normal incidence and TM polarization in a SiN parallelepiped with dimensions Lx = Lz = 0.5
µm and various values of Ly, as indicated in the legend. The meaning of this polarization is
explained in the inset. (d) The same as in panel (c), but for a TE polarization.

blackbody result, by a single SiO2 parallelepiped with Lx = Ly = 0.5 µm and varying Lz
at room temperature. This emitted power was computed with the TDDA approach of
Ref. [160]. This latter result shows that the super-Planckian RHT found here is possible
due to the highly directional thermal emission of these systems.

To further illustrate the crucial role played by the directionality, we now investigate
the same parallelepipeds, but oriented as shown in Fig. 6.4(a). In this case, the paral-
lelepipeds have dimensions Lx × Ly × Lz, where z is the direction of the line joining
the two objects and we keep constant the dimensions Lx = Lz = 0.5 µm, while we vary
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Figure 6.5: The same as in Fig. 6.4, but for SiO2 parallelepipeds.

the transverse dimension Ly. Figure 6.4(b,d) show the results for the radiative thermal
conductance at 300 K and the relevant absorption efficiencies for these parallelepipeds
made of SiN. The corresponding results for SiO2 parallelepipeds are shown in Sec. ??.
The results for the thermal conductance for various gaps, see Fig. 6.4(b), were computed
with the TDDA approach [160] and the asymptotic result for very large gaps was ob-
tained with the help of Eq. (6.8) and the absorption efficiencies shown in Fig. 6.4(c,d).
These efficiencies were calculated with the DDA method [160] and they correspond to a
plane wave impinging in a parallelepiped along normal incidence with polarizations x or
TM, Fig. 6.4(c), and y or TE, Fig. 6.4(d).

The results for the thermal conductance of Fig. 6.4(b) show that as the transverse
dimension Ly increases, the RHT remains below the blackbody result for all gaps in the
far-field regime and the normalized conductance tends to saturate when this dimension
becomes on the order of 10 µm. These results show once more the difficulty to achieve
super-Planckian FFRHT and the crucial role played by the directionality of the thermal
emission. On the other hand, it is worth stressing that the numerical results for a large
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6. Super-Planckian far-field radiative heat transfer

gap of 500 µm shown in Fig. 6.4(b) nicely coincide with the asymptotic result obtained
via Eq. (6.8), which confirms the validity of this result for parallelepipeds. We present
in Fig. 6.5 the RHT results for the parallelepipeds of Fig. 6.4, but in this case made of
SiO2. These results confirm the basic conclusions drawn from Fig. 6.4 for SiN, the main
difference being that the normalized thermal conductance adopts lower values than in
the SiN case as Ly increases.

6.5. Super-Planckian FFRHT in suspended
pads

The results shown in Fig. 6.3 clearly demonstrate the possibility to largely overcome the
Planckian limit in the far-field regime, but the conductance values for these structures
make their measurement challenging. To illustrate super-Planckian heat transfer in a
system that can be tested with existing technology, we focus in this section on the analysis
of the RHT between two identical SiN pads with fixed lateral dimensions of 50 × 50

µm2, see Fig. 6.6(a), which are larger than λTh at room temperature, and we vary their
thickness, τ , from values much smaller than λTh to values larger than this wavelength.
This challenging system for the theory is inspired by the suspended-pad micro-devices
that are widely employed for measuring thermo-physical properties of low-dimensional
nanostructures (nanotubes, nanowires or nanoribbons) [154–157]. These devices consist
of two adjacent SiN membranes suspended by long beams. Each membrane features
a platinum resistance heater/thermometer that is normally used to measure the heat
conduction through a sample that bridges the gap between the membranes, but they can
also be used to measure the RHT across the gap. In recent years, these micro-devices
have reached sensitivities of ∼1 pW/K and below [70, 158].

The RHT between these suspended pads in the extreme far-field regime is described
by Eq. (6.8). The directional absorption efficiencies entering this equation are now those
for a plane wave with normal incidence and TM or TE polarization (QTM,TE(ω)), see
insets of Fig. 6.6(c,d). The results obtained with COMSOL MULTIPHYSICS for these
efficiencies for thicknesses varying from 100 nm to 50 µm are displayed in Fig. 6.6(c,d)
and they show that when τ � λTh they reach values of up to several hundreds, especially
for TE polarization. Using these results together with Eq. (6.8), we have computed the
radiative thermal conductance for different values of τ , see Fig. 6.6(b). The ratio with the
blackbody result increases monotonically as τ decreases, becoming clearly larger than
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Figure 6.6: (a) SiN pads with lateral dimensions of 50× 50 µm2, a thickness τ , and separated
by a gap d. (b) Room-temperature radiative heat conductance, normalized by the blackbody
results, for the system of panel (a) as a function of τ . The solid lines are the exact calculations
for three gaps (see legend) and the black dashed line is the result obtained with Eq. (6.8) and the
results of panels (c) and (d). The inset shows the results for d = 20 µm without normalization.
(c) Absorption efficiency as a function of frequency for a plane wave impinging with normal
incidence and TM polarization in a SiN pad with lateral dimensions of 50×50 µm2 and various
thicknesses, see legend. The inset describes this polarization. (d) The same as in panel (c), but
for TE polarization.

1 when τ < λTh, and reaching values as large as 2000 for a thickness of 100 nm. The
occurrence of super-Planckian far-field RHT is confirmed by our SCUFF-EM results for
several gap sizes, as shown in Fig. 6.6(b). These results show that, irrespective of the
gap, the super-Planckian RHT takes place when τ < λTh and that it should be readily
observable in suspended-pad micro-devices, as we illustrate in the inset of Fig. 6.6(b)
where we show the radiative thermal conductance without normalization. These results
also prove once more that Eq. (6.8) provides the asymptotic result for gaps much larger
than the dimensions of the objects, which is when the largest enhancements over the
blackbody theory occur. Let us also say that we find similar results for the case of SiO2

pads, as we show in Fig 6.7.
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Figure 6.7: The same as in Fig. 6.6, but for SiO2 pads.

The super-Planckian RHT found for the pads can be further enhanced by increasing
their depth, in the very same way as we did for the parallelepipeds. We illustrate this
fact in Fig. 6.8 where we investigate the RHT between two 100 nm-thick SiN pads that
are assumed to be infinitely wide and have a depth Lz that can be varied, see Fig. 6.8(a).
We have computed with COMSOL MULTIPHYSICS the relevant absorption efficiencies
for different values of Lz ranging from 100 nm to 1 mm and the results are shown in
Fig. 6.8(c,d). As one can see, the efficiencies grow linearly with Lz and reach enormous
values in a broad range of frequencies. We have then used these results together with
Eq. (6.8) to compute the FFRHT in the asymptotic limit of a gap much larger than the
pad length. The corresponding results are displayed in Fig. 6.8(b) and, as one can see,
the enhancement over the blackbody result now reaches impressive values of the order
of 105 when Lz is of the order of 1 mm.

It is important to stress that none of the systems considered in this Chapter is a
super-Planckian emitter, i.e., an object that emits more than a black body with the
same dimensions. The existence of super-Planckian emitters, which is in principle pos-
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Figure 6.8: (a) SiN pads with a thickness of 100 nm, infinitely wide, a variable depth equal to
Lz and separated by a gap d. (b) Room-temperature radiative heat conductance, normalized
by the blackbody results, for the system shown in panel (a) as a function of the pad depth Lz.
The result corresponds to a gap much larger than the pad depth and it was computed with
Eq. (6.8) and the results of panels (c) and (d). (c) Absorption efficiency as a function of the
frequency for a plane wave impinging with normal incidence and TM polarization in a SiN slab
with dimensions described in panel (a). The different curves correspond to different values of
Lz, as indicated in the legend. (d) The same as in panel (c), but for TE polarization.

sible, would make trivial the realization of super-Planckian RHT, but as explained in
the introduction, the experimental realization of super-Planckian emitters is extremely
challenging. We have already shown in section 6.4 that the parallelepipeds investigated
in this work are not super-Planckian emitters, see inset in Fig. 6.3(c). For completeness,
we show in Fig. 6.9 that the SiN pads studied above, see Fig. 6.6, are not super-Planckian
emitters either. In particular, we show in this figure the total power emitted by the SiN
pads considered before (Fig. 6.6), normalized by the black-body result. This quantity is
the total emissivity of this object (integrated in frequencies, angles and polarizations).
As one can see in Fig. 6.9, this emissivity is clearly smaller than 1, irrespective of the
thickness, and it tends to its bulk value when the thickness becomes larger than the
thermal wavelength.
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6. Super-Planckian far-field radiative heat transfer

Figure 6.9: Total emitted power at room temperature, normalized by the black-body result,
by a single SiN pad with lateral dimensions of 50 × 50 µm2 as a function of its thickness τ .
Notice that the result is clearly below 1, which shows that these pads are not super-Planckian
emitters.

The last thing that remains to be understood in relation to the RHT between these
suspended pads is the origin of their remarkable absorption efficiency. In what follows,
we shall show that, in simple terms, these pads behave as (lossy) dielectric waveguides
that efficiently absorb the radiation via the excitation of guided modes. This excitation
is illustrated in the COMSOL MULTIPHYSICS simulation of Fig. 6.10(a). In that figure
we display the Poynting vector obtained in a simulation of a TE-polarized plane wave
impinging in a 100 nm-thick SiN pad for a frequency ω = 1.5× 1014 rad/s. In this case
the pad length is 50 µm and it was assumed to be infinite in the transverse direction. As
one can see, the pad is able to alter the incoming field over a region that is more than
100 times larger than its thickness. What happens is that, due to the low-impedance
mismatch, the incident radiation couples efficiently into a guiding mode that has a
large lateral extension outside the pad and the mode is then absorbed during their
propagation, with the energy slowly flowing into the pad. The large spatial extent of the
guided mode, and its large overlap with the incoming plane wave, is actually responsible
for the corresponding cross section becoming so much larger than the physical size of the
pad. To understand in more detail how the energy absorption in these pads takes place,
we now proceed to study the nature of the guided modes in these dielectric structures.

In order to determine the electromagnetic modes sustained by the pads, we consider an
infinite planar waveguide made of a SiN slab of thickness τ surrounded by air. Our goal
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Figure 6.10: (a) Magnitude of the total Poynting vector Stot, normalized by the incident value
S0, in a simulation of a TE-polarized plane wave impinging in a 100 nm-thick SiN pad (in black)
for ω = 1.5× 1014 rad/s. The pad length is 50 µm and it is infinite in the transverse direction.
A streamline representation of the Poynting vector is shown in grey solid lines. (b-c) Frequency
versus propagation constant β (b) and attenuation constant α (c) for the TE modes of an
infinite SiN slab for different values of its thickness τ . The solid lines correspond to the exact
numerical solution of Eq. (6.13), while the dotted lines correspond to the analytical result of
Eqs. (6.15) and (6.16). The dashed orange line in panel (b) is the light line in vacuum, ω = βc,
and it separates the modes into guided ones on the right hand side of this line and leaky ones
on the left. (d-e) The same as in panels (b) and (c) for TM modes. The inset in panels (c) and
(e) show the normalized electric field profile for the components Ex and Ey, respectively, for a
500 nm-thick slab. The shaded area represents the SiN slab.
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is to obtain the dispersion relation of the guided modes in this structure. Using standard
theory of dielectric waveguides [164], one can show that those dispersion relations are
given by the solution of the following secular equations

1− r2
pe

2iqSiNτ = 0, (6.13)

where the index p indicates the polarization of the mode (TE or TM). In this case, the
modes with TE polarization have field components Ex, Hy and Hz according to the
coordinate system shown in Fig. 6.10(a), while the TM modes have the following non-
vanishing field components: Hx, Ey and Ez. On the other hand, the rp’s in Eq. (6.13)
correspond to the Fresnel coefficients

rTE =
qair − qSiN

qair + qSiN
and rTM =

εSiNqair − qSiN

εSiNqair + qSiN
, (6.14)

where qj =
√
εjω2/c2 − k2 is the transverse component (y-component) of the wave vector

in medium j (j = air, SiN), εj(ω) is the corresponding dielectric function, and k = β+iα

is the parallel component of the wave vector (z-component). Here, β is the propagation
constant of the electromagnetic mode and α is the corresponding attenuation constant,
which determines both the absorption and the propagation length of the mode.

