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eAbstra
t. The me
hanism of multiple Andreev re
e
tions (MAR) leads toa rather 
omplex behavior of the noise spe
tral density in super
ondu
tingquantum point 
onta
ts as fun
tion of the relevant parameters. In this 
on-tribution we analyze re
ent theoreti
al and experimental e�orts whi
h havepermitted to 
larify this issue to a great extent. The theoreti
al des
riptionof noise in the 
oherent MAR regime will be summarized, dis
ussing itsmain predi
tions for equilibrium and non-equilibrium 
urrent 
u
tuations.We then analyze noise measurements in well 
hara
terized super
ondu
t-ing atomi
 
onta
ts. These systems allow for a dire
t test of the theoreti
alpredi
tions without �tting parameters. In parti
ular, the in
rease of thee�e
tive 
harge 
orresponding to the openning of higher order Andreev
hannels has been veri�ed.1. Introdu
tionNon-equilibrium 
urrent 
u
tuations provide a powerful probe of the trans-port me
hanisms in mesos
opi
 stru
tures. Indeed, in 
ontrast to the uni-versal equilibrium thermal noise, even the low-frequen
y power spe
trum ofthese nonequilibrium 
u
tuations, or "shot-noise", 
ontains a wealth of in-formation on the intera
tions and quantum 
orrelations between ele
trons[1℄. When the 
urrent I is made up from independent shots, the low fre-
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y spe
trum a
quires the well-known Poissonian form S = 2qI, whereq is the \e�e
tive 
harge" transferred at ea
h shot. This result was derivedby S
hottky as early as in 1918 for a va
uum diode [2℄. In the 
ase of nor-mal, i.e. nonsuper
ondu
ting, metalli
 reservoirs, the 
harge of the shots issimply the ele
tron 
harge e. Intera
tions and 
orrelations lead to large de-viations from this value. One of the most striking examples is the fra
tional
harge of quasiparti
les in the fra
tional quantum Hall regime, as it waseviden
ed through noise measurements [3℄. The me
hanism giving rise tosuper
ondu
tivity is another sour
e of 
orrelations among ele
trons. Howbig are the shots when super
ondu
ting ele
trodes are involved? And moregenerally, what 
an we learn from the analysis of noise in super
ondu
tingnanostru
tures? These are the 
entral questions that we shall address inthis 
ontribution.Noise phenomena when super
ondu
tors are involved is of parti
ularinterest due to the pe
uliar nature of the 
harge transfer me
hanisms aris-ing from the presen
e of a Cooper pair 
ondensate. Thus, for instan
e, the
urrent between a super
ondu
ting reservoir and a normal one 
onne
tedby a short normal wire pro
eeds through the pro
ess of Andreev re
e
tionin whi
h 
harge is transferred in shots of 2e, thus resulting in a doublingof the noise with respe
t to the normal 
ase [4℄. When two super
ondu
t-ing ele
trodes 
onne
ted through stru
tures su
h as tunnel jun
tions orshort weak links are voltage biased on an energy s
ale eV smaller than thesuper
ondu
ting gap �, the 
urrent pro
eeds through multiple Andreev re-
e
tions (MAR) [5℄. Fig. 1 illustrates the lowest order pro
esses 
ontribut-ing to quasiparti
le transport in a super
ondu
ting jun
tion. In a n-orderMAR pro
ess, whi
h has a threshold voltage of eV = 2�=n, an ele
tron (orhole) is 
reated on the right (left) ele
trode after n� 1 Andreev re
e
tions,the total 
harge transmitted in the whole pro
ess being ne. For a givenvoltage many su
h pro
esses 
an 
ontribute to the 
urrent, but roughlyspeaking, \giant" shots, with an e�e
tive 
harge q � e(1 + 2�=eV ) areexpe
ted at subgap energies. Of 
ourse, the exa
t value of q, like all othertransport properties of a 
oherent nanostru
ture, depends on its \meso-s
opi
 pin 
ode", i.e. the set of transmission 
oeÆ
ients �i 
hara
terizingits 
ondu
tion 
hannels.Although the MAR me
hanism in super
ondu
ting jun
tions was �rstintrodu
ed nearly two de
ades ago [5℄, a 
omplete understanding of trans-port in the 
oherent MAR regime has only re
ently been a
hieved dueto the 
ombination of theoreti
al and experimental developments. On thetheoreti
al side, fully quantum me
hani
al 
al
ulations have allowed toobtain detailed quantitative predi
tions for di�erent transport properties[6, 7, 8, 9, 11, 10, 12, 13℄.At the same time, the development of atomi
 size 
onta
ts by means
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Figure 1. S
hemati
 representation of the MAR pro
esses. We have represented thedensity of states of both ele
trodes. The transmission probability is � . In the upper panelwe des
ribe the single-quasiparti
le pro
ess in whi
h an ele
tron tunnels through thesystem over
oming the super
ondu
ting gap due to a voltage eV � 2�. The intermediatepanel shows an Andreev re
e
tion in whi
h an ele
tron is re
e
ted as a hole, whi
h 
anrea
h an empty state in the left ele
trode if the voltage is eV � �. During this pro
ess,whi
h for small transmission has a probability � 2, two ele
tron 
harges are transferred asa Cooper pair from left to right. The lower panes shows an Andreev re
e
tion of order 3in whi
h an Andreev re
e
ted hole is still Andreev re
e
ted as an ele
tron, whi
h �nallyrea
hes an empty state in the right ele
trode. In this pro
ess, whose threshold voltage iseV = 2�=3, three 
harges are transferred with a probablity � 3.of break jun
tion and STM te
hniques [14, 15, 16, 17, 18, 19, 20, 21℄, hasopened the possibility of a dire
t 
omparison between theory and exper-iments [17, 18, 19, 20, 21℄. These systems are 
ara
terised by a few 
on-du
tion 
hannels whose transmission 
oeÆ
ients 
an be determined exper-imentally with great a

