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We investigate the detection of quartets in hybrid multiterminal Josephson junctions. Using simple models
of quantum dots coupled to superconducting leads, we find that quartets are ubiquitous in quantum coherent
structures and show how to rigorously extract their contribution to the current-phase relation (CPR). We also
demonstrate that quartets are closely related to the hybridization of Andreev bound states (ABSs) in these
systems and propose a method to identify quartets directly in ABS spectra. We illustrate our method by analyzing
the spectroscopic measurements of the ABS spectrum in a three-terminal Josephson junction realized in an
InAs/Al heterostructure. Our analysis strongly suggests the existence of quartets in the studied hybrid system.

DOLI: 10.1103/PhysRevB.109.1.241407

Introduction. A junction with a short normal conducting
region between two superconductors accommodates ABSs
which carry a supercurrent through the system [1,2]. A unique
aspect of ABSs lies in the tunability of their energies by
changing the superconducting phase difference, which has
led to the proposal of ABSs as a platform for quantum com-
puting [3-6]. Additionally, there have been numerous studies
reporting on the CPR and the energy spectra of ABSs in two-
terminal Josephson junctions (JJs) [7-21]. In multiterminal
JJs (MTI1Js), the ABSs energies depend on multiple phase
differences, enabling band structure engineering which is of
particular interest for realizing topological systems [22-35].

MT1IJs exhibit a plethora of unique transport phenomena.
For instance, in a three-terminal device the commensuration
of voltages at two terminals induces dc supercurrents at finite
bias, known as voltage-induced Shapiro steps [36]. The same
signature was predicted to be related to a transport mechanism
referred to as quartet process, which involves one Andreev
reflection at terminals i and j, respectively, and two crossed
Andreev reflections at terminal k, resulting in a dependence
of the supercurrent on a combination of phases given by
@i + ¢; — 2¢ (Where ¢, indicates the superconducting phase
of terminal «, for &« = i, j, k) [37,38]. Additional theoretical
work has proposed strategies to identify quartets both in the
current-voltage characteristics [39—49] and in the supercurrent
[50-53]. Following experimental studies resulted in the obser-
vation of potential signatures of these processes obtained by
probing the system response as a function of two bias currents
or voltages [54-57]. Other experiments in hybrid MTIJs, not
specifically designed to detect quartets, have also reported
signatures compatible with their existence [58—63]. A related
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system, based on two JJs in proximity of each other, has been
proposed to realize Andreev molecules, where hybridization
of ABSs occurs [64-67]. In this case, signs of an unconven-
tional coupling mechanism have been predicted and they have
been investigated via current-bias measurements [62,68,69].
In addition, spectroscopic evidence of ABS hybridization was
recently reported in a hybrid three-terminal JJ, where ABS
spectra were probed as a function of two phase differences
[70]. However, despite all experimental efforts and theoretical
predictions, the unambiguous detection of quartet processes is
still a challenge.

In this Letter, we present a scheme which we term quartet
tomography to rigorously extract the quartet contributions
to the CPR or the ABS spectrum of a quantum coherent
MTIJ. We apply this scheme to recent measurements of the
ABS spectrum of a three-terminal JJ realized in an InAs/Al
heterostructure [70] and demonstrate the existence of quartet
processes in these MTJJs. Additionally, we show that the
quartet contributions are intimately related to the degree of
hybridization of the ABSs in these heterostructures and that
ABS hybridization is a sufficient, but not necessary condition
for the existence of quartet processes.

Quartet tomography: single-dot model. To illustrate the
idea of quartets and how they show up in the CPR of a MTIJ,
we consider the model illustrated in Fig. 1(a), where a single
noninteracting quantum dot is coupled to N superconducting
leads. The quantum dot has a single spin-degenerate level
of energy € and the superconducting electrodes are s-wave
superconductors characterized by energy gaps A; and super-
conducting phases ¢; (j =1, ..., N). The coupling between
the dot and lead j is described by the tunneling rate I';.
Our goal is to compute the supercurrent flowing in the ter-
minals of this system as a function of the phases ¢;. For
this purpose, we employ Green’s function techniques and our
input are the (dimensionless) retarded and advanced Green’s

