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We analyze the shot noise in a voltage biased superconducting quantum point contact. Resu
presented for the single channel case with arbitrary transmission. In the limit of very low transmi
it is found that the effective charge, defined from the noise-current ratio, exhibits a steplike beh
as a function of voltage with well-defined plateaus at integer values of the electronic charge.
multiple charge corresponds to the transmitted charge in a multiple Andreev reflection (MAR) pro
This effect gradually disappears for increasing transmission