ura
y [17, 18, 19℄.In the present paper we shall review re
ent advan
es in the understand-ing of noise phenomena in nano-s
ale super
ondu
ting devi
es. In the �rstse
tion we summarize the theoreti
al des
ription of noise in the 
oherentMAR regime. An approa
h based on non-equilibrium Green fun
tions te
h-niques will be dis
ussed with some detail. We then present the main theo-reti
al predi
tions for equilibrium and non-equlibrium 
urrent 
u
tuations.The experimental studies of noise in SNS nanostru
tures are reviewed inSe
t. III. We shall mainly 
on
entrate in the dis
ussion of noise measure-ments using well 
hara
terized super
ondu
ting atomi
 
onta
ts. Finally,in Se
t. IV we present our 
on
luding remarks.
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al des
ription of noise in the 
oherent MAR regimeThe MAR me
hanism was introdu
ed by Klapwijk et al. [5℄ to explainthe subgap stru
ture observed in di�erent types of super
ondu
ting jun
-tions. That �rst approa
h was based on semi-
lassi
al arguments whi
hnegle
ted quantum interferen
e between di�erent pro
esses. An earlier mi-
ros
opi
 theory due to S
hrie�er and Wilkins [22℄ attempted to introdu
ethe 
ontribution of multiparti
le pro
esses like the ones depi
ted in Fig. 1by means of lowest order perturbation theory in the tunnel Hamiltonian
oupling two super
ondu
ting leads. In spite of being a fully quantum me-
hani
al approa
h, this Multiparti
le Tunneling Theory (MPT), is plaguedwith divergen
ies whi
h 
an only be avoided by 
arrying out the 
al
ulationup to in�nite order. This goal was a
hieved more re
enlty by the so 
alledHamiltonian approa
h [9℄, based on a Green fun
tions formalism, whi
hdemonstrated the essential equivalen
e of the MPT and MAR arguments.Re
ent 
al
ulations in the 
oherent MAR regime have been based ontwo di�erent approa
hes: the Hamiltonian approa
h mentioned above andthe s
attering approa
h developed in Refs. [7℄ and [8℄. Although both ap-proa
hes yield equivalent results in the limit when the energy dependen
eof the normal transmission 
an be negle
ted, ea
h one has its own advan-tages. Thus, although the s
attering approa
h might appear as 
on
eptualysimpler, the Hamiltonian approa
h is more rigorous as it does not rely onad-ho
 assumptions on boundary 
onditions. In addition the use of Greenfun
tion te
hniques allows to deal, for instan
e, with ele
tron 
orrelatione�e
ts within this approa
h. In what follows we brie
y sket
h the basi
ingredients in the Hamiltonian approa
h for the des
ription of a voltagebiased super
ondu
ting 
onta
t. We shall 
onsider the 
ase of a super
on-du
ting quantum point-
onta
t, i.e. a short (L� �0) mesos
opi
 
onstri
-tion between two super
ondu
ting ele
trodes with a 
onstant applied biasvoltage V . For the range eV � � one 
an negle
t the energy dependen
e ofthe transmission 
oeÆ
ients and all transport properties 
an be expressedas a superposition of independent 
hannel 
ontributions. Thus, we will 
on-
entrate in analyzing a single 
hannel model whi
h 
an be des
ribed by thefollowing Hamiltonian [9℄Ĥ(t) = ĤL + ĤR +X� �vei�(t)=2
yL�
R� + h:
: � ; (1)where ĤL;R are the BCS Hamiltonians for the left and right un
oupled ele
-trodes, �(t) = �0 + 2eV t=�h is the time-dependent super
ondu
ting phasedi�eren
e, whi
h after a gauge transformation enters as a phase fa
tor inthe hopping terms des
ribing ele
tron transfer between both ele
trodes.To obtain the transport properties we use a perturbative Green fun
tions
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h in
luding pro
esses up to in�nite order in the hopping param-eter v (all MAR pro
esses of arbitrary order are in this way naturallyin
luded). In the normal state, the one-
hannel 
onta
t is 
hara
terized byits transmission 
oeÆ
ient � , whi
h as a fun
tion of v adopts the form� = 4(v=W )2=(1 + (v=W )2)2, where W = 1=��F , �F being the ele
trodesdensity of states at the Femi energy [9℄. Within this model the 
urrentoperator is given byÎ(t) = ie�h X� hvei�(t)=2
yL�(t)
R�(t)� v�e�i�(t)=2
yR�(t)
L�(t)i : (2)The 
urrent noise spe
tral density is de�ned asS(!; t) = �h Z dt0 ei!t0hÆÎ(t+ t0)ÆÎ(t) + ÆÎ(t)ÆÎ(t+ t0)i� �h Z dt0 ei!t0 K(t; t0); (3)where ÆÎ(t) = Î(t)�hÎ(t)i is the time-dependent 
u
tuations in the 
urrent.The relevant quantities to be determined 
an be expressed in terms ofnon-equilibrium Keldysh Green fun
tions [23℄ in a Nambu representationĜ+�ij (t; t0) and Ĝ�+ij (t; t0) where i; j � L;R de�ned asĜ+�i;j (t; t0) = i h
yj"(t0)
i"(t)i h
j#(t0)
i"(t)ih
yj"(t0)
yi#(t)i h
j#(t0)
yi#(t)i ! ; (4)and obey the relation Ĝ�+i;j (t; t0) = ��̂x hĜ+�j;i (t0; t)iT �̂x, �̂x being the Paulimatrix.Then, the mean 
urrent and the kernel K(t; t0) in the noise spe
traldensity are given by< Î(t) > = e�h Tr h�̂z �v̂(t)Ĝ+�RL (t; t)� v̂y(t)Ĝ+�LR (t; t)�iK(t; t0) = 2e2�h2 nTr h�̂z v̂y(t)Ĝ+;�LL (t; t0)�̂z v̂(t0)Ĝ�;+RR (t0; t)��̂z v̂y(t)Ĝ+;�LR (t; t0)�̂z v̂y(t0)Ĝ�;+LR (t0; t)i+ (t! t0)o ; (5)where �̂z is the Pauli matrix, Tr denotes the tra
e in the Nambu spa
e andv̂ is the hopping in this representationv̂(t) =  vei�(t)=2 00 �v�e�i�(t)=2 ! : (6)