In Fig. 6.10(b-e) we present the results for the frequency dependence of the propagation
and attenuation constants of the modes sustained by a SiN slab of several thicknesses. In
particular, we show with solid lines the exact results obtained with the numerical solu-
tion of Eq. (6.13) for both polarizations (TE or TM). The first thing to notice is that the
attenuation constant, which determines the power absorption, strongly depends on the
polarization and exhibits much larger values for the TE case, which explains the larger
efficiency for this polarization, see Fig. 6.6(d). Moreover, the frequency dependence of
the attenuation constant reproduces the corresponding dependence of the absorption
efficiencies for both polarizations in the limit of thin pads. Interestingly, there is a fre-
quency range in which the slab behaves as a hollow dielectric waveguide [164], with the
real part of the core dielectric function being smaller than that of the cladding, and the
propagation for TE polarization occurs via leaky modes [164], see Fig. 6.10(b,c).

It is worth recalling that these planar dielectric waveguides have no frequency cut-off,
i.e., there exists at least one electromagnetic guiding mode for TE and TM polarizations
for any value of the thickness τ . In order to have a second mode in our slab waveguide,
qSiN must fulfill the condition Re{qSiN}τ = π. In our case, the thinnest slab at which there
is an additional mode for a certain ω is τ = 1.8 µm, for both TE and TM polarization.

128



6.5. Super-Planckian FFRHT in suspended pads

Thus, for the thickness range analyzed in Fig. 6.10, there is only one electromagnetic
guided mode in the SiN slab.

In the limit of very thin slabs (qSiNτ � 1), it is possible to find an analytical solution
of Eq. (6.13). In this limit, the mode dispersion relations are given by

kTE =
ω

c

√
1 +

(
ωτ(εSiN − 1)

2c

)2

, (6.15)

kTM =
ω

c

√
1 +

(
ωτ(εSiN − 1)

2cεSiN

)2

. (6.16)

These expressions provide a very good approximation for the dispersion relation of the
modes for the thickness range analyzed, as the dashed lines of Fig. 6.10(b-e) show. In the
case of very thin slabs, it is possible to further simplify Eqs. (6.15) and (6.16) to obtain
the following analytical expressions for the attenuation constant for both polarizations

αTE(ω) =
ω3τ 2

4c3
Im {εSiN(ω)} [Re{εSiN(ω)} − 1] , (6.17)

αTM(ω) =
ω3τ 2

4c3

Im {εSiN(ω)}
[
|εSiN(ω)|2 − Re{εSiN(ω)}

]
|εSiN(ω)|4

. (6.18)

These expressions show that the attenuation constant that determines the power ab-
sorption in the slab scales with the thickness as τ 2, i.e., the propagation length of these
modes increases upon reducing the waveguide thickness. It is important to emphasize
that this propagation length of these modes, which is given by 1/2α, reaches values even
larger than 1 mm for thicknesses below a few hundreds of nm for the relevant frequencies.
This is especially true for the TM polarization. This fact explains why in all the cases
considered in this section, see Figs. 6.6 and 6.8, the absorption efficiencies grow linearly
with the dimension Lz. The idea is that, as we explained in section 6.4, the efficiencies
Q for normal incidence are proportional to the factor [1 − exp(−2αLz)], and since we
have investigated here the limit αLz � 1, then Q ∝ Lz.
Finally, and in order to get some further insight into the nature of the electromagnetic

modes supported by these SiN slabs, we have plotted the electric field component that
is perpendicular to the propagation direction of the mode (Ex for TE polarization and
Ey for the TM case), see insets of Fig. 6.10(c,e). Both electric profiles are represented
as a function of the y-coordinate for a slab of thickness τ = 500 nm and frequencies
ω = 1.47× 1014 rad/s and ω = 1.98× 1014 rad/s for the TE and TM mode, respectively.
The Ey profile of the TM mode is discontinuous at the boundary and it extends longer in
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the y-direction. Therefore, it has a smaller amplitude inside the slab as compared to the
Ex profile of the TE mode. This explains why the attenuation constant is smaller in the
TM case, and therefore the absorption along the SiN pads is larger for this polarization.

6.6. Conclusions
In summary, we have presented in this Chapter a theoretical study that demonstrates
that the far-field RHT between objects with some of their dimensions smaller than the
thermal wavelength can greatly overcome the Planckian limit. By finding a connection
between the FFRHT and the directional absorption efficiencies of the objects involved, we
have provided very intuitive guidelines on how to achieve super-Planckian far-field RHT.
In particular, we have shown that a huge super-Planckian FFRHT can be achieved in
micron-sized suspended devices of great importance for the field of thermal transport [70,
154–158], which in turn can be used to quantitatively test our predictions.

From a more general perspective, our work illustrates the need to revisit the far-field
RHT between micro- and nano-systems in the light of FE theory. Our work is also impor-
tant for the study of thermalization of small objects [68] with implications, e.g., in cavity
optomechanics experiments [165] or in the study of interstellar dust in astrophysics [166].
Finally, our work also raises the question of the ultimate limit of the super-Planckian
FFRHT in low-dimensional systems such as nanowires and 2D materials.
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Planckian far-field radiative
heat transfer using 2D ma-
terials

7.1. Introduction

In the last chapter, it has been predicted that the Planckian limit can also be largely
surpassed in the far-field regime [159], i.e., when the separation of the objects is larger

than λTh. In particular, we have shown theoretically that the FFRHT between micron-
size devices can overcome the black-body limit by several orders of magnitude if their
thickness is much smaller than λTh. Moreover, we have shown that the enhancement over
Planck’s law increases monotonically as the device thickness is reduced, which leads us
to the fundamental question on the limits of super-Planckian FFRHT. The goal of this
chapter is to explore this issue with the help of two dimensional (2D) materials, i.e., with
materials with a one-atom-thick geometrical cross section, which constitute the ultimate
limit of thin systems.

2D materials have been extensively studied in recent years in the context of TM. In
particular, several works have taken advantage of the near-field density of photonic states
in these systems to modify the characteristics of emitters in a wide variety of scenarios.
Most of the theoretical work in the case of graphene has focused on the possibility
to tune and enhance the NFRHT mediated by the SPPs sustained by this material
[167, 168]. For instance, it has been predicted that the NFRHT between polar dielectrics
can be boosted by placing a graphene layer on top [169–171]. This prediction has been
confirmed experimentally [47]. Other studies have proposed periodic graphene ribbon
arrays to induce hyperbolic modes and thus further enhance the NFRHT between 2D
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systems [172]. The NFRHT between graphene nanodisks has also been studied [173], and
the analysis of the time scales of radiative heat transfer in this setup suggests that this
process is ultrafast [174]. Let us also mention that the near field thermal conductance
between Dirac 2D materials scales as the inverse of the distance between two flakes [175].
However, and despite all these recent advances, FFRHT between 2D materials remains
unexplored. As explained above, 2D materials constitute ideal systems in which one
can explore the ultimate limit of the violation of Planck’s law in the far-field regime.
Moreover, from an applied viewpoint, understanding the absorption and emission of
radiation in 2D materials is key to properly characterize their thermal properties and
harness their unique mechanical and electronic features [176].

For these reasons, we present in this chapter a theoretical study of the FFRHT between
systems with a one-atom-thick geometrical cross section. In particular, we demonstrate
that the FFRHT between sheets of 2D materials can be more than 7 orders of magnitude
larger than the theoretical limit set by Planck’s law for blackbodies and can be compa-
rable to the heat transfer of two parallel sheets at the same distance. More precisely, we
illustrate this phenomenon with different materials such as graphene, where the radia-
tion can also be tuned by a external gate, and single-layer black phosphorus. In both
cases the FFRHT is dominated by TE-polarized guiding modes and surface plasmons
play no role. Our predictions provide a new insight into the thermal radiation exchange
mechanisms between 2D materials.

7.2. FFRHT between coplanar graphene
sheets

Let us start by analyzing the FFRHT between two coplanar graphene sheets. This sys-
tem is schematically represented in Fig. 7.1(a). In this case, two identical graphene sheets
at temperatures T1 and T2 (T1 < T2) are separated by a gap d. The length of the flakes
is denoted by Lz and, for simplicity, we shall assume that they are infinitely wide in the
x-direction (Lx → ∞). Notice that, as shown in Fig. 7.1(a), both flakes are coplanar
and thus, for the radiative problem they constitute systems with a one-atom-thick geo-
metrical cross section. In order to compute the power exchanged in the form of thermal
radiation between these 2D systems, we need the dielectric function of graphene, which
can be determined from its electrical conductivity. The 2D conductivity of graphene,
σgraphene

2D , calculated within the random phase approximation can be expressed in terms
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Figure 7.1: (a) Schematics of the FFRHT between two identical graphene flakes. The flakes
have dimensions Lx × Lz, are separated by a gap d, and are held at temperatures T1 and
T2, respectively. (b) Real (solid lines) and imaginary (dashed lines) part of the normalized
conductivity for T = 300 K, Es = 10−4 eV, and for different chemical potentials (µ), as indicated
in the legend of panel (c). (c) Frequency-dependent absorption efficiency for a plane wave with
TE polarization (QTE(ω)) and normal incidence into a graphene sheet with length Lz = 10 µm,
infinite width (see inset), and for different values of µ (see legend). The solid lines correspond
to the exact numerical results, while the dashed lines correspond to the results obtained with
Eq. (7.8).

of the chemical potential (µ), temperature (T ) and scattering energy (Es) [177, 178]

σgraphene
2D = σintra + σinter, (7.1)

where the intraband and the interband contributions are given by

σintra =
2ie2t

~π(Ω + iγ)
ln

[
2 cosh

(
1

2t

)]
,

σinter =
e2

4~

[
1

2
+

1

π
arctan

(
Ω− 2

2t

)
− i

2π
ln

(Ω + 2)2

(Ω− 2)2 + (2t)2

]
, (7.2)
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with Ω = ~ω/µ, γ = Es/µ, and t = kBT/µ. In Fig. 7.1(b) we show the normalized
2D conductivity of graphene, in units of σ0 = e2/2π~, for T = 300 K, Es = 10−4 eV,
and different values of the chemical potential. As one can see, graphene resembles a
Drude metal in the infrared regime whose metallic character increases with the chemical
potential. Let us remark that the value chosen in this case for Es corresponds to a
graphene sheet with a very large relaxation time, τ = ~/Es, which is normally the desired
scenario in the field of graphene plasmonics [179]. We will show below that the opposite
limit is indeed more favorable for the absorption and emission of radiation between 2D
materials.

In order to calculate the FFRHT, we make use of Eq. 6.8 derived in Chapter 6 [159]
with the help of a TDDA [160]. This result establishes a connection between the FFRHT
between two objects and their absorption efficiencies, i.e., their absorption cross sections
divided by their geometrical cross sections. Assuming that a sheet of a 2D material can
be modeled as a parallelepiped (see below), this result indicates that the radiative power
exchanged between two identical flakes at temperatures T1 and T2 and separated by a
gap d much larger than both λTh and their characteristic dimensions is given by [159]

P =
π

2
AF12

∫ ∞
0

[Q2
TE(ω) +Q2

TM(ω)] [IBB(ω, T1)− IBB(ω, T2)] dω, (7.3)

where A is the geometrical cross section of the bodies and F12 = δ/2d is the geometrical
view factor [3], where δ is the geometric thickness of the 2D material. On the other
hand, QTM,TE(ω) is the frequency-dependent absorption efficiency for a plane wave with
normal incidence and TM or TE polarization, and IBB(ω, T ) is the Planck distribution
function, which is given by

IBB(ω, T ) =
ω2

4π3c2

~ω
exp(~ω/kBT )− 1

, (7.4)

where c is the speed of light. The black-body limit can be obtained by assuming that the
absorption efficiencies QTM,TE(ω) = 1 for all frequencies. In this case, Eq. (7.3) reduces to
the Stefan-Boltzmann law [3]: PBB = σAF12(T 4

1 −T 4
2 ), where σ = 5.67×10−8 W/(m2K4).