©2024 American Physical Society
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FIG. 1. (a) Schematics of the single-dot model. A single-level quantum dot is coupled to N superconducting terminals with phases ¢;. The
parameter I'; describes the strength of the coupling between the dot and lead j. (b) Example of the current-phase relation /; (@12, ¢23) for the
model in (a) with three identical leads with energy gap A. The different parameters are I'y = I', = I's = 5A and ¢y = 0. (c) The corresponding
cum coefficients in the expansion of Eq. (3) in units of eA/A. The phase dependence associated to some of these coefficients is indicated in
the graph. (d) Andreev bound state spectrum Eaps(¢12, ¢23) for the example shown in panel (b). (e) The corresponding d,, coefficients in the

expansion of Eq. (6) in units of A.

functions of the leads, which in a 2x2 Nambu representa-
tion read §7/*(E) = g/*%) + f]/"e'* ), with ¢/* = —(E +
1n)/,/A2 = (E +£11)? and f;/a= —Aj/ /A2 = (E ).
Here, E is the energy, n = 0", and 7| are Pauli matrices. As
we show in the Supplemental Material [71], one can express

the current flowing through lead i as I; = ;. , I;;, where I;;
is given by

FUE)FAE)

8 o0
lij = friFjSin(wji)/_ i‘s{ DE. D) }np(E)dE. (1)

Here, ¢ij = ¢; — ¢, ng(E) is the Fermi function, @ =
(o1, ..., 9n), and D(E, @) is given by

D(E, ) = {E —q - rkgz} [E +eo— ) Fkgiz]
k k
- [Z rkf,?e“ﬂk} [Z rkf,fe-'“’k]. 2
k k

The ABS energies in this structure are derived from the con-
dition D(E, $) = 0.

We focus now on a three-terminal device and consider the
current /;. This current depends on two phase differences,
chosen as ¢ = @1 — ¢, and @3 = @2 — @3, and can be ex-

pressed as the Fourier series

L1 (912, 923) = Y Cum sin(ng12 + mes3), 3)

n,m

with c¢g,, = 0, namely, there are no contributions of the type
sin(gpz — ¢3), and ¢ = —C_pp-

In this system, a quartet is a correlated Cooper pair
tunneling process that involves three terminals and whose
contribution to the supercurrent depends on a phase of the type
@) = @i+ ¢; — 2@ with i, j # k and i # j. There are three
types of quartets, and from Eq. (1) one can show that the cor-
responding contributions to leading order in the I parameters
are given by [71] ¢ 1 =20, ¢1,-1 = =0, c12 = —03,
where

8e Y
Ok = ;Fir‘jrk dE ng(E)
-0

[ frERERE
XS .
(E? — €2)?

“

Equation (4) supports the interpretation that a quartet of the
type (p‘f = @2 + @3 — 2¢) involves the injection of two Cooper
pairs from terminal 1 that are transferred separately to leads
2 and 3. Let us emphasize that the supercurrent 7, (@12, ¢23)
contains not only quartet contributions of the kind sin(w,?), but
also harmonics of this phase. More importantly, Eq. (3) sug-
gests a direct way to extract the quartet contributions, which
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consists in performing a Fourier analysis of the CPR. This idea
was proposed in Ref. [50] in the context of a three-terminal
system including four junctions with a carbon nanotube. Here,
we show that it holds in quantum coherent structures irrespec-
tive of the details of the normal scattering region. We illustrate
the results for this model in Fig. 1 where we show both the
CPR i (¢12, ¢23) in panel (b) and the c,, coefficients in the
expansion of Eq. (3) in panel (c). We note the appearance of
the three types of quartet contributions predicted above, see
panel (c). Moreover, as expected from Eq. (4) for a symmetric
situation (all I'’s and A’s equal), the quartet ¢| has a magni-
tude that is twice that of the other two, @3 and ¢f, while it
contributes to the current /; with an opposite sign. It is worth
stressing that quartet contributions are accompanied by other,
more dominant contributions related to terms proportional to
sin(¢;;) and their harmonics. Those additional contributions
originate from the tunneling of single and multiple Cooper
pairs, respectively (see Ref. [71]). Their unavoidable presence
complicates the identification of quartets in the analysis of
transport properties such as the critical current. This problem
is resolved by our quartet tomography because it does not rely
on the relative magnitude of the different contributions.