6 MART��N-RODERO ET AL.The expression of the Kernel in terms of one-parti
le Green fun
tions (Eq.5) has been obtained using Wi
k's theorem. This is equivalent to negle
t
orrelations beyond the BCS mean-�eld theory. As mentioned above, inorder to determine the Green fun
tions we follow a perturbative s
hemeand treat the 
oupling term in Hamiltonian (1) as a perturbation. Theunperturbed Green fun
tions, ĝ, 
orrespond to the un
oupled ele
trodesin equilibrium. Thus, the retarded and advan
ed 
omponents adopt theBCS form: ĝr;a(�) = gr;a(�)1̂ + f r;a(�)�̂x, where gr;a(�) = �(�r;a=�)f(�) =��r;a=Wp�2 � (�r;a)2, where �r;a = �� i�, and � is a small energy relax-ation rate that takes into a

ount the damping of quasiparti
le states due toinelasti
 pro
esses inside the ele
trodes. This parameter 
an be estimatedfrom the ele
tron-phonon intera
tion to be a small fra
tion of � [24℄. Todetermine the Keldysh Green fun
tions appearing in the 
urrent and noiseexpression we �rst use their relation with the advan
ed and retarded fun
-tions Ga;r,Ĝ+;�(t; t0) = �1̂ + Ĝr 
 �̂r�
 ĝ+;� 
 �1̂ + �̂a 
 Ĝa� ; (7)where the 
 produ
t stands for an integration over the 
ommon time vari-able. The self-energy in this problem is simply given by �̂r;aLL = �̂r;aRR = 0and �̂r;aLR = (�̂r;aRL)y = v̂(t). The unperturbed Green fun
tion ĝ+;� are givenby ĝ+;�(�) = [ĝa(�)� ĝr(�)℄ f(�), where f(�) is the Fermi fun
tion. Finally,the fun
tions Gr;a satisfy the Dyson equationsĜr;a(t; t0) = ĝr;a + ĝr;a 
 �̂r;a 
 Ĝr;a: (8)In order to solve the above integral equations it is 
onvenient to work in theenergy spa
e. Thus, we Fourier transform the Green fun
tions with respe
tto the temporal argumentsĜ(t; t0) = 12� Z d� Z d�0 e�i�tei�0t0Ĝ(�; �0): (9)Due to the spe
ial time dependen
e of the 
oupling elements (see Eq. 6),every Green fun
tion admits a Fourier expansion of the formĜ(t; t0) =Xn ein�(t0)=2 Z d�2� e�i�(t�t0)Ĝ(�; �+ neV ); (10)whi
h, in other words, means that Ĝ(�; �0) =Pn Ĝ(�; �+neV )Æ(���0+neV ).Thus, the 
al
ulation of the di�erent transport properties is redu
ed to thedetermination of the Fourier 
omponents Ĝr;anm(�) � Ĝr;a(�+neV; �+meV ).Eq. 10 indi
ates that the di�erent transport properties of this system should
ontain terms os
illating with all the harmoni
 of the Josephson frequen
y.
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ular, S(!; t) =Pn Sn(!)exp[in�(t)℄. At �nite bias voltage, we shall
on
entrate ourselves in the d
 part of the noise, i.e. S0, whi
h for simpli
itywill be denoted as S(!). This noise 
omponent 
an be expressed in termsof the Fourier 
omponents of the Green fun
tions as followsS(!) = 2e2h X�!;n Z d� Trn�̂zD̂+;�RL;0n(�� !)�̂zD̂�;+LR;n0(�)��̂zD̂+;�RR;0n(�� !)�̂zD̂�;+RR;n0(�)o ; (11)where we have de�ned D̂(t; t0) � v̂(t)Ĝ(t; t0) to simplify the notation. Thelast step in the 
al
ulation is the 
omputation of the Fourier 
omponentsĜr;anm.. They 
an be determined by Fourier transforming Eq. 8 and using therelation of Eq. 10. Thus for instan
e, it 
an be shown that the 
omponentsĜr;aRR;nm � Ĝnm ful�ll the following algebrai
 linear equation (assumingthat the 
onta
t is symmetri
)Ĝnm = ĝnmÆn;m + ÊnnĜnm + V̂n;n�2Ĝn�2;m + V̂n;n+2Ĝn+2;m; (12)where the matrix 
oeÆ
ients Ênn and V̂n;m 
an be expressed in terms ofthe Green's fun
tions of the un
oupled ele
trodes, asÊn = v2 � gngn�1 fngn+1fngn�1 gngn+1 �V̂n;n+2 = �v2fn+1 � fn 0gn 0 �V̂n;n�2 = �v2fn�1 � 0 gn0 fn � ; (13)In these equations the notation gn = gi(� + neV ) is used. Noti
e that thisset of linear equations is analogous to those des
ribing a tight-binding 
hainwith nearest-neighbor hopping parameters V̂n;n+2 and V̂n;n�2. A solution
an then be obtained by standard re
ursive te
hniques (see Ref. [9℄ fordetails), whi
h permits to obtain analyti
al results in some limits, and inany 
ase an eÆ
ient numeri
al evaluation of the Fourier 
omponents. In the
ase of zero bias, all the harmoni
s of noise give a �nite 
ontribution. Inthis limit the 
al
ulation 
an be greatly simplify noti
ing that the problembe
omes stationary (the time-dependent Green fun
tions only depend onthe time di�eren
e) and using the equilibrium relationsĜ+;�(�) = hĜa(�)� Ĝr(�)i f(�); (14)Ĝ�;+(�) = hĜa(�)� Ĝr(�)i [f(�)� 1℄ : (15)