According to Eq. (7.3), QTM,TE(ω) are required to calculate the FFRHT between
two graphene sheets. Since our system is one-atom-thick in the y-direction (Fig. 7.1a),
a wave impinging with the electric field pointing in the y-direction does not generate
any current on that direction. Hence, the absorption cross section of TM plane waves
vanishes (QTM(ω) = 0) and only QTE(ω) contributes to the FFRHT. Note that free-space
propagating waves cannot couple efficiently to surface plasmons in graphene, which lie
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far outside the light line, due to the large mismatch in in-plane momentum. We have
calculated this efficiency using COMSOL MULTIPHYSICS, where we have modeled our
system as a 3D parallelepiped with an effective dielectric constant. Let us further explain
how we have carried out this modeling.

A 2D flake can be modeled as a 3D parallelepiped of thickness h and conductivity
σ3D = σ2D/h [178] as long as h is much smaller than the wavelengths involved. As we
study the FFRHT at room temperature (λTh ≈ 10 µm), h must be, roughly speaking,
smaller than 100 nm to obtain converged results. Therefore, we can write the dielectric
function of a 2D material as ε3D = 1 + iσ3D/(ε0ω), where ε0 is the vacuum permittivity.
We have verified that QTE(ω) does not depend on the parallelepiped thickness h, as long
as this value is much smaller than the wavelengths involved.

In accordance with experimental evidence, we have taken δgraphene = 0.37 nm for the
thickness of a graphene monolayer [180]. Fig. 7.1(c) shows QTE(ω) as a function of the
radiation frequency ω (solid lines) for different chemical potentials and for a scattering
energy Es = 10−4 eV. Notice that the absorption cross section is much larger than the
geometrical one in the infrared frequency range, which shows that graphene is a very
efficient broadband infrared absorber, even when the incident vector of the plane wave
is parallel to the graphene sheet (see inset in Fig. 7.1(c)). Notice also that QTE(ω)

increases for decreasing frequency, which is due to the increase of losses in the system
(see Fig. 7.1(b)).

In order to get further insight into the remarkable radiation absorption of a graphene
flake, we have derived an analytical expression for Qan

TE in Eq. (7.3). For this purpose,
we consider the system shown in Fig. 7.2, where a TE-polarized plane wave impinges
on a thin slab. This thin slab corresponds to the parallelepiped that models our 2D
material. We assume that this parallelepiped is infinite along the x-direction, has a
length Lz, and a thickness h. The electric field of the incoming plane wave is polarized
along the x-direction. Taking advantage of the effectively vanishing thickness of the 2D
material, we assume that the modes inside it are very similar to a plane wave, but having
an evanescent tail in the y-direction in the air regions, as it is schematically shown in
Fig. 7.2. Besides, this mode decays exponentially along the z-direction due to absorption
losses in the 2D material. Therefore, we can express the amplitude of the x-component
of the electric field of the TE waveguide mode of the slab as

Ex,wm(y, z) = Ex,inc(z = 0)e−Im{ky,v}|y|e−Im{kz}z, (7.5)

where Ex,inc is x-component of the electric field amplitude of the incident plane wave
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Figure 7.2: Scheme of the absorption of a plane wave by a slab of thickness h and depth Lz,
which is assumed to be infinite in the x-direction. The green lines represent the plane wave,
while the brown ones show schematically the waveguide electric mode profile. The origin of the
coordinate axes is placed where the matching between the modes occurs.

electric field, ky,v is the y-component of the waveguide mode wave vector in vacuum, and
kz corresponds to the z-component of the same wave vector. Note that the 2D material
flake ranges from z = 0 to z = Lz. The properties of the guiding modes have been
calculated by using standard dielectric waveguide theory [164]. Indeed, in the limit of
very thin slabs, it is possible to find analytical expressions for the different wave vectors
[159]

ky,v =
(ω
c

)2 ih(εp − 1)

2
, kz =

ω

c

√
1 +

(
ωh(εp − 1)

2c

)2

(7.6)

where εp is the dielectric constant of the parallelepiped. The expression of Eq. (7.5)
for the electric field Ex,wm(y, z) is only valid outside of the parallelepiped. However,
since h is very small compared to the total extension of the mode, we can neglect the
fraction of the field that propagates inside the material for a minimal model. To calculate
the absorption cross section (Qan

TE) of our system, we have to calculate the overlapping
integral (Ω) between the intensity of the incident plane wave (Iinc) and that of the slab
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mode (Iwm), normalized to |Iinc|2:

Ω =

∫
IincIwm(y, z = 0)dy

|Iinc|2
=

∫
|Ex,inc|2|Ex,wm(y, z = 0)|2dy

|Ex,inc|4
=

1

Im{ky,v}
. (7.7)

Since the incident plane wave and the waveguide mode have very similar electric fields,
Ω is proportional to the extension of the guiding mode along the y-direction. Once we
have calculated Ω, we have to consider which fraction of the power is then absorbed
along the parallelepiped length Lz. Therefore, Qan

TE is given by

Qan
TE =

Ω

δ

Iwm(y, z = 0)− Iwm(y, z = Lz)

Iwm(y, z = 0)
=

1− e−2Im{kz}Lz

δIm{ky,v}
. (7.8)

Let us stress that as our parallelepiped is infinite along the x-direction, we just have to
divide by the geometrical thickness of our 2D material (δ) to obtain Qan

TE. In Fig. 7.1(c)
we show the analytical results for the absorption efficiency Qan

TE(ω) (dashed lines) and,
as one can see, there is an excellent agreement with the exact numerical simulations.
This agreement allows us to conclude that the extraordinary absorption efficiency of a
graphene flake in this configuration is due to the fact that it behaves as a lossy waveguide
that absorbs the radiation via the excitation of guided TE modes. In particular, because
of the low impedance mismatch, the incident radiation is efficiently coupled into guided
modes and is eventually absorbed.

Once QTE(ω) is known, we can use Eq. (7.3) to calculate the FFRHT between two
graphene flakes in the coplanar configuration (see Fig. 7.1(a)). We shall characterize the
FFRHT in terms of the room-temperature linear heat conductance per unit of length,
Gth = P/(Lx∆T ), in the limit ∆T = (T2−T1)→ 0. Before presenting our results, let us
show a test simulation that demonstrates that Eq. (7.3) yields accurate results for the
FFRHT between 2D materials

Figure 7.3 shows the spectral Gth at room temperature between two graphene sheets
of dimensions Lx = 640 µm, Lz = 1 µm, Es = 0.01 eV and separated by a gap of 5 mm.
The reason for choosing such a large Lx is to make the graphene flake quasi-infinite in
that direction, since the QTE(ω) has been calculated considering that the graphene layer
is semi-infinite. Besides, the reason why the gap between both objects is so large is to
be in the far-field limit where Eq. (7.3) is strictly valid. The red solid line in Fig. 7.3
represents the exact result, obtained with the code SCUFF-EM [39, 82], while the black
dashed line shows the one obtained with Eq. (7.3). On the other hand, the QTE(ω) used
in the analytical approach was computed using COMSOL MULTIPHYSICS. As it can
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Figure 7.3: Spectral Gth as a function of ω for a system composed of two graphene flakes of
dimensions Lx = 640 µm, Lz = 1 µm, Es = 0.01 eV and separated by a gap d=5 mm. The red
line shows the exact calculations while the dashed black line corresponds to the results obtained
with Eq. 7.3.

be observed in Fig. 7.3, there is an excellent agreement between both approaches, which
demonstrates the validity of Eq. (7.3) to calculate the FFRHT between 2D materials.

In Figure 7.4(a) we show the spectral Gth, i.e., the conductance per unit of frequency,
for two graphene sheets of length Lz = 10 µm, Es = 10−4 eV, and a gap d = 1 mm.
It can be observed that the system exhibits a broad-band FFRHT spectrum, similar
to the FFRHT between metals [11]. The conductance peak appears at ω = 9 × 1010

rad/s for all chemical potentials. This maximum originates from the convolution of the
Planck’s distribution function (IBB) and QTE(ω), see Eq. (7.3). Notice, however, that
the magnitude of Gth does increase with µ and can be tuned by a factor of 2.5 between
µ = 0.2 eV and µ = 0.5 eV.

Let us turn now to the analysis of the total thermal conductance and its comparison
with the predictions of Planck’s law for blackbodies. Fig. 7.4(b) shows Gth normalized by
the corresponding blackbody result (GBB = 4σδF12T

3) as a function of the flake’s length
Lz. As it can be observed, the power exchanged by the two graphene flakes overcomes
Planck’s results by up to 4 orders of magnitude for a length of 100 µm. The reason
for this huge enhancement can be understood with the help of Fig. 7.1(c), where it is
shown that the absorption efficiency of a graphene sheet reaches values much larger than
1 for a broad range of infrared frequencies, accesible at room temperature. Besides, the
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Figure 7.4: (a) Spectral thermal conductance as a function of the radiation frequency for a
system composed of two graphene flakes of length Lz = 10 µm, Es = 10−4 eV, and a gap d = 1
mm (see inset). The temperature is 300 K. (b) The total thermal conductance Gth, normalized
by the blackbody results, for the same system as in panel (a) and plotted as a function of Lz
for different chemical potentials. The dashed orange line is proportional to L2

z. Let us stress
that these normalized results do not depend on the gap as long as d is much larger than the
thermal wavelength.

normalizedGth increases with Lz simply because the absorption and emission of radiation
in the graphene flakes increases with this length. It can be also seen in Fig. 7.4(b) that
for small lengths, the normalized Gth is proportional to L2

z, which can be understood as
follows. The efficiency QTE(ω) is proportional to (1−e−2Im{kz}Lz), according to Eq. (7.8).
In the limit in which Im{kz}Lz � 1, QTE(ω) is simply proportional to Lz. Thus, from
Eq. (7.3), it is obvious that Gth ∝ L2

z for short graphene flakes, as it is verified in
Fig. 7.4(b).

We have shown that the FFRHT between graphene sheets can overcome the Planckian
limit by more than 4 orders of magnitude. However, our analysis also suggests that
the thermal conductance could be further enhanced by increasing the intrinsic losses
in the graphene sheets. To test this idea, we have calculated the FFRHT for these
graphene sheets assuming a larger value for the scattering energy Es. Fig. 7.5(a) shows the
normalized 2D conductivity of graphene for Es = 0.01 eV, i.e., two orders of magnitude
larger than in the examples above. The corresponding results for the absorption efficiency
QTE(ω) are displayed in Fig. 7.5(b). The absorption cross section is again orders of
magnitude larger than the geometrical one and, more importantly, it is also higher than
in the previous case. Fig. 7.5(c) shows the spectral Gth for Lz = 10 µm, Es = 0.01

eV, and a gap d = 1 mm. In this case the maximum of the spectral Gth is strongly
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Figure 7.5: (a) Real (solid lines) and imaginary (dashed lines) part of the normalized con-
ductivity of graphene for T = 300 K and Es = 0.01 eV, for different chemical potentials (µ).
(b) Frequency-dependent absorption efficiency for a plane wave with TE polarization (QTE(ω))
and normal incidence into a graphene sheet with length Lz = 10 µm and infinite width (see
inset), for different values of µ. The solid lines correspond to the exact numerical results, while
the dashed lines were obtained with Eq. (7.8). (c) Spectral Gth as a function of ω for a system
composed of two graphene flakes of length Lz = 10 µm, Es = 0.01 eV, and a gap d = 1 mm
(see inset). (d) Gth, normalized by the blackbody results, for the same system and plotted as a
function of Lz for different chemical potentials. The dashed orange line is proportional to L2

z.

blueshifted (ω = 1.3× 1013 rad/s), and the relevant frequencies for the FFRHT are also
higher. The reason for this blueshift is that QTE(ω) adopts larger values at frequencies
which have a better overlap with Planck distribution function at room temperature. As
a consequence, the total thermal conductance Gth is much higher in this case, as we
illustrate in Fig. 7.5(d). Notice that in this case the Planckian limit can be overcome by
more than 7 orders of magnitude. Thus, we see here that the graphene with a high density
of impurities (i.e., with low mobility), which is normally dismissed for optoelectronic and
plasmonic applications, is more efficient regarding thermal emission and absorption.
For the sake of comparison, we have also analyzed the FFRHT between two graphene

sheets of the same dimensions as those of Fig. 7.5(c) (µ = 0.3 eV) now parallel to
each other and separated by a distance d along the normal direction. In that case,
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the geometrical cross section is 27000 times larger than in the coplanar configuration
and Planck’s law would thus predict 270002 higher heat transfer efficiency than in the
coplanar case. However, the FFRHT between the graphene sheets in this case is only 4
times larger and it does not exhibit an enhancement over Planck’s law. Indeed, the ratio
with the blackbody results is 1.5×10−3. This confirms that the FFRHT between coplanar
sheets is truly remarkable and that its absolute value is comparable with other setups that
have a much higher geometrical cross section. Moreover, we have performed additional
simulations to verify if such FFRHT could be measured in a realistic experimental setup.
We have calculated the FFRHT between two graphene sheets with Lx = 20 µm, Lz = 60

µm, µ = 0.5 eV, Es = 0.01 eV and separated by a gap of 20 µm, where the thermal
radiation is already dominated by the far-field contribution [15]. The dimensions chosen
for both the graphene sheets and the gap are within reach of state-of-the-art calorimetric
techniques[70, 158]. In order to compute the FFRHT, we have again made use of the
code SCUFF-EM [39, 82]. The room-temperature linear heat conductance between the
flakes is in this case 1.62 pW/K, which is within the sensitivity of existent calorimetric
techniques [70, 158].