ABS energies and supercurrent. As we have just shown,
quartets are easily identified from the CPR. However, to iso-
late the CPR of one terminal in a phase-controlled MTJJ is
challenging. For this reason, we propose a second method
based on the measurement of the density of states (DOS)
by means of tunneling spectroscopy like in Ref. [70]. From
the DOS we can deduce the ABS spectrum, which in turn
is closely related to the supercurrent. In our MTJJ, the zero-
temperature current /; is obtained from the energies EX])BS of
the occupied ABSs as follows:

2¢ — IE") (@)
L@) ==Y Toass®) 5
@ =72 Py ()

The factor 2 appears because we are assuming spin degener-
acy. We have verified that, in the examples shown in this work,
we can reconstruct the CPR using Eq. (5). This demonstrates
that the supercurrent is carried by the ABSs with no contribu-
tions from the continuum. Therefore, there is an even simpler
protocol to identify quartets, which consists in the Fourier
analysis of the ABS spectrum. In the case of a three-terminal
junction, this spectrum admits a Fourier expansion of the type

EQ @) =— Z d{l) cos(ngiy + mes3). (6)

The Fourier coefficients d!) are related to the Fourier coef-
ficients of the supercurrent via Eq. (5). The results for the
energy of the occupied and unoccupied ABS for the single-dot
model are shown in Fig. 1(d). These two states touch at zero
energy in this example because the condition D(E, ) = 0,
see Eq. (2), is fulfilled for zero energy when the couplings
have similar values. The corresponding Fourier components
for the occupied ABS are displayed in panel (e). Here, the
color indicates whether a contribution is positive or negative,
whereas the bar height is a measure of its absolute value.
Notice that quartet contributions are clearly visible and in ac-
cordance with the Fourier components of the CPR in Fig. 1(c).

Note also that the coefficient dj is not shown because it does
not contribute to the supercurrent.

Quartets and ABS hybridization: double-dot model. Since
quartets are correlated tunneling events involving three ter-
minals, they are closely related to the hybridization of ABSs
in these structures. To illustrate this idea we now consider
the double quantum dot model illustrated in Fig. 2(a). This
model was recently used to describe the hybridization of
ABSs in Ref. [70] (see below). In this case, the normal
scattering region is formed by two single-level quantum dots
(with energies €; and €;). These dots are coupled to three
superconducting terminals as shown in Fig. 2(a). There is an
interdot coupling described by the parameter ¢, which controls
the degree of hybridization of the ABSs. Again, using Green’s
function techniques one can compute the supercurrent that
flows through the different terminals; the details are presented
in Ref. [71]. Crucially, the current /; admits the same Fourier
expansion of Eq. (3). A perturbative analysis shows that one
has the same three types of quartets as in the single-dot model,
and all contributions have a similar form. For instance, for the
quartet <,0§1 = ¢ + ¢» — 2¢3, we obtain a contribution to the
current of the form Q3 sin(gag' ), where Q3 is given to leading
order in ¢ and the " parameters [see Fig. 2(a)] by

8 o0
Q3=f,2r11“§/_ dE ng(E)
X%{ff(E)ff(E)[ff(E)F( Iz n PP )}
Tl E-E2-E) \E2 - E2-& )]

@)

This expression shows that quartets would not be possible
without ABS hybridization, as Q3 vanishes for zero interdot
coupling (f = 0).

We illustrate the results for this model in Figs. 2(b) and
2(c) where we show an example of the energy of the highest
occupied ABS, E/(\lB)S (@12, 23), along with the d'}) coefficients
in the expansion of Eq. (6) (see caption for parameter values).
Hybridization signs of the ABSs connecting the pairs of termi-
nals 1-2 and 2-3 are clearly visible in the region (@12, ¢23) ~
(r, ), where the ABS energy differs from that of the two
independent states. More importantly, this hybridization gives
rise to three quartet contributions, which again are accompa-
nied by terms that involve phase differences between only two
terminals. We note that because of the presence of two ABSs,
there is no one-to-one correspondence between the coeffi-
cients of the upper ABS d!!) and the supercurrent coefficients
cnm as there can be cancellations arising from contributions of
the lower ABS d‘2). However, a nonzero quartet contribution
of an ABS always results in a nonvanishing quartet contribu-
tion to the supercurrent. Thus, it is enough to obverse nonzero
quartet contributions of the upper ABS to demonstrate their
existence. A detailed discussion of this issue and the rela-
tion between quartets and ABS hybridization is provided in
Ref. [71].