8 MART��N-RODERO ET AL.In this limit one 
an obtain analyti
al results, as we shall detail in the nextse
tion.3. Theoreti
al results3.1. THERMAL NOISEIn the limit of vanishing bias voltage the 
urrent is due to Cooper pairtunneling (non-dissipative Josephson 
urrent). One would naively expe
tthat thermal noise at temperatures kBT � � would be negligible. This is
ertainly the 
ase for a tunnel jun
tion with a exponentially small barriertransparen
y. However, in a super
ondu
ting point 
onta
t the situation
an be radi
ally di�erent due to the presen
e of the Andreev states insidethe gap. Flu
tuations in the population of these states 
an lead to a hugein
rease of the noise in 
ertain 
onditions. The noise spe
tral density inthis regime was 
al
ulated in Ref. [11℄ using the formalism dis
ussed in theprevious se
tion. The spe
trum at subgap frequen
ies 
an be understoodin terms of a simple two-level model des
ribing the Andreev states. Let usre
all that for a single 
hannel 
onta
t of transmission � there are two boundstates at energies ��S, where �S = �q1� � sin2 �=2. The zero temperaturesuper
urrent is just given by I(�) = �(2e=�h)���S . In su
h a two-levelsystem at �nite temperature the upper level 
an be thermally populatedgiving rise to a reverse in the sign of the super
urrent. It is important tonoti
e that in a real system the Andreev bound states are a�e
ted by along but �nite life-time �xed by the typi
al inelasti
 tunneling rate of thesystem � � � [24℄. The 
urrent 
u
tuations thus 
orrespond to a type oftelegraph noise in whi
h the system swit
hes between positive and negative
urrent with a 
hara
teristi
 time given by �h=� [10℄.As the gap between the Andreev states de
reases with in
reasing 
on-ta
t transmission one 
ould expe
t a large in
rease of the noise. In fa
t,the results of Ref. [11℄ show that the noise exhibits a huge in
rease when�p1� � � kBT . The exa
t result for the zero-frequen
y noise is found tobe given by S(0; �) = 2e2h �� �4�2 sin2(�)�2S f(�S) [1� f(�S)℄ : (16)From this expression one 
an verify that the thermal noise approa
hesits maximum value, e2�2=�h�, when � ! � and � ! 1 , for any �nitetemperature. This result is stri
tly valid in the limit of small inelasti
tunneling rate, � � ��, and in the low transmission regime di�er stronglyfrom the noise spe
trum that is obtained for tunnel jun
tions using standardtunnel theory [25℄, whi
h yields S(0) � �(1 + 
os�) ln(�=�). As shown in
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repan
y is that the limits � ! 0 and � ! 0a
tually do not 
ommute: when � � �� the main 
ontribution to the noise
omes from the MAR pro
esses building up the Andreev states and shouldbe taken into a

ount up to in�nite order; while for � � �� higher orderMAR pro
esses be
ome heavily damped and the lowest order perturbationtheory in the tunnel Hamiltonian gives the 
orre
t answer.It is interesting to point out that the 
onta
t linear 
ondu
tan
e, G(�),
an be obtain from Eq. (16) through the 
u
tuation dissipation theorem,whi
h states that S(0; �) = 4kBTG(�). The expression of the linear 
on-du
tan
e 
an also be obtained by a dire
t 
al
ulation of the 
urrent in thelimit V ! 0 [26℄. The full noise spe
trum in the zero bias limit exhibits alsoan additional peak at ! = 2�s asso
iated with ex
itations from the lower toupper Andreev state. The weight of this peak is found to be given by [11℄S(2�S) = 2e2h �� �4�2(1� �) sin4(�)�2S hf2(�S) + f2(��S)i (17)It is worth noti
ing that in the zero temperature limit this is the onlyremaining subgap feature in the noise spe
trum. This expression 
learlyshows that S(2�S) is proportional to the square of the zero temperaturesuper
urrent with a Fano redu
tion fa
tor (1� �).
)(ωωS

ωω0 )(φφεε S2 ∆ )(φφεε S+∆Figure 2. S
hemati
 representation of the thermal noise spe
trum. Noti
e the dis
rete
hara
ter of the spe
trum for ! < �S + �. Only two sharp resonan
es (width � �) at! = 0 and ! = 2�S appear due to the 
ontribution of the subgap states.



10 MART��N-RODERO ET AL.In addition to the subgap features, the noise spe
trum has a 
ontinuouspart for ! > �S+�. Figure 2 illustrates the overall features in the zero biasnoise spe
trum. Noti
e the small width of the subgap resonan
es whi
h is
ontrolled by the inelasti
 tunneling rate �.3.2. SHOT NOISEWhen a �nite bias voltage is applied, the 
urrent is due to quasiparti
letunneling mediated by MAR pro
esses. In this se
tion we shall 
on
entratein the analysis of the shot noise regime (eV � kBT ). As dis
ussed inthe introdu
tion, shot noise in the Poissonian limit provides a measureof the 
harge of the quasiparti
les being transmitted. The question thenarises on whether this relation still holds for super
ondu
ting jun
tions inthe 
oherent MAR regime. As we dis
uss below, the situation is far more
omplex in this 
ase. Only in the low transmission regime one 
an 
learlyidentify the 
harge whi
h is being transmitted for a given voltage bias.In general, it is not possible to obtain a 
ompa
t expression for thenoise spe
trum in the non-equilibrium situation. The zero-frequen
y noisefor arbitrary transmission and voltage has been 
al
ulated in Refs. [12, 13℄.The numeri
al results are summarized in Fig. 3, where we also show the d