7.3. Results for single-layer black
phosphorus

At this point one may wonder whether the dramatic violation of Planck’s law discussed
above for the case of graphene may also occur in other 2D materials. To show that
this is actually the case, we now turn to analyze the case of single-layer black phospho-
rus (SLBP). We have computed the FFRHT between two coplanar SLBP sheets (see
Fig. 7.1(a)). The distinctive steps of the atomic structure of SLBP are in our case placed
along the z-direction. We have modeled the dielectric properties of a black phosphorus
monolayer in an analogous way to graphene and its 2D conductivity has been taken
from previous studies [181]. Let us mention that we have modeled black phosphorous
(BP) as an isotropic body. As there are only electric fields oscillating in the x-direction
(QTM(ω) = 0, see Figs. 7.1 and 7.6(b)), we can model our BP monolayer as having an
isotropic conductivity. Both the real (solid line) and the imaginary (dashed line) part of
the conductivity of SLBP along the x-direction are plotted in Fig. 7.6(a) for T = 300 K,
Es = 0.01 eV, and two different electron dopings n = 5× 1013 cm−2 and n = 1014 cm−2.
The parameters chosen represent realistic SLBP samples [182]. Fig. 7.6(b) shows QTE(ω)
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Figure 7.6: (a) Real (solid lines) and imaginary (dashed lines) part of the normalized con-
ductivity of single-layer black phosphorus for T = 300 K and Es = 0.01 eV, for two different
dopings (n). (b) Frequency-dependent absorption efficiency for a plane wave with TE polariza-
tion (QTE(ω)) and normal incidence into a SLBP sheet with length Lz = 10 µm and infinite
width (see inset). The solid lines correspond to the exact numerical results, while the dashed
lines were obtained with Eq. (7.8). (c) Spectral Gth as a function of ω for a system composed of
two SLBP flakes of length Lz = 10 µm separated by a gap d = 1 mm (see inset). (d) Thermal
conductance Gth, normalized by the blackbody results, for the same system as in panel (c) and
plotted as a function of Lz, for two different dopings. The dashed orange line is proportional
to L2

z.

calculated numerically (solid lines) with COMSOL MULTIPHYSICS (see Supporting
Information) for a SLBP sheet with Lz = 10 µm (see inset of Fig. 7.6(b)) and both dop-
ing values. The SLBP absorption efficiency exhibits very similar characteristics to those
of low-quality graphene, as both of them have similar dielectric functions for infrared
frequencies. Moreover, Qan

TE(ω) (dashed lines) shows again an excellent agreement with
the exact numerical simulations. As for graphene, we have used the results for QTE(ω) in
combination with Eq. (7.3) to describe the FFRHT. The spectral conductance of black
phosphorus monolayers separated by 1 mm is plotted in Fig. 7.6(c), while the normalized
total thermal conductance as a function of the length Lz is shown in Fig. 7.6(d). Notice
that in this case the FFRHT can be larger than the corresponding result calculated
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from Planck’s law by almost 7 orders of magnitude, showing that this enhancement is
not exclusive of graphene, but can also occur in other 2D materials such as SLBP.

7.4. Conclusions
In summary, we have presented a theoretical analysis of the FFRHT between 2D mate-
rials, graphene and single-layer black phosphorus, in a coplanar configuration. We have
shown that the relevant absorption cross section of flakes of these materials can be or-
ders of magnitude larger than their atomic-sized geometrical cross section. We have also
shown that this extraordinary absorption efficiency makes the FFRHT between flakes of
these materials more than 7 orders of magnitude larger than the limit set by Planck’s
law, which constitutes the ultimate violation of this law in the far-field regime. Finally,
we have shown that the novel mechanism responsible for this FFRHT involves the prop-
agation properties of TE-polarized guiding modes in these materials, modes that are
usually irrelevant in the context of plasmonic or optoelectronic applications.
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8 | General conclusions and
outlook

8.1. English

I n this thesis we have tackled some of the open problems in the field of radiative
heat transfer (RHT). In Chapters 2-5, we have analyzed the near-field radiative

heat transfer (NFRHT) between two objects in a variety of scenarios. On the other
hand, we have studied in Chapters 6-7 the far-field radiative energy exchange between
subwavelength objects. In this last chapter, we present the general conclusions of the
thesis together with an outlook about the future perspectives in the field of RHT.

8.1.1. Near-field radiative heat transfer

Let us start by summarizing the main conclusions obtained of Chapter 2-5, which have
analyzed NFRHT in different situations. We have explained in the General Introduction
(Chapter 1) that the RHT can be greatly enhanced in the near-field due to the contribu-
tion of evanescent waves. However, whether this enhancement can be obtained with thin
films remained unanswered. In Chapter 2 we have demonstrated a dramatic increase in
NFRHT, comparable to that obtained between bulk materials, even for very thin dielec-
tric films (50-100 nm) when the spatial separation between the hot and cold surfaces is
comparable to the film thickness. This study was performed in collaboration with the
experimental group of Professors Pramod Reddy and Edgar Meyhofer of the University
of Michigan. We have explained our results by analyzing the spectral characteristics
and mode shapes of surface phonon-polaritons, which dominate near-field radiative heat
transport in polar dielectric thin films. We have shown that in the limit of small gaps, the
penetration depth of these modes is of the order of the gap size and it is independent of
the coating thickness. Therefore, for gaps smaller than the film thickness, a SiO2 coating
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film exchanges the same radiative energy than a bulk SiO2 sample.
NFRHT is a physical phenomenon which could have deep implications in the develop-

ment of novel thermal technologies. To this goal, it would be convenient to actively tune
the radiative heat flow in the near-field. This was the motivation to analyze theoretically
in Chapter 3 the magnetic field dependence of the NFRHT between two parallel plates.
We have shown that when the plates are made of doped semiconductors, the near-field
thermal radiation can be greatly affected by the application of a static magnetic field.
We have found that irrespective of its direction, the presence of a magnetic field reduces
the radiative heat conductance, and dramatic reductions up to a factor of 7 can be found
with fields of a few Teslas at room temperature. We have explained that this striking
behavior is due to the fact that the magnetic field radically changes the nature of the
NFRHT. The field not only affects the electromagnetic surface modes (both plasmons
and phonon-polaritons) that normally dominate the near-field radiation in doped semi-
conductors, but it also induces hyperbolic modes that progressively dominate the heat
transfer as the field increases. In particular, we have shown that when the field is per-
pendicular to the plates, the semiconductors become ideal hyperbolic near-field emitters.
Our study paves the way for an active control of NFRHT and it opens the possibility
to study unique hyperbolic thermal emitters without the need to resort to complicated
metamaterials.
As commented above, the energy exchanged by radiation between two bodies can be

enhanced by orders of magnitude in the near-field. Until recently, the extended materials
which exhibited the highest thermal conductance in this regime were polar dielectrics,
in which the NFRHT is dominated by surface phonon polaritons. In Chapter 4 we have
demonstrated that the use of metasurfaces provides a viable strategy to largely tune and
enhance NFRHT between extended structures. In particular, using a rigorous coupled
wave analysis, we have predicted that Si-based metasurfaces featuring two-dimensional
periodic arrays of holes can exhibit a room-temperature near-field radiative heat con-
ductance much larger than any unstructured material to date. We have shown that this
enhancement, which takes place in a broad range of separations, relies on the existence of
broadband surface plasmon-polaritons (SPPs) in doped Si and the possibility to largely
tune the properties of these modes that dominate the radiative heat transfer in the
near-field regime. By introducing holes in the Si metasurfaces, one can reduce both the
effective plasma frequency and the losses in the material. Therefore, these SPPs are
redshifted and can be more easily occupied at room temperature, leading to a larger
radiative heat flow in the near-field.
The physical mechanisms which dominate NFRHT were well understood down to sep-
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aration distances of 10 nm between two bodies. However, for smaller gap distances, it
was still unclear if fluctuational electrodynamics (FE) was able to describe the radiative
heat flow exchange. To better understand this phenomenon, we have studied in Chapter
5 from both theoretical and experimental points of view the NFRHT in the extreme near
field (gaps smaller than 10 nm) between metals and polar dielectrics. From the experimen-
tal side, our colleagues of the University of Michigan have developed custom-fabricated
scanning probes with embedded thermocouples, in conjunction with new microdevices
capable of periodic temperature modulation, to measure RHT down to gaps as small
as two nanometers. To theoretically simulate this process, we have used the fluctuating-
surface-current formulation of the RHT combined with the boundary element method,
as implemented in the SCUFF-EM solver. Using this approach, we have computed the
NFRHT between the exact geometries involved in the experiments, considering even the
nanometric-roughness at the devices. In order to obtain accurate results for the radia-
tive heat flow between micro-sized objects separated by single-nanometer distances, we
have employed a non-uniform grid that was finer at both the tip apex and at the center
of the simulated samples. We have found that our state-of-the-art calculations of RHT,
performed within the framework of FE, are in excellent agreement with the experimental
measurements, providing unambiguous evidence that confirms the validity of this theory
down to gap distances of ∼ 2-3 nm, for both metals and dielectrics. Moreover, our work
suggests that the giant thermal conductances found by previous experiments in this
regime are originated by the existence of contaminants between the scanning thermal
tip and the substrate.

8.1.2. Far-field radiative heat transfer
The two last chapters are devoted to analyze the far-field radiative heat transfer (FFRHT)
between two subwavelength objects. In Chapter 6, we have presented a theoretical anal-
ysis that demonstrates that the FFRHT between objects with dimensions smaller than
the thermal wavelength can overcome the Planckian limit by orders of magnitude. To
guide the search for super-Planckian FFRHT, we have considered the theory of FE to
derive a relation between the FFRHT and the directional absorption efficiency of the
objects involved. Guided by this relation, and making use of state-of-the-art numerical
simulations, we have shown that the far-field radiative energy exchange between highly
anisotropic objects can largely overcome the black-body limit when some of their dimen-
sions are smaller than the thermal wavelength. In particular, we have illustrated this
phenomenon in the case of suspended pads made of polar dielectrics like SiN or SiO2.
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These structures are widely used to measure the thermal transport through nanowires
and low-dimensional systems and can be employed to test our predictions. We have
shown that the standard theories of thermal radiation are unable to predict the FFRHT
between micro- and nanodevices.
Finally, in Chapter 7 we have explored the ultimate limit of the far-field violation of

Planck’s law. We have presented a theoretical study of the RHT between two-dimensional
(2D) materials. We have shown that the far-field thermal radiation exchanged by two
coplanar systems with a one-atom-thick geometrical cross section can be more than 7
orders of magnitude larger than the theoretical limit set by Planck’s law for blackbodies
and can be comparable to the heat transfer of two parallel sheets at the same distance. In
particular, we have illustrated this phenomenon with different materials such as graphene,
where the radiation can also be tuned by a external gate, and single-layer black phos-
phorus. In both cases the FFRHT is dominated by TE-polarized guiding modes, which
are normally irrelevant for plasmonic and optoelectronic applications. Our predictions
provide a new insight into the thermal radiation exchange mechanisms between 2D ma-
terials.