Quartet tomography in a three-terminal Josephson junc-
tion. The two protocols described above to identify quartet
contributions can be directly applied to experimental data.
We now illustrate this with the analysis of the quartet
contributions in the ABS spectrum measured in Ref. [70].
The device investigated in that work, shown in Fig. 2(d),
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FIG. 2. (a) Schematics of the double-dot model. (b) Example of the energy Elgllg)s((plz, ¢23) of the highest occupied ABS in the model
of panel (a). The different parameters are A;,3 = A, I'y =5.5A, I';; =6A, T, =5A, I's =6A, t =5A, and €, =€, =0. (c) The
corresponding d\!) coefficients in the expansion of Eq. (6) measured in units of A. The phase dependence associated to some of these
coefficients is indicated in the graph. (d) False-colored scanning electron micrograph of the device measured in Ref. [70], near to the
three-terminal Josephson junction region. Exposed semiconductor is shown in orange, aluminum in blue, and gate electrodes in gold. (e)
The upper ABS extracted from the tunneling spectroscopy data of Ref. [70], where Vyp is the bias voltage applied to the superconducting
probe. (f) The corresponding d(!) coefficients of Eq. (6) in eV that show the presence of quartets in the studied device.

consisted of three superconducting terminals (Al) coupled to
a normal region (InAs). Terminals 1 and 2 (2 and 3) were
connected to form a closed loop, hence enabling control over
the phase difference ¢, (p23) via integrated flux-bias lines.
The DOS in the normal region was probed via tunneling
spectroscopy, performed by applying a voltage bias Vsp to a
fourth superconducting terminal. Further details about materi-
als, fabrication, and measurements can be found in Ref. [70].
Using the information of the tunneling spectra as a function of
the two phase differences and with the help of a deep learning
algorithm [71], we reconstructed the phase dependence of the
highest occupied ABS in this device, see Fig. 2(e). Notice that
the ABS spectrum is presented in terms of the probe voltage
and thus, it is offset by the gap of the superconducting probe
[70], which has no influence in the tomography. From this
ABS spectrum, and using the protocol described above, we
obtained the coefficients of the quartet tomography d'!) that
are shown in Fig. 2(f). Again, the coefficient dé(l)) is not shown.

Notice that the quartet contributions dl(é) and dé}) related to
the phases (pg and go‘f, respectively, have a nonzero magnitude
resulting in a nonzero quartet contribution to the supercurrent.
As mentioned above, the specific values of dl(é s21 do not
reflect in general the quartet amplitudes in the supercurrent.
However, in our experiments, in which we infer a relatively
large hybridization (apparent in the large gap between the two

upper ABSs), the extracted quartet contributions in Fig. 2(f)
are in fact good estimates for the corresponding supercurrent
amplitudes, as shown in Ref. [71]. More importantly, the
quartet contributions do not vanish, thus demonstrating their
existence in this system. These quartet contributions are a
consequence of the significant ABS hybridization in this de-
vice, which is clearly visible in the region (@12, ¢23) ~ (7, 7)
and whose signatures were amply discussed in Ref. [70]. This
issue is further addressed in Ref. [71], where we also present
an analysis of the robustness of the quartet tomography.

Conclusions. We have put forward two protocols to
identify quartets in multiterminal Josephson junctions. In
particular, we have shown how quartet contributions can be
extracted from measurements of the ABS spectrum of a
three-terminal hybrid Josephson junction [70]. We have also
shown that in heterostructures featuring several ABSs, as it
is normally the case, quartets are intimately related to the
hybridization of ABSs. It is worth stressing that the protocol
based on the analysis of the CPR could, in principle, be used to
identify quartets in CPR measurements in Andreev molecules
[68,69]. From a theoretical point of view, it would be inter-
esting, among other things, to study the connection between
quartets and topological states, as well as to investigate the im-
pact of the spin-orbit interaction in these correlated tunneling
events [72,73].
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