urrent for 
omparison. As 
an be observed, the most prominent featuresin the shot noise are: (i) the presen
e of a strongly pronoun
ed subgap(V � 2�) stru
ture, whi
h remains up to transmissions 
lose to one (in thed
 
urrent this stru
ture is only pronoun
ed for low transmissions). In thelow transparen
y limit the shot noise subgap stru
ture 
onsists of a series ofsteps at voltages eVn = 2�=n (n integer) as in the 
ase of the d
 
urrent. (ii)The shot noise 
an be mu
h large than the Poisson noise (SPoisson = 2eI),as 
an be seen in Fig. 4. (iii) For higher transmissions there is a steepin
rease in the noise at low voltages. (iv) For perfe
t transmission the shotnoise is greatly redu
ed. (v) In the large voltage limit (eV � �) there isan ex
ess noise with respe
t to the normal 
ase.The shot noise 
an be analyzed with more detail in the two oppositelimits: � ! 0 (tunnel) and � ! 1 (ballisti
 regime). Let us start by 
on-sidering the low transmission regime (� � 1). In this limit the ele
troni
transport 
an be analyzed as a multiple sequential tunneling pro
ess inwhi
h the d
 
urrent 
an be written as the addition of the tunneling rates
orresponding to di�erent MAR pro
esses: I0(V ) = Pn ne�n(V ), with�n = (2=h) R d�Rn(�), where the probability of an nth-order Andreev pro-
ess Rn is given by [9℄
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Figure 3. (a) Current-voltage and (b) noise-voltage 
hara
teristi
s for di�erent trans-missions at zero temperature. The values of the transmission are the same in both panels.GN = (2e2=h)� is the normal 
ondu
tan
e.
Rn(�) = �2�n4n�1 "n�1Yk=1 jp(�� keV )j2# �(��neV )�(�) ; where � 2 [�; neV ��℄;(18)where �(�) = j�j=p�2 ��2 is the dimensionless BCS density of states andp(�) = �=p�2 � �2 is the Cooper pair 
reation amplitude. This expressionfor Rn 
learly displays the di�erent ingredients in a MAR pro
esses, i.e. it isproportional to the initial and �nal density of states, to the probabitlity of
reating n�1 Cooper pairs and to the probability of a quasiparti
le 
rossing
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Figure 4. E�e
tive 
harge q = S=(2I) as a fun
tion of the redu
ed inverse voltage fordi�erent transmissions.n times the interfa
e (�n). This 
urrent expression already suggests thatthe transmitted 
harge asso
iated with ea
h MAR pro
ess is well de�ned inthis limit. In 
ontrast to a normal 
hannel, 
hara
terized by a binomial dis-tribution (the ele
tron is either emitted or re
e
ted), in the present 
ase thequasiparti
les 
an tunnel through many di�erent 
hannels (
orrespondingto the di�erent MAR pro
esses) giving rise to a multinomial distribution.Consequently, the shot noise 
an be written asS(0; V ) = 4e2h Z d�24 1Xn=1n2Rn �  1Xn=1nRn!235 : (19)The MAR probability, Rn; is proportional to �n and is �nite only for eV >2�=n. Therefore, when � ! 0 in the voltage interval [2�=en; 2�=e(n� 1)℄the main 
ontribution to the 
urrent 
omes from a n-order MAR, and the
urrent distribution be
omes Poissonian with a di�erent 
harge dependingon the voltage range. In fa
t, the e�e
tive 
harge de�ned as q = S(0; V )=2Iexhibits in this limit a stair
ase behavior given by q(V )=e = Int[1+2�=eV ℄.In Fig. 4 we show the e�e
tive 
harge 
al
ulated for di�erent transmissions.As 
an be observed q(V ) in
reases for de
reasing bias as 1=V , its shapebe
oming progressively steplike for de
reasing transmission.
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 regime the 
al
ulation of the amplitudes for the MARpro
esses is simpli�ed due to the absen
e of interferen
e e�e
ts due toba
ks
attering. Averin and Imam [10℄ derived the following expression forthe spe
tral density in this limitS(!; V ) = 4e2h X�! Z d� F (�) [1� F (�� �h!)℄� "1 + 2 Re 1Xk=1 kYl=1 a(�+ leV )a�(�+ leV � �h!)# : (20)Here a(�) = (�+ ip�2 � �2)=� is the amplitude of Andreev re
e
tion fromthe super
ondu
tors, and F is the nonequilibrium distribution of quasipar-ti
les in the point 
onta
t,F (�) = f(�)+ 1Xn=0 nYm=0 ja(��meV )j2 [f(�� (n+ 1)eV )� f(�� neV )℄ : (21)At zero frequen
y and zero temperature, this expression gives rise to therather featureless 
urve as a fun
tion of bias shown in Fig. 3 for � = 1.The great redu
tion of the noise is due to the fa
t the probabilities of thedi�erent MARs are equal to 1 inside the gap. However, the noise does notvanish 
ompletely, like in the normal 
ase, be
ause the MAR probabilitiesare less than 1 outside the gap. As mentioned above, an interesting fea-ture of the noise is the huge enhan
ement 
lose to perfe
t transparen
yat small voltages (see 
urve � = 0:95 in Fig. 3). Following the analysisof Naveh and Averin [13℄, the behavior of the noise in this limit 
an beunderstood in terms of Landau-Zener transitions between the two ballisti
subgap states. Within this pi
ture the noise is originated by the sto
has-ti
 quantum-me
hani
al nature of the transitions between the two states.As explained in the previous se
tion, these two states 
arry the 
urrents�(e�=�h) sin�=2, where � is the Josephson phase di�eren
e a
ross the jun
-tion, with _� = 2eV=�h. In ea
h period of the Josephson os
illations thejun
tion either stays on one of the Andreev levels and 
arries the 
urrent ofthe same sign during the whole os
illation period, or either makes a tran-sition between the two states at � = � so that the 
urrent 
hanges signfor the se
ond half of the period. The �rst 
ase o