8.1.3. Outlook
The research field of radiative heat transfer has experienced a significant advance in the
last years. However, there are still multiple open questions which will keep the activity
and interest in the field in the future.
From a fundamental point of view, one of the main challenges is to understand the

mechanisms that govern the energy exchange in the crossover regime between conduction
and radiation, i.e., when the gap between two objects is subnanometric. In dielectrics, it
has been predicted that the heat conductance can be further enhanced in subnanometer
gaps due to the tunneling of acoustic phonons [19]. In metals, however, it is still not
clear at which distances the electronic contribution to the heat flow dominates over the
photonic one [183]. New theoretical microscopic models must go beyond FE in order
to analyze how two objects exchange energy in this very interesting regime [19], where
electrons, photons and phonons can transport energy between two bodies.
Another research line which can be very promising is the study of radiative heat

exchange between objects at cryogenic temperatures. In that case, the thermal wave-
length can be increased up to ∼ 1 mm, so near-field effects would arise at macroscopic
distances. Moreover, the radiative heat transfer between superconducting materials at
temperatures below their critical temperature could be analyzed. In this regime, the ra-

148



8.1. English

diative heat flow would be dominated by very different mechanisms and new interesting
phenomena could arise.

From the experimental point of view, many advances could be performed to further
increase the measured heat flows. The current experimental techniques show a trade
off between heat conductance intensity and gap distance. The highest radiative heat
flows have been obtained in the plate-plate configuration, where all the setup has a
subwavelength gap distance. However, because of alignment issues, it is not possible
to reach gaps smaller than ∼ 70 nm [44]. In order to reach nanometer gaps, scanning
thermal probes are needed, but their nanometer size imply that the obtained radiative
thermal conductances are approximately ∼ 1-10 nW K−1 [140], depending on the size
of the scanning tip. New experimental advances are needed in order to develop setups
where the radiative heat flow enhancement is exploited to its maximum level.

Besides, there are several interesting predictions for the heat flow in the nanoscale
which have not been measured yet, such as the tuning of NFRHT by a magnetic
field (Chapter 3) or the extraordinary heat conductance between doped-Si metasur-
faces (Chapter 4). In order to realize these interesting proposals, it will be necessary
to combine the novel setups able to quantify NFRHT [44, 140] together with the current
developments in nanofabrication. There are also several existing proposals of technolog-
ical applications for the enhancement of radiative heat transfer in the near-field, such
as the fabrication of near-field thermophotovoltaic cells [58–60] and the realization of
high-resolution thermal lithography [16]. So far, these ideas have not been realized due
to technical difficulties. In the next years, new efforts should be made to improve the
experimental systems and finally build these setups which will for sure improve the
performance of multiple devices.

On the other hand, the new insights that we provide for the far-field radiative heat
transfer should be considered in the fabrication of new nanodevices, where the dimensions
of the different components are smaller than the thermal wavelength. In those cases, the
radiative heat transfer between the parts of the system are estimated using the upper
limit given by Planck’s law for blackbodies. We have shown that the radiative heat flow
can be orders of magnitude larger than this limit, so exact numerical calculations should
be performed to characterize the thermal properties of these systems.

Thermal radiation is a universal phenomenon which is present in numerous aspects of
our daily life: from the light coming from the sun to the radiation of a fireplace. Improving
the knowledge of this process will generate new ways of controlling the radiative energy,
and, therefore, will increase the quality of life of the society. We hope that this thesis is
a small step towards this direction.
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8.2. Español

E n esta tesis hemos resuelto algunos de los problemas abiertos en el campo de la
transferencia radiativa de calor (TRC). En los Capítulos 2-5, hemos analizado la

transferencia radiativa de calor en el campo cercano (TRCCC) en distintas situaciones.
Por otro lado, hemos estudiado en los Capítulos 6-7 el intercambio radiativo de energía
en el campo lejano entre objetos cuyas dimensiones son más pequeñas que la longitud
de onda. En este último capítulo presentamos las conclusiones generales de la tesis junto
a una perspectiva sobre el futuro del campo de la TRC.

8.2.1. Transferencia radiativa de calor en el campo cercano
Comenzaremos resumiendo las conclusiones principales obtenidas en los Capítulos 2-5, en
los que se ha analizado la TRCCC en distintos casos. Hemos explicado en la Introducción
general (Capítulo 1) que la TRC puede aumentar notablemente en el campo cercano
debido a la contribución de ondas evanescentes. Sin embargo, todavía no se sabía si
este aumento podía obtenerse con láminas delgadas de materiales polares como el sílice
(SiO2). En el Capítulo 2 hemos demostrado un aumento dramático en la transferencia
de calor, comparable al que se obtiene entre muestras de materiales en volumen, en
láminas nanométricas de dieléctricos (50-100 nm) cuando la distancia de separación
entre las superficies fría y caliente es comparable al grosor de la lámina. Este estudio
fue realizado en colaboración con el grupo experimental de los profesores Pramod Reddy
y Edgar Meyhofer de la Universidad de Míchigan. Hemos explicado nuestros resultados
analizando las características de los fonones-polaritones de superficie. En concreto, hemos
mostrado que en el límite de separaciones pequeñas entre dos cuerpos, la longitud de
penetración de estos modos es del orden de la distancia de separación e independiente
del grosor de la lámina. Por tanto, para separaciones más pequeñas que el grosor de
la lámina, una fina película de SiO2 intercambia la misma energía radiativa que una
muestra del material en volumen.
La TRCCC es un fenómeno físico que podría tener profundas implicaciones en el

desarrollo de nuevas tecnologías térmicas. Para ello, sería conveniente poder modificar
externamente el flujo de calor en el campo cercano. Esta fue la motivación para analizar
teóricamente en el Capítulo 3 la dependencia con el campo magnético de la transferencia
radiativa de calor en el campo cercano. Hemos mostrado que la radiación térmica en el
campo cercano entre dos superficies de semiconductores dopados puede ser sensiblemente
afectada por la aplicación de un campo magnético estático. Hemos encontrado que para
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cualquier dirección del campo magnético, éste reduce la conductancia radiativa y grandes
reducciones de hasta un factor 7 pueden producirse empleando campos magnéticos de
unos pocos Teslas a temperatura ambiente. El campo magnético no sólo afecta a los
modos electromagnéticos de superficie (tanto plasmones como fonones-polaritones) que
normalmente dominan la radiación en el campo cercano en semiconductores dopados,
sino que también induce modos hiperbólicos que dominan progresivamente la transfe-
rencia de calor según aumenta el campo. En particular, hemos demostrado que cuando
el campo es perpendicular a la superficies, los semiconductores se convierten emisores
hiperbólicos ideales en el campo cercano. Nuestro estudio allana el camino para un con-
trol activo de la TRCCC y abre la posibilidad de estudiar emisores térmicos hiperbólicos
sin la necesidad de recurrir a metamateriales complejos.

Como hemos visto anteriormente, la energía intercambiada por radiación entre dos
cuerpos puede aumentar en órdenes de magnitud en el campo cercano. Hasta hace poco,
los materiales que exhibían una mayor conductancia térmica en este régimen eran los
dieléctricos polares, en los que la TRCCC está dominada por fonones-polaritones de
superficie. En el Capítulo 4 hemos demostrado que el uso de metasuperficies es una es-
trategia plausible para modificar y aumentar notablemente la TRCCC entre estructuras
planas. En concreto, expresando los campo eléctricos como suma de ondas planas y uti-
lizando el formalismo de la matriz de scattering, hemos predicho que metasuperficies
de silicio dopado que contienen una red periódica de agujeros exhiben en el campo cer-
cano una conductancia térmica a temperatura ambiente mayor que la de cualquier otro
material sin estructurar. Hemos mostrado que este aumento de la TRCCC, que ocurre
en un amplio rango de distancias de separación, se debe a la existencia de plasmones-
polaritones de superficie (PPS) en silicio dopado y a la posibilidad de modificar las
propiedades de estos modos, que son los que dominan la TRCCC. En concreto, intro-
duciendo agujeros en las metasuperficies de silicio, es posible reducir tanto la frecuencia
de plasma efectiva como las pérdidas en el material. Por tanto, estos PPS se desplazan ha-
cia frecuencias menores y pueden ser ocupados más fácilmente a temperatura ambiente,
produciendo un mayor flujo radiativo de calor en el campo cercano.

Los mecanismos físicos que dominan la TRCCC se conocían bien hasta distancias de
separación entre dos cuerpos de 10 nm. Sin embargo, para distancias menores, no es-
taba claro si la teoría denominada "fluctuational electrodynamics" (FE) era capaz de
describir correctamente el flujo de calor radiativo. Para conocer mejor este fenómeno,
hemos estudiado en el Capítulo 5 desde un punto vista tanto teórico como experimental
la TRCCC en el régimen de campo cercano extremo (distancias menores a 10 nm) entre
tanto metales como dieléctricos polares. Desde el punto de vista experimental, nuestros
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colaboradores de la Universidad de Míchigan han desarrollado una nueva tecnología que
incluye unas puntas AFM que incorporan un termopar y unos nuevos microdispositivos
capaces de modular periódicamente su temperatura. Empleando estos dispositivos, han
sido capaces de medir la TRC hasta distancias de separación de 2 nm. Para simular
teóricamente este proceso, hemos empleado la formulación de la TRC basada en corri-
entes fluctuantes de superficie combinada con el "boundary element method", tal y como
está implementada en SCUFF-EM. Utilizando este enfoque, hemos calculado la TRCCC
entre las geometrías exactas empleadas en el sistema experimental, teniendo en cuenta
hasta la rugosidad nanométrica existente en los dispositivos. Para obtener resultados
correctos del flujo de calor radiativo entre objetos de tamaño micrométrico separados
por distancias de hasta 1 nm, hemos utilizado mallados no uniformes que eran más pre-
cisos tanto en el final de la punta como en el centro de la muestra simulada. Hemos
mostrado que nuestros cálculos de la TRC, realizados en el marco teórico de la teoría
FE, muestran un acuerdo excelente con los resultados experimentales. Por tanto, hemos
demostrado la validez de esta teoría para describir la TRC hasta distancias de separación
entre los cuerpos de ∼ 2-3 nm, tanto en metales como en dieléctricos. Además, los re-
sultados mostrados en el Capítulo 5 sugieren que las enormes conductancias térmicas
medidas en experimentos previos en este mismo régimen están debidas a la existencia
de contaminantes entre la punta y la muestra.

8.2.2. Transferencia radiativa de calor en el campo lejano
Los últimos dos capítulos están dedicados a analizar la transferencia radiativa de calor
en el campo lejano (TRCCL) entre objetos cuyas dimensiones son menores a la longi-
tud de onda. En el Capítulo 6, hemos presentado un análisis teórico que demuestra que
la TRCCL entre objetos pequeños puede superar el límite Planckiano en órdenes de
magnitud. Para guíar la búsqueda de la TRCCL super-Planckiana, hemos utilizado la
teoría FE para derivar una relación entre la TRCCL y la eficiencia de absorción direc-
cional de los objetos involucrados. Guiados por esta relación y empleando simulaciones
numéricas, hemos mostrado que el intercambio radiativo de calor en el campo lejano
entre objetos asimétricos puede sobrepasar notablemente el límite para cuerpos negros
cuando algunas de las dimensiones del objeto son menores que la longitud de onda tér-
mica. En concreto, hemos ilustrado este fenómeno con micro-dispositivos de dieléctricos
polares como el SiN y el SiO2. Estas estructuras son ampliamente empleadas para medir
el transporte térmico a través de nanocables y sistemas bidimensionales y pueden ser
utilizadas para comprobar nuestras predicciones teóricas. Hemos demostrado también
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que las teorías estándar de radiación térmica son incapaces de predecir la TRCCL entre
micro- y nanodispositivos.

Finalmente, en el Capítulo 7 hemos explorados los límites de la TRC súper Planckiana
en el campo lejano. Hemos presentado un estudio teórico de la TRC entre materiales
bidimensionales (2D). Hemos mostrado que la radiación térmica intercambiada en el
campo lejano entre dos sistemas coplanares con una sección eficaz geométrica de un
átomo de grosor puede ser más de 7 órdenes de magnitud mayor que el límite teórico
establecido por la ley de Planck para cuerpos negros. Hemos illustrado este fenómeno
con distintos materiales como el grafeno, en el que la radiación intercambiada puede
modificarse con un voltaje externo, y las monocapas de fósforo negro. En ambos casos,
la TRCCL está dominada por modos guiados con polarización TE, que son normalmente
irrelevantes en aplicaciones plasmónicas y optoelectrónicas. Los resultados mostrados en
este capítulo mejoran el conocimiento de los mecanismos de intercambio de radiación
térmica entre materiales 2D.