urs with probabilityp = expf��R�=eV g, where R = 1� � , and then the 
hargeQ0 = e��h Z T00 dt sin�=2 = 2�V ;where T0 = ��h=eV is the period of the Josephson os
illations, is transferredthrough the jun
tion. In the se
ond 
ase the probability is 1�p and no net
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harge is transferred. Therefore statisti
s of 
harge Q transferred throughthe jun
tion during the large time interval T � T0 is 
hara
terized by abinomial distribution with probability p. The noise is then given byS(0; V ) = 2(hQ2i � hQi2)T = 8e�2��hV p(1� p) : (22)The noise rea
hes a maximum at small voltages eV ' �R� and its peakvalue in
reases with de
reasing R as 1=R. One 
an 
he
k that Eq. (22)des
ribes a

urately the low-voltage behavior of the 
urves with small Rin Fig. 3. It is also interesting to analyze the large voltage limit, in whi
hthe zero-frequen
y noise behaves as S(eV � � = (4e2=h)�(1 � �)V +Sex
, i.e. the shot-noise of a normal 
onta
t with transmission � plus avoltage-independent \ex
ess noise" Sex
. The ex
ess noise as a fun
tion oftransmission is shown in Fig. 5. Sex
 has the same physi
al origin as theex
ess 
urrent (Iex
), whi
h arises from the 
ontribution of the �rst orderAndreev pro
ess. We obtain that at zero temperature Sex
 is twi
e theex
ess noise of a N-S 
onta
t [27℄ with the same transmission. In parti
ular,this relation yields Sex
 = 2=5eIex
 for the perfe
t ballisti
 
ase [28℄.
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Figure 5. Ex
ess noise as a fun
tion of the transmission at zero temperature.



QUANTUM NOISE AND MULTIPLE ANDREEV REFLECTIONS 153.3. NON-EQUILIBRIUM NOISE AT FINITE FREQUENCIESOur knowledge about shot noise in the 
oherent MAR regime is mainly re-stri
ted to the zero frequen
y limit. However, a ri
h frequen
y-dependen
yis to be expe
ted a

ording to the strong non-linear behavior of the IV
hara
teristi
s. This dependen
y should 
ontain very valuable informationon the dynami
s of quasiparti
les in the MAR regime. Additonal intereston the full noise spe
trum arises from its 
onne
tion with the Coulombblo
kade phenomena as re
ently pointed out in Ref. [29℄. In this work itwas shown that the deviation from the Ohmi
 behavior of normal a 
o-herent 
ondu
tor due to its ele
tromagneti
 environment 
an be expressedin terms of the 
ondu
tor noise spe
trum S(!; V ). Thus, the dynami
alCoulomb blo
kade in a 
ir
uit 
ontaining a quantum point 
onta
t shouldvanish in the same way as shot noise when the 
onta
t transmissions ap-proa
h unity. It is to be expe
ted that a similar relation should hold inthe super
ondu
ting 
ase. In order to get an idea about the behavior ofthe full noise spe
trum we have extended the 
al
ulations of the previousse
tion to the �nite-frequen
y domain. In Fig. 6 we show some numeri
alresults for the �nite-frequen
y shot noise for di�erent transmissions. Themost important feature is the splitting of the subharmoni
 gap stru
ture,whi
h now takes pla
e at voltages eV = (2�� �h!)=n, with n integer. Thisis spe
ially 
lear at low transparen
ies and at frequen
ies �h! < � (seeFig. 6(a)). This result 
an be understood with the sequential analysis de-s
ribed in the previous se
tion. As in the 
ase of the zero-frequen
y noise,the subharmoni
 gap stru
ture is progressively washed out as the trans-paren
y is in
reased. Close to perfe
t transparen
y the main feature is thesuppression of the peak at low voltages. When � = 1 the noise spe
trum isalmost featureless and exhibits a linear in
rease with frequen
y. The 
onse-quen
es of these �ndings on the dynami
al Coulomb blo
kade of multipleAndreev re
e
tions is 
urrently under investigation.4. Experimental studies of noise in SNS nanostru
turesMotivated by some of the previously dis
ussed theoreti
al predi
tions, shotnoise has been studied experimentally in di�erent types of SNS nanostru
-tures. In 1997, Dieleman et al. observed what seemed to be a divergen
eof the e�e
tive 
harge at low voltages in NbN/MgO/NbN tunnel jun
tions[30℄. The measured jun
tions 
onsisted probably of parallel SNS point 
on-ta
ts due to the presen
e of small de�e
ts a
ting as "pin-holes" in the tun-nel barrier. This interpretation was 
on�rmed by the observation of a �nitesubgap 
urrent exhibiting the typi
al stru
ture at eV = 2�=n. The meantransmission of the pin-holes was estimated to be � ' 0:17. In spite of therather large error bars in the noise determination it was possible to observe
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Figure 6. Finite frequen
y shot noise as a fun
tion of the voltage for di�erent transmis-sion and frequen
ies at zero temperature.a 
lear in
rease of the e�e
tive 
harge with de
reasing voltage. Dieleman etal. developed a qualitative explanation of their data within the frameworkof the semi
lassi
al theory of MAR of Refs. [5℄. The in
rease of the e�e
tive
harge at low voltages has also been observed in di�usive SNS jun
tions byHoss et al. [31℄. They used high transparen
y Nb/Au/Nb, Al/Au/Al andAl/Cu/Al jun
tions prepared by lithographi
 te
hniques. Although beingdi�usive, the normal region is these jun
tions was smaller than the phase
oheren
e lenght, whi
h allowed to observe the 
oherent MAR regime. Onthe other hand, the jun
tions presented a very small 
riti
al 
urrent, whi
hpermitted to rea
h the low voltage regime. The ex
ess noise in these ex-periments exhibited a pronoun
ed peak at very low voltages (of the orderof a few �V ) 
orresponding to an e�e
tive 
harge in
reasing mu
h fasterthan the predi
ted 1=V behavior. It should be pointed out that there is atpresent no 
lear theory for di�usive SNS jun
tions in the 
oherent MARregime.4.1. MEASUREMENTS OF SHOT NOISE IN WELL CHARACTERIZEDATOMIC CONTACTSAs we emphasized in the introdu
tion, atomi
-size 
onta
ts provide an al-most ideal "test-bed" for many of the predi
tions of the theory. Sin
e all
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hara
tersti
 dimensions are of the order of the Fermi wavelenght,atomi
 
onta
ts are perfe
t quantum 
ondu
tors, even at room temper-ature, and a

omodate only a small number of 
ondu
tion 
hannels. Forone-atom 
onta
ts the number of 
ondu
tion 
hannels is dire
tly related tothe number of valen
e orbitals of the 
entral atom [18℄. For example goldone-atom 
onta
ts 
ontain only one 
hannel, while aluminum and lead havethree, and niobium �ve. For su
h a small number of 
hannels it is possi-ble to determine with good a

ura
y the mesos
opi
 
ode [17℄ from thepre
ise measurement of the 
urrent-voltage 
hara
teristi
 in the super
on-du
ting state. The dis
overy that their mesos
opi
 "PIN-
ode", i.e. the setof transmission eigenvalues f�ng; 
ould be a

urately de
oded, paved a wayto a new generation of quantum transport experiments in whi
h the mea-sured quantities 
ould be 
ompared to the theoreti
al predi
tions withoutadjustable parameters.

Figure 7. Mi
rograph of a nanofabri
ated break jun
tion used in the noise measurementsof Ref. [21℄.It is worth mentionning that van den Brom and van Ruitenbeek [32℄,reversing this point of view, have performed shot noise measurements inatomi
-size 
onta
ts in the normal state, in order to get information aboutthe number of 
ondu
tion 
hannels and their transmission probabilities(seearti
le by JVR in this book). For 27 di�erent gold 
onta
ts they measureda spe
tral density well below the poissonian value, indi
ating that 
urrent
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arried by well transmitting 
hannels. The values of the 
ondu
-tan
e and the shot noise density are related respe
tively to the �rst andse
ond moment of the transmission probability distribution. Be
ause fromtwo parameters the 
ode 
an be disentangled only if the 
onta
t 
ontainsno more than two 
ondu
tion 
hannels, their results were quantitative onlyfor total 
ondu
tan
es below two 
ondu
tan
e quanta. For a single goldatom 
onta
t the 
ondu
tan
e is about one and their shot noise measure-ments established that the 
ontribution of partially transmitted 
ondu
tion
hannels is only a few per
ent.
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Figure 8. S
hemati
 representation of the measurement set-up 
onsisting of a 
oax-ial line to bias the atomi
-size 
onta
t (two triangle symbol) and of two twisted-pairlines used to measure twi
e the voltage a
ross it. The spe
trum analyzer 
al
ulates the
ross-
orrelation of these two signals.In a re
ent work, we have used nanofabri
ated Al break jun
tions foranalyzing shot noise in atomi
-size 
onta
ts. A mi
rograph of a nanofabri-
ated jun
tion is shown in Fig. 7. It 
onsists of a metalli
 bridge 
lampedto an elasti
 substrate and suspended over a few mi
rometers between two
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hors. The bridge presents in its 
enter a 
onstri
tion with a diameterof approximately 100 nm. In order to obtain an atomi
-size 
onta
t, thesubstrate is �rst bent till the bridge breaks at the 
onstri
tion. The tworesulting ele
trodes are then slowly brought ba
k into 
onta
t. The highme
hani
al redu
tion ratio of the bending ben
h allows to 
ontrol the num-ber of atoms forming the 
onta
t one by one; in this way, single atom
onta
ts 
an be produ
ed in a 
ontrolled fashion. Nanofabri
ated atomi
-size 
onta
ts are extremely stable and 
an be maintained for days. Due toits high me
hani
al stability, this te
hnique [33℄ is parti
ularly suitable forshot-noise measurements at very low bias 
urrents.The set-up used to measure shot noise is depi
ted in Fig 8. It 
onsists ba-si
ally of one 
oaxial line, used to bias the on-
hip grounded atomi
 
onta
t,and of two twisted-pair lines used to obtain two independent measurementsof the voltage a
ross with two sets of low-noise ampli�ers. With this set-up 
urrent 
u
tuations are thus not dire
tly measured, but instead inferredfrom the 
u
tuations of the voltage a
ross the 
onta
t. The 
urrent and volt-age 
u
tuations spe
tral densities SI and SV respe
tively, are related, at agiven voltage V through SV (V ) = R2DSI(V ), where RD(V ) = �V=�I(V ) isthe di�erential resistan
e. In the normal state, this di�erential resistan
eis essentially 
onstant in the voltage range in whi
h the experiments are
arried out, and equals RN , the normal resistan
e of the 
onta
t. In thesuper
ondu
ting state, the di�erential resistan
e 
an be highly non-linearand is determined using a lo
k-in ampli�er for ea
h point at whi
h the noiseis measured.All noise sour
es along the measurement lines, like the Johnson-Nyquistthermal noise of the resistors or the 
urrent and voltage noise of the am-pli�ers input stages, indu
e 
u
tuations that poison the shot noise signal.Be
ause of that, the measurement lines and the bias line were 
arefullydesigned and built so as to limit and keep under 
ontrol this additionalnoise. As mentionned before, the voltage a
ross the atomi
-size 
onta
t ismeasured twi
e and the real part of the 
ross-
orrelation spe
trum of thetwo ampli�ed signals is 
al
ulated in real time by a spe
trum analyzer.This 
ross-
orrelation te
hnique allows one to get rid of the voltage noise
oming from the preampli�ers and the measurement lines that poison thewhite noise signal. Typi
ally, the spe
tra were measured over 800 pointsin a frequen
y window [360; 3560Hz℄ and averaged 1000 times in 4 min (adetailed dis
ussion of the setup 
alibration 
an be found in [34℄). On
e thePIN-
ode of a given 
onta
t has been determined, a �rst 
he
k of 
onsis-ten
y is obtained from the measurement of the 
urrent 
u
tuations in thenormal state. The normal state is re
overed without 
hanging the tempera-ture by applying a small magneti
 �eld (of the order of 50 mT ) whi
h doesnot a�e
t the transmissions. The measured low frequen
y spe
tral density