8.3. Perspectiva futura del campo
El campo de investigación de la transfencia radiativa de calor ha experimentado un
avance significante en los últimos años. Sin embargo, todavía hay muchas preguntas
abiertas que mantendrán la actividad y el interés en el campo durante los próximos
años.

Desde un punto de vista fundamental, uno de los restos principales es comprender
los mecanismos que dominan el intercambio de energía en el régimen intermedio entre
conducción y radiación, es decir, cuando el gap entre dos objetos es subnanométrico.
En materiales dieléctricos, algunos trabajos han predicho que la conductancia térmica
puede ser aumentada todavía más en el régimen subnanométrico debido al túnel de
fonones acústicos [19]. En metales, en cambio, todavía no está claro a qué distancias la
contribución electrónica al flujo de calor domina sobre la fotónica [183]. Nuevos modelos
teóricos microscópicos deben ir más allá de la teoría FE para analizar cómo intercambian
energía dos objetos en este régimen tan interesante [19], en el que electrones, fotones y
fonones pueden transportar energía entre dos cuerpos.

Otra línea de investigación que podría ser muy prometedora es el estudio de la TRC
entre objetos a temperaturas criogénicas. En este caso, la longitud de onda térmica
puede llegar a ser de hasta ∼ 1 mm, por lo que los efectos del campo cercano podrían
aparecer a distancias macroscópicas. Además, la TRC entre materiales superconductores
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a temperaturas menores que su temperatura crítica podría ser analizada. En este régimen,
el flujo radiativo de calor estaría dominado por mecanismos completamente nuevos y
podrían aparecer nuevos fenómenos físicos.
Desde el punto de vista experimental, podrían llevarse a cabo numerosos avances para

mejorar la medida del flujo de calor en el campo cercano. Las técnicas experimentales
actuales no son capaces de medir un alto flujo de radiación a distancias de separación
nanométricas. Las TRCCC más altas han sido obtenidos en la configuración plano-plano,
en el que todo el sistema experimental está situado a una distancia menor que la longitud
de onda térmica. Sin embargo, debido a problemas de alineamiento, no es posible alcanzar
gaps menores a ∼ 70 nm con este sistema [44]. Para alcanzar distancias de separación
menores, es necesario utilizar puntas de AFM o STM, pero su tamaño nanométrico
implica que las conductancias radiativas obtenidas son mucho menores y del orden de
∼ 1 − 10 nWK−1 [140], dependiendo del tamaño de la punta. Se necesitan por tanto
nuevos avances experimentales para desarrollar sistemas en los que el aumento de flujo
radiativo de calor sea explotado al máximo.
Además, hay muchas predicciones teóricas interesantes sobre el flujo de calor en la

nanoescala que todavía no se han medido, como la modificación de la TRCCC con
campos magnéticos (Capítulo 3) o la conductancia térmica extraordinaria entre metasu-
perficies de Si dopado (Capítulo 4). Para llevar a cabo estas propuestas, será necesario
combinar los experimentos actuales capaces de cuantificar la TRCCC [44, 140] con los
últimos avances en nanofabricación. Hay también varias propuestas teóricas de aplica-
ciones tecnológicas para el aumento de la radiación térmica en el campo cercano, como
la fabricación de células termofotovoltaicas de campo cercano [58–60] y el desarrollo de
litografía térmica de alta resolución [16]. Hasta ahora, estas ideas no se han llevado a
cabo debido a dificultades técnicas. En los próximos años, nuevos proyectos deben lle-
varse a cabo para mejorar los sistemas experimentales actuales y construir finalmente
estas propuestas que sin duda mejorarán el funcionamiento de múltiples dispositivos.
Por otro lado, el nuevo conocimiento que hemos aportado sobre la TRCCL debe ser

considerado en la fabricación de nuevos nanodispositivos, en los que las dimensiones
de los distintos componentes son más pequeñas que la longitud de onda térmica. En
este caso, la TRC entre las partes del sistema se estima actualmente utilizando la cota
superior dada por la ley de Planck para cuerpos negros. Hemos demostrado que el flujo
radiativo de calor puede ser órdenes de magnitud mayor que este límite, por lo que
deben llevarse a cabo simulaciones numéricas exactas para caracterizar las propiedades
térmicas de estos sistemas.
La radiación térmica es un fenómeno universal que está presente en numerosas ac-
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tividades de nuestro día a día: desde la luz que viene del sol hasta la radiación de una
chimenea. Mejorar el conocimiento de este fenómeno generará nuevas formas de con-
trolar la energía radiativa, y, por tanto, aumentará la calidad de vida de la sociedad.
Esperamos que esta tesis sea un pequeño paso en esta dirección.
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A | Scattering matrix approach
for anisotropic multilayer sys-
tems.

Our analysis of the radiative heat transfer is based on the combination of Rytov’s fluc-
tuational electrodynamics (FE) and a scattering matrix formalism that describes the
propagation of electromagnetic waves in multilayer systems made of optically anisotropic
materials. As we show in Appendix B, the radiative heat transfer can be expressed in
terms of the scattering matrix of our system. Thus, it is convenient to first discuss in this
appendix the scattering matrix approach employed in this work ignoring for the moment
the fluctuating currents that generate the thermal radiation. Later in Appendix B, we
show how this approach can be combined with FE. We follow here Ref. [108], which
presents a generalization of the formalism introduced by Whittaker and Culshaw in
Ref. [80] for isotropic systems.

Let us first describe the Maxwell’s equations to be solved. Assuming a harmonic time
dependence exp(−iωt), the Maxwell’s equations for non-magnetic materials and in the
absence of currents adopt the following form: ∇·ε0ε̂E = 0, ∇·H = 0, ∇×H = −iωε0ε̂E,
and ∇ × E = iωµ0H, where the permittivity is in general a tensor given by Eq. (3.1).
The first Maxwell’s equation is automatically satisfied if the third one is fulfilled, and the
second one can be satisfied by expanding the magnetic field in terms of basis functions
with zero divergence. Following Ref. [80], it is convenient to introduce the rescaling:
ωε0E → E and √µ0ε0ω = ω/c → ω. Thus, the final two equations to be solved are

∇×H = −iε̂E, (A.1)

∇× E = iω2H. (A.2)

We consider here a planar multilayer system grown along the z-direction in which the
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tensor ε̂ is constant inside every layer, i.e. it is independent of the in-plane coordinates
r ≡ (x, y). Thus, for an in-plane wave vector k ≡ (kx, ky), we can write the fields as

H(r, z) = h(z)eik·r and E(r, z) = e(z)eik·r. (A.3)

With this notation, Eqs. (A.1) and (A.2) can be rewritten as

ikyhz(z)− h′y(z) = −i
∑
j

εxjej(z) (A.4)

h′x(z)− ikxhz(z) = −i
∑
j

εyjej(z) (A.5)

ikxhy(z)− ikyhx(z) = −i
∑
j

εzjej(z), (A.6)

and

ikyez(z)− e′y(z) = iω2hx(z) (A.7)

e′x(z)− ikxez(z) = iω2hy(z) (A.8)

ikxey(z)− ikyex(z) = iω2hz(z), (A.9)

where the primes stand for ∂z. Now our task is to solve the Maxwell’s equations for an
unbounded layer. For this purpose, we write the magnetic field h(z) as follows

h(z) = eiqz
{
φxx̂ + φyŷ −

1

q
(kxφx + kyφy)ẑ

}
, (A.10)

where x̂, ŷ, and ẑ are the Cartesian unit vectors and q is the z-component of the wave
vector. Here, φx and φy are the expansion coefficients to be determined by substituting
into Maxwell’s equations. Notice that this expression satisfies ∇ · H = 0. Now, it is
convenient to rewrite the previous expression in the vector notation:

h(z) = eiqz
(
φx, φy,−

1

q
(kxφx + kyφy)

)T
. (A.11)

With this notation, Eqs. (A.4-A.6) can be written as

Ĉh(z) = ε̂e(z), where Ĉ =

 0 q −ky
−q 0 kx

ky −kx 0

 . (A.12)
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On the other hand, Eqs. (A.7-A.9) adopt now the form

ĈTe(z) = ω2h(z). (A.13)

From Eq. (A.12) we obtain the following expression for the electric field

e(z) = η̂Ĉh(z), (A.14)

where η̂ = ε̂−1. Substituting this expression in Eq. (A.13) we obtain the following equa-
tion for the magnetic field

ĈT η̂Ĉh(z) = ω2h(z), (A.15)

which defines an eigenvalue problem for ω2. Indeed, only two of the three identities
obtained from this equation, one for each x̂, ŷ, and ẑ, are independent. From the first
two identities, and using Eq. (A.11), we obtain the following equations determining the
allowed values for q (

Â2q
2 + Â1q + Â0 + Â−1

1

q

)
φ = 0, (A.16)

where φ = (φx, φy)
T and the 2× 2 matrices Ân are defined by

Â2 =

(
ηyy −ηyx
−ηxy ηxx

)
,

Â1 = Â(a)
1 + Â(b)

1 =

(
−kyηzy kyηzx

kxηzy −kxηzx

)
+

(
−kyηyz kxηyz

kyηxz −kxηxz

)
,

Â0 = Â(a)
0 + Â(b)

0 − ω21̂ =

=

(
k2
yηzz −kxkyηzz

−kxkyηzz k2
xηzz

)
+

(
k2
xηyy − kxkyηyx kxkyηyy − k2

yηyx

kxkyηxx − k2
xηxy k2

yηxx − kxkyηxy

)
− ω2

(
1 0

0 1

)
,

Â−1 =

(
k2
ykxηzx − k2

xkyηzy k3
yηzx − k2

ykxηzy

k3
xηzy − k2

xkyηzx k2
xkyηzy − k2

ykxηzx

)
. (A.17)

This eigenvalue problem leads to the following quartic secular equation:
∑4

n=0Dnq
n = 0,
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where the coefficients are given by

D4 = ηxxηyy − ηxyηyx,

D3 = kx [ηxyηyz + ηyxηzy − ηyy(ηxz + ηzx)] + ky [ηyxηxz + ηxyηzx − ηxx(ηyz + ηzy)] ,

D2 = k2
x [ηyy(ηxx + ηzz)− ηxyηyx − ηyzηzy] + k2

y [ηxx(ηyy + ηzz)− ηxyηyx − ηxzηzx]

+kxky [ηxz(ηyz + ηzy) + ηyz(ηzx − ηxz)− ηzz(ηxy + ηyx)]− ω2(ηxx + ηyy),

D1 = k3
x [ηxyηyz + ηyxηzy − ηyy(ηxz + ηzx)] + k3

y [ηyxηxz + ηxyηzx − ηxx(ηyz + ηzy)]

+k2
xky [ηxyηzx + ηxzηyx − ηxx(ηyz + ηzy)] + k2

ykx [ηyxηzy + ηyzηxy − ηyy(ηxz + ηzx)]

+ω2 [kx(ηxz + ηzx) + ky(ηyz + ηzy)] ,

D0 = k4
x(ηyyηzz − ηyzηzy) + k4

y(ηxxηzz − ηxzηzx) + k3
xky [ηxzηzy + ηyzηzx − ηzz(ηxy + ηyx)]

+k3
ykx [ηyzηzx + ηxzηzy − ηzz(ηyx + ηxy)] + k2

xk
2
y [ηzz(ηxx + ηyy)− ηxzηzx − ηyzηzy]

+ω2
[
ω2 − k2

x(ηyy + ηzz)− k2
y(ηxx + ηzz) + kxky(ηxy + ηyx)

]
. (A.18)

In general, this secular equation has to be solved numerically, but in many situations
of interest the allowed values for q can be obtained analytically (see Appendix C). The
solution of Eq. (A.16) provides four complex eigenvalues for q, two lie in the upper half
of the complex plane and the other two in the lower half.