20 MART��N-RODERO ET AL.as a fun
tion of the average 
urrent is shown in Fig. 9 for di�erent 
onta
ts.These results 
an be 
ompared with the predi
tions of the theory for noisein normal 
onta
ts [27℄SI(V; T; f�ig) = 2eV 
oth( eV2kBT )G0Xi �i(1� �i) (23)+4kBTG0Xi �2i :The full lines in Fig. 9 
orresponds to Eq. (23) using the set of PIN-
odes extra
ted from the analysis of the super
ondu
ting IV 
urves. As
an be observed, there is a remarkable agreement between theoreti
al andexperimental results. It should be emphasized that there are no �ttingparameters in this 
omparison as the transmission 
oeÆ
ients have beendetermined independently. This good agreement provides additional proofof the a

ura
y that 
an be obtained in the determination of the 
onta
tPIN-
ode.
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2eI(10-27A2/Hz)Figure 9. Symbols: measured low frequen
y spe
tral density of aluminum atomi
-size
onta
ts versus poissonian spe
tral density 2eI. Solid lines are predi
tion of for the 
or-responding mesos
opi
 
odes. The dashed line is the poissonian limit.



QUANTUM NOISE AND MULTIPLE ANDREEV REFLECTIONS 21The following step in the experiments was the measurement of the noisein the super
ondu
ting state. Fig. 10 shows the measured spe
tral densitiesas a fun
tion of bias voltage for three di�erent 
onta
ts. In 
ontrast to thebehavior in the normal 
ase, the measured SI is markedly nonlinear and forhigh enough voltages it is above the value determined in the normal state.For 
omparison, the theoreti
al predi
tions for the 
orresponding PIN-
odesare shown as full lines. As 
an be observed the agreement between theoryand experiment is quantitative both regarding the subgap stru
ture andthe ex
ess noise at large bias. The data 
an be presented in a more intu-
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eV/∆Figure 10. Dots: Measured 
urrent 
u
tuation spe
tral density as a fun
tion of re-du
ed voltage of three atomi
-size 
onta
ts. Mesos
opi
 PIN 
odes: f0:98; 0:55; 0:24; 0:22g(squares), f0:68; 0:25; 0:22g (diamonds), f0:996; 0:26g (
ir
les). Full 
urves: theoreti
alpredi
tions of the MAR theory using the mesos
opi
 
ode.itive way, by plotting the e�e
tive 
harge q = SI=2I as a fun
tion of theinverse voltage. Fig. 11 shows the data for a 
onta
t having an intermediatetransmission. Let us re
all that only in the tunnel limit the theory predi
tsthat q should in
rease in a perfe
t stair
ase pattern with de
reasing bias.Our setup sensitivity was not enough to measure the noise in this limit ofvery small bias 
urrents. However, the emergen
e of a stair
ase pattern 
analready be re
ognized in the data shown in Fig 11.
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Figure 11. E�e
tive size of the shot-noise \pellets", in units of e, as a fun
tion of theinverse redu
ed voltage for a 
onta
t in the super
ondu
ting state. Dashed line : MARtheory predi
tion in the tunnel limit. As the voltage in
reases, MAR pro
esses of lowerorder set-in one by one leading to this perfe
t stair
ase pattern. Dots : Data for analuminum atomi
 
onta
t with mesos
opi
 PIN 
ode f0:40; 0:27; 0:03g. Full line : MARtheory predi
tion for this 
ode.5. Con
lusionsWe have analyzed several aspe
ts of noise phenomena in super
ondu
tingquantum point 
onta
ts. The more remarkable features both in the equilib-rium and non-equilibrium 
urrent 
u
tuations appear as a 
onsequen
e ofthe underlying MAR me
hanism for ele
troni
 transport. At zero bias volt-age huge super
urrent 
u
tuations are predi
ted due to transitions betweenthe subgap Andreev states. At �nite bias the noise spe
trum exhibits a verypronoun
ed subgap stru
ture whi
h 
orresponds to the onset of higer orderMAR pro
esses when the voltage is redu
ed. The e�e
tive 
harge generallyin
rease as 1=V but is only quantized in the tunnel limit when the interfer-en
e between di�erent MAR pro
esses 
an be negle
ted. All these propertiesexhibit a highly non-trivial dependen
e on the 
onta
t transparen
y. On theexperimental side, noise measurements in well 
hara
terized super
ondu
t-ing atomi
 
onta
ts have provided an unambiguous test of the theoreti
al



QUANTUM NOISE AND MULTIPLE ANDREEV REFLECTIONS 23predi
tions. The possibility of obtaining the 
orresponding set of trans-missions (the PIN-
ode) from the analysis of the subgap stru
ture in thesuper
ondu
ting IV 
urves has allowed a dire
t 
omparison with theorywithout �tting parameters. The quantitative agreement found for the noise
ompletes a 
omprehensive series of tests whi
h in
ludes the measurementof the super
urrent [20℄ and the 
urrent-voltage 
hara
teristi
s [?℄. Finally,the study of non-equilibrium noise in the �nite-frequen
y domain appearsas a very promising avenue of reaser
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