The next step toward the solution of the Maxwell’s equations in a multilayer structure
is the determination of the fields in the different layers. This can be done by express-
ing the fields as a combination of forward and backward propagating waves with wave
numbers qn (with n = 1, 2), and complex amplitudes an and bn, respectively. These
amplitudes will be determined later by using the boundary conditions at the interfaces
and surfaces of the multilayer structure. Since the boundary conditions are simply the
continuity of the in-plane field components, we focus here on the analysis of the field
components ex, ey, hx, and hy. From Eq. (A.11), the in-plane components of h can be
expanded in terms of propagating waves as follows(

hx(z)

hy(z)

)
=

2∑
n=1

{(
φxn

φyn

)
eiqnzan +

(
ϕxn

ϕyn

)
e−ipn(d−z)bn

}
, (A.19)

where d is the thickness of the layer. Here, an is the coefficient of the forward going
wave at the z = 0 interface, and bn is the backward going wave at z = d. On the other
hand, qn correspond to the eigenvalues of Eq. (A.16) with Im{qn} > 0 and pn are the
eigenvalues with Im{pn} < 0.

To simplify the notation, we now define two 2×2 matrices Φ̂+ and Φ̂− whose columns

160



are the vectors φn and ϕn, respectively. Moreover, we define the diagonal 2× 2 matrices
f̂+(z) and f̂−(d − z), such that [̂f+(z)]nn = eiqnz and [̂f−(d − z)]nn = e−ipn(d−z), and the
2-dimensional vectors h‖(z) = (hx(z), hy(z))T , a = (a1, a2)T , and b = (b1, b2)T . In terms
of these quantities, the in-plane magnetic-field components become

h‖(z) = Φ̂+f̂+(z)a + Φ̂−f̂−(d− z)b. (A.20)

Similarly, from Eq. (A.14) it is straightforward to show that the in-plane components of
the electric field, e‖(z) = (−ey(z), ex(z))T , are given by

e‖(z) =
(
Â(b)

0 Φ̂+q̂
−1 + Â(b)

1 Φ̂+ + Â2Φ̂+q̂
)
f̂+(z)a

+
(
Â(b)

0 Φ̂−p̂
−1 + Â(b)

1 Φ̂− + Â2Φ̂−p̂
)
f̂−(d− z)b, (A.21)

where the Â’s are defined in Eq. (A.17) and we have defined the 2× 2 diagonal matrices
q̂ and p̂ such that q̂nn = qn and p̂nn = pn.

We can now combine Eq. (A.20) and (A.21) into a single expression as follows(
e‖(z)

h‖(z)

)
= M̂

(
f̂+(z)a

f̂−(d− z)b

)
=

(
M̂11 M̂12

M̂21 M̂22

)(
f̂+(z)a

f̂−(d− z)b

)
,

where the 2× 2 matrices Mij are defined as

M̂11 = Â(b)
0 Φ̂+q̂

−1 + Â(b)
1 Φ̂+ + Â2Φ̂+q̂,

M̂12 = Â(b)
0 Φ̂−p̂

−1 + Â(b)
1 Φ̂− + Â2Φ̂−p̂,

M̂21 = Φ̂+, M̂22 = Φ̂−. (A.22)

The final step in our calculation is to use the scattering matrix (S-matrix) to compute
the field amplitudes needed to describe the different relevant physical quantities. By
definition, the S-matrix relates the vectors of the amplitudes of forward and backward
going waves, al and bl, where l now denotes the layer, in the different layers of the
structure as follows(

al

bl′

)
= Ŝ(l′, l)

(
al′

bl

)
=

(
Ŝ11 Ŝ12

Ŝ21 Ŝ22

)(
al′

bl

)
. (A.23)

The field amplitudes in two consecutive layers are related via the continuity of the in-
plane components of the fields in every interface and surface. If we consider the interface
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A. Scattering matrix approach for anisotropic multilayer systems.

between the layer l and the layer l+ 1, this continuity leads to(
e‖(dl)

h‖(dl)

)
l

=

(
e‖(0)

h‖(0)

)
l+1

, (A.24)

where dl is the thickness of layer l. From this condition, together with Eq. (A.22), it is
easy to show that the amplitudes in layers l and l+ 1 are related by the interface matrix
Î(l, l+ 1) = M̂−1

l M̂l+1 in the following way(
f̂+
l al

bl

)
= Î(l, l + 1)

(
al+1

f̂−l+1bl+1

)
=

(
Î11 Î12

Î21 Î22

)(
al+1

f̂−l+1bl+1

)
, (A.25)

where f̂+
l = f̂l,+(dl) and f̂−l+1 = f̂l+1,−(dl+1).

Now, with the help of the interface matrices, the S-matrix can be calculated in an
iterative way as follows. The matrix Ŝ(l′, l + 1) can be calculated from Ŝ(l′, l) using the
definition of Ŝ(l′, l) in Eq. (A.23) and the interface matrix Î(l, l+ 1). Eliminating al and
bl we obtain the relation between al′ , bl′ and al+1, bl+1, from which Ŝ(l′, l + 1) can be
constructed. This reasoning leads to the following iterative relations

Ŝ11(l′, l + 1) =
[
Î11 − f̂+

l Ŝ12(l′, l)Î21

]−1

f̂+
l Ŝ11(l′, l)

Ŝ12(l′, l + 1) =
[
Î11 − f̂+

l Ŝ12(l′, l)Î21

]−1 (
f̂+
l Ŝ12(l′, l)Î22 − Î12

)
f̂−l+1

Ŝ21(l′, l + 1) = Ŝ22(l′, l)Î21Ŝ11(l′, l + 1) + Ŝ21(l′, l)

Ŝ22(l′, l + 1) = Ŝ22(l′, l)Î21Ŝ12(l′, l + 1) + Ŝ22(l′, l)Î22f̂
−
l+1. (A.26)

Starting from Ŝ(l′, l′) = 1, one can apply the previous recursive relations to a layer
at a time to build up Ŝ(l′, l). Let us conclude this appendix by saying that from the
knowledge of the S-matrix one can easily compute the field amplitudes in every layer
and, in turn, the fields everywhere in the system [80].
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tilayer anisotropic systems.

In this appendix we show how the scattering matrix approach of Appendix A can be used
to describe the thermal radiation between planar multilayer systems made of anisotropic
materials. For this purpose, we first discuss how a generic emission problem can be
formulated in the framework of the S-matrix formalism and then, we show how such a
formulation can be used to describe the thermal emission of a multilayer system.

B.1. Emission in the scattering matrix
approach

For concreteness, let us assume that there is a set of oscillating point sources, with har-
monic time dependence, occupying the whole plane defined by z = z′. The corresponding
electric current density J is given by

J(r, z) = J0δ(z − z′) = j0e
ik·rδ(z − z′), (B.1)

where j0(k) = J0e
−ik·r. This current density enters as a source term in Ampère’s law,

Eq. (A.1), which now becomes ∇×H = J−iε̂E, while Eq. (A.2) (Faraday’s law) remains
unchanged. Thus, Eqs. (A.4-A.6) adopt now the following form

ikyhz(z)− h′y(z) = j0xδ(z − z′)− i
∑
j

εxjej(z) (B.2)

h′x(z)− ikxhz(z) = j0yδ(z − z′)− i
∑
j

εyjej(z) (B.3)

ikxhy(z)− ikyhx(z) = j0zδ(z − z′)− i
∑
j

εzjej(z). (B.4)
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B. Thermal radiation in multilayer anisotropic systems.

The presence of the source term induces discontinuities in the fields across the plane
z = z′, as we proceed to show. First, let us consider the effect of the in-plane components
of the current density by putting jz = 0. To cancel the singular term due to the source
in Eqs. (B.2) and (B.3), there must be discontinuities in hx and hy at z = z′ equal to
j0y and −j0x, respectively. All the other field components are continuous, except for ez
that exhibits a discontinuity equal to (kxj0x + kyj0y)/εzz in virtue of Eq. (B.4). Let us
analyze now the role of the perpendicular component of J by putting j0x = j0y = 0. From
Eq. (B.4), it is clear that in this case ez must contain a singularity to cancel the singular
term associated to the current source, that is ez(z) = −i(j0z/εzz)δ(z− z′)+ non-singular
parts. This introduces singular terms in the left-hand side of the Maxwell Eqs. (A.7)
and (A.8), which are cancelled by discontinuities in ex and ey equal to kxj0z/εzz and
kyj0z/εzz, respectively. Additionally, it is obvious from Eqs. (B.2) and (B.3) that hx and
hy acquired discontinuities equal to −εyzj0z/εzz and εxzj0z/εzz, respectively. Defining the
following vectors

p‖ = (j0y − εyzj0z/εzz,−j0x + εxzj0z/εzz)
T (B.5)

pz = (−kyj0z/εzz, kxj0z/εzz)
T , (B.6)

the boundary conditions on the in-plane components of the fields are thus

e‖(z
′+)− e‖(z

′−) = pz

h‖(z
′+)− h‖(z

′−) = p‖. (B.7)

These discontinuity conditions can now be combined with the S-matrix formalism of
the previous appendix to calculate the emission throughout the system. Let us consider
that the emission plane defines the interface between layers l and l+ 1 in our multilayer
structure. Thus, the boundary conditions in this interface become(

e‖(0)

h‖(0)

)
l+1

−

(
e‖(dl)

h‖(dl)

)
l

=

(
pz

p‖

)
. (B.8)

Using now the expression of the fields in terms of the layer matrices (M̂ ’s), see Eq. (A.22),
we can write

M̂l+1

(
al+1

f̂−l+1bl+1

)
− M̂l

(
f̂+
l al

bl

)
=

(
pz

p‖

)
. (B.9)
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The external boundary conditions for an emission problem is that there should be only
outgoing waves, that is a0 = bN = 0, where 0 denotes here the first layer of the structure
and N the last one. Using the definitions of the S-matrices Ŝ(0, l) and Ŝ(l+ 1, N) from
Eq. (A.23), it follows that

al = Ŝ12(0, l)bl (B.10)

bl+1 = Ŝ21(l + 1, N)al+1. (B.11)

Substituting for al and bl+1 from Eqs. (B.10) and (B.11) in Eq. (B.9) and rearranging
things, we arrive at the following central result(

M̂11,l+1 + M̂12,l+1f̂
−
l+1Ŝ21(l + 1, N) −[M̂12,l + M̂11,lf̂

+
l Ŝ12(0, l)]

M̂21,l+1 + M̂22,l+1f̂
−
l+1Ŝ21(l + 1, N) −[M̂22,l + M̂21,lf̂

+
l Ŝ12(0, l)]

)(
al+1

bl

)
=

(
pz

p‖

)
,

(B.12)
which allows us to compute the field amplitudes on the left and on the right-hand side of
the emitting plane. From the solution of this matrix equation we can compute the field
amplitude everywhere inside and outside the multilayer structure from the knowledge of
the scattering matrix.

B.2. Radiative heat transfer
Let us now show that the previous results can be used to describe the radiative heat
transfer. First of all, we need to specify the properties of the electric currents that
generate the thermal radiation. In the framework of fluctuational electrodynamics [6],
the thermal emission is generated by random currents J inside the material. While the
statistical average of these currents vanishes, i.e. 〈J〉 = 0, their correlations are given by
the fluctuation-dissipation theorem [12, 13]

〈Jk(R, ω)J∗l (R′, ω′)〉 =
4ε0ωc

π
Θ(ω, T )δ(R−R′)δ(ω − ω′) [εkl(R, ω)− ε∗lk(R, ω)] /(2i),

(B.13)
where R = (r, z) and Θ(ω, T ) = ~ωc/[exp(~ωc/kBT )− 1], T being the absolute temper-
ature. Let us remind the reader that with the rescaling introduced at the beginning of
Appendix A, ω has dimensions of wave vector in our notation. Notice that in the expres-
sion of Θ(ω, T ) a term equal to ~ωc/2 that accounts for vacuum fluctuations has been
omitted since it does not affect the neat radiation heat flux. Notice also that we are using
here the most general form of this theorem that is suitable for non-reciprocal systems.
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0 21 3

(left plate) (right plate) (vacuum gap) 

a1 b0 

Emitting 
plane 

′z d

Figure B.1: Two parallel plates separated by a vacuum gap of width d. The vertical dashed
line inside the left plate indicates the position of an emitting plane that contains the radiation
sources that generate the field amplitudes b0 and a1.

The fact that the current correlations are local in space and diagonal in frequency space
reduces the problem of the thermal radiation to the description of the emission by point
sources for a given frequency, parallel wave vector, and position inside the structure.
Thus, we can directly apply the results derived in the previous section.

Let us now consider our system of study, namely two parallel plates at temperatures
T1 and T3 separated by a vacuum gap of width d, see Fig. B.1. Our strategy to compute
the net radiative heat transfer between the two plates follows closely that of the seminal
work by Polder and Van Hove [11]. First, we compute the radiation power per unit of area
transferred from the left plate to the right one, Q1→3. For this purpose, we first compute
the statistical average of the z-component of the Poynting vector describing the power
emitted from a plane located at z = z′ inside the left plate for a given frequency and
parallel wave vector and then, we integrate integrate the result over all possible values
of z′, ω, and k, i.e.

Q1→3(d, T1) =

∫ ∞
0

dω

∫
dk

∫ ∞
0

dz′〈Sz(ω,k, z′)〉. (B.14)

A similar calculation for the power Q3→1 transferred from the right plate to the left one
completes the computation of the net transferred power per unit of area.

Let us focus now on the analysis of the power emitted by a plane inside the left plate,
see Fig. B.1. This emitting plane defines a fictitious interface between layers 0 and 1,
which are both inside the left plate. To determine the power emitted to the right plate
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B.2. Radiative heat transfer

we first compute the field amplitudes a1 on the right hand side of the plane. For this
purpose we make of use of Eq. (B.12), where in this case l = 0 and N = 3. Taking into
account that Ŝ12(0, 0) = 0, it is straightforward to show that

a1 = [M̂11,1 − M̂12,1M̂
−1
22,1M̂21,1]−1pz + [M̂21,1 − M̂22,1M̂

−1
12,1M̂11,1]−1p‖

= [M̂−1
1 ]11pz + [M̂−1

1 ]12p‖. (B.15)

To compute Q1→3, it is convenient to calculate the Poynting vector in the vacuum gap.
For this purpose, we need the field amplitudes in that layer. From Eq. (A.23), it is easy
to deduce that these amplitudes are given in terms of a1 as follows

a2 = D̂Ŝ11(1, 2)a1, (B.16)

where D̂ ≡ [1̂− Ŝ12(1, 2)Ŝ21(2, 3)]−1 and

b2 =
[
1̂− Ŝ21(2, 3)Ŝ12(1, 2)

]−1

Ŝ21(2, 3)Ŝ11(1, 2)a1 = Ŝ21(2, 3)a2. (B.17)

It is worth stressing that the different elements of the scattering matrix that appear in
the previous expressions can be factorized into scattering matrices S̃ containing only
information about the interfaces of the layered system, which are basically the Fresnel
coefficients of the structure, and phase factors describing the propagation between these
interfaces. In particular, from Eq. (A.26) it is easy to show that

Ŝ11(1, 2) = S̃11(1, 2)f̂+
1 (z′) (B.18)

Ŝ12(1, 2) = S̃12(1, 2)eiq2d (B.19)

Ŝ21(2, 3) = S̃21(2, 3)eiq2d, (B.20)

where q2 =
√
ω2 − k2 is the z-component of the wave vector in the vacuum gap and

f̂+
1 (z′) =

(
eiq1,1z

′
0

0 eiq2,1z
′

)
. (B.21)

Here, qi,1 (with i = 1, 2) are the z-components of the two allowed wave vectors in
the medium 1. On the other hand, the S̃-matrices can be computed directly from the
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B. Thermal radiation in multilayer anisotropic systems.

interface matrices as follows [see Eq. (A.26)]

S̃11(1, 2) = Î−1
11 (1, 2) (B.22)

S̃12(1, 2) = −Î−1
11 (1, 2)Î12(1, 2) (B.23)

S̃21(2, 3) = Î21(2, 3)Î−1
11 (2, 3). (B.24)

In terms of the amplitudes a2 and b2, the fields in the vacuum gap at z = 0 are given
by [see Eq. (A.22)] (

e‖(0)

h‖(0)

)
2

=

(
M̂11,2

[
a2 − eiq2db2

]
a2 + eiq2db2

)
, (B.25)

where we have used that M̂12,2 = −M̂11,2, valid for any isotropic system. Thus, the
z-component of the Poynting vector evaluated at z = 0 in the vacuum gap reads

Sz(ω,k, z
′) =

1

4ω

√
µ0

ε0

{
h†‖(0)e‖(0) + e†‖(0)h‖(0)

}
2

=
1

4ω

√
µ0

ε0

{
a†2

(
M̂11,2 + M̂ †

11,2

)
a2−

ei(q2−q
∗
2)db†2

(
M̂11,2 + M̂ †

11,2

)
b2 + e−iq

∗
2db†2

(
M̂11,2 − M̂ †

11,2

)
a2 −

eiq2da†2

(
M̂11,2 − M̂ †

11,2

)
b2

}
. (B.26)

Moreover, since

M̂11,2 =
1

q2

(
ω2 − k2

y kxky

kxky ω2 − k2
x

)
≡ 1

q2

Â (B.27)

and q2 is either real (for k < ω) or purely imaginary (for k > ω), Eq. (B.26) reduces to

Sz(ω,k, z
′) =

1

2q2ω

√
µ0

ε0

{
a†2Âa2 − b†2Âb2, k < ω

e−iq
∗
2db†2Âa2 − eiq2da†2Âb2, k > ω,

where the first term provides the contribution of propagating waves and the second one
corresponds to the contribution of evanescent waves.
From this point on, the rest of the calculation is pure algebra and we will not describe

it here in detail. Let us simply say that the basic idea is to use Eqs. (B.16) and (B.17)
to express the Poynting vector in Eq. (B.28) in terms of the field amplitude a1. Then,
using Eq. (B.15) and the fluctuation-dissipation theorem of Eq. (B.13) one can calculate
the statistical average of the Poynting vector. Let us mention that the calculation can
be greatly simplified by rotating every 2× 2 matrix appearing in the problem from the
Cartesian basis (x-y) to the basis of s- and p-polarized waves. This can be done via the
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unitary matrix

R̂ ≡ 1

k

(
kx ky

ky −kx

)
, (B.28)

which is the matrix that defines the transformation that diagonalizes the matrix Â, i.e.

Âd ≡ R̂ÂR̂ =

(
ω2 0

0 q2
2

)
. (B.29)

Finally, after integrating over all possible values of ω, k, and z′, see Eq. (B.14), one
arrives at the following result for the power per unit of area transferred from the left
plate to the right one

Q1→3(d, T1) =

∫ ∞
0

dω

2π
Θ(ω, T1)

∫
dk

(2π)2
τ(ω,k, d), (B.30)

where τ(ω,k, d) is the total transmission coefficient of the electromagnetic modes and it
is given by

τ(ω,k, d) =

 Tr
{

[1̂− S̄12(1, 2)S̄†12(1, 2)]D̄†[1̂− S̄†21(2, 3)S̄21(2, 3)]D̄
}
, k < ω,

Tr
{

[S̄12(1, 2)− S̄†12(1, 2)]D̄†[S̄†21(2, 3)− S̄21(2, 3)]D̄
}
e−2|q2|d, k > ω.

(B.31)
Here, the 2× 2 matrices indicated by a bar are defined as follows

D̄ ≡ Â
1/2
d R̂D̂R̂Â

−1/2
d (B.32)

D̄† ≡ Â
−1/2
d R̂D̂†R̂Â

1/2
d . (B.33)

Following a similar reasoning, one can compute the power per unit of area transfer
from the right plate to the left one and the final result reads

Q3→1(d, T3) =

∫ ∞
0

dω

2π
Θ(ω, T3)

∫
dk

(2π)2
τ(ω,k, d), (B.34)

where τ(ω,k, d) is also given by Eq. (B.31). Thus, the net power per unit of area ex-
changed by the plates is given by Eqs. (3.8) and (3.9) in Section 3.2. To conclude, let us
stress that in the manuscript ω is meant to be an angular frequency.
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face electromagnetic modes.

C.1. Dispersion relations
In this appendix we provide the solution of the eigenvalue problem of Eqs. (A.16) and
(A.17) that give the dispersion relations of the electromagnetic modes that can exist
inside the materials considered in this work. In particular, we focus here on three cases
of special interest for our discussions in Chapter 3.

Case 1: ε̂ = diag[εxx, εxx, εzz]. This situation is of relevance for the case in which the
magnetic field is perpendicular to the plate surfaces, see section 3.3.1. In this case, the
allowed q-values are given by

q2
o = εxxω

2 − k2, q2
e = εxxω

2 − k2εxx/εzz. (C.1)

Case 2: ε̂ = diag[εxx, εzz, εzz]. This situation is relevant for the case in which the
magnetic field is parallel to the plate surfaces, see section 3.3.2, and the allowed q-values
are given by

q2
o = εzzω

2 − k2, q2
e = εxxω

2 − k2εxx/εzz. (C.2)

Case 3: the diagonal elements of ε̂ are εxx and εyy = εzz, while the only non-vanishing
off-diagonal elements are εyz = −εzy. This situation is relevant for the case in which the
magnetic field is parallel to the plate surfaces, see section 3.3.2. In this case, the allowed
q-values adopt the following form

q2
o,1 = εxxω

2 − k2, q2
o,2 = (ε2yy + ε2yz)ω

2/εyy − k2. (C.3)
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C. Dispersion relations and surface electromagnetic modes.

C.2. Surface electromagnetic modes
We briefly describe here how we determine the dispersion relation of the surface electro-
magnetic modes in our system and we also provide the results for some configurations
of special interest.

Let us consider a structure containing N planar layers. From Eq. (A.25), it is easy to
show that the field amplitudes in layers l and l + 1 are related as follows(

al

bl

)
=

(
f̂+
l 0̂

0̂ 1̂

)−1

Î(l, l + 1)

(
1̂ 0̂

0̂ f̂−l+1

)(
al+1

bl+1

)

≡ Î ′(l, l + 1)

(
al+1

bl+1

)
. (C.4)

Now, using this relation recursively we can relate the field amplitudes in the first and
last layers as follows(

a1

b1

)
=

[
N−1∏
l=1

Î ′(l, l + 1)

](
aN

bN

)
≡ ÎS

(
aN

bN

)
. (C.5)

The condition for an eigenmode of the system is that a1 = bN = 0, which from the
previous equation implies that ÎS11aN = 0. The condition for having a non-trivial solution
of this equation is that det ÎS11 = 0, which is the condition that surface electromagnetic
modes must satisfy. In our plate-plate geometry, the 4× 4 matrix ÎS is simply given by

ÎS = Î(1, 2)

(
e−iq2d1̂ 0̂

0̂ eiq2d1̂

)
Î(2, 3), (C.6)

where let us recall that q2 =
√
ω2 − k2. Thus, the condition for an eigenmode of the

system reads

det[Î11(1, 2)Î11(2, 3)e−iq2d + Î12(1, 2)Î21(2, 3)eiq2d] = 0. (C.7)

In what follows, we provide the explicit equations satisfied by the dispersion relation
of the surface waves in the three cases considered above.

Case 1: In this case, Eq. (C.7) leads to

e−iq2d = ±
(
qe − εxxq2

qe + εxxq2

)
, (C.8)
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where qe is given in Eq. (C.1). This equations reduces to Eq. (3.15) in the electrostatic
limit k � ω/c.
Case 2: Here, assuming that the surface wave propagates along the x-direction, its

dispersion relation satisfies the following relation

e−iq2d = ±
(
qe − εxxq2

qe + εxxq2

)
, (C.9)

where qe is given in Eq. (C.2). In the electrostatic limit, this equation reduces to Eq. (3.15).
Case 3: In this case, and assuming that the surface waves propagate along the y-

direction, its dispersion relation is given by the solution of the following equation

e−2iq2d =
(ηyyqo,2 − q2 + ηyzk)(ηyyqo,2 − q2 − ηyzk)

(ηyyqo,2 + q2 + ηyzk)(ηyyqo,2 + q2 − ηyzk)
, (C.10)

where ηyy = εyy/(ε
2
yy + ε2yz), ηyz = −εyz/(ε2yy + ε2yz), and qo,2 is given in Eq. (C.3). In the

electrostatic limit this equation reduces to Eq. (3.20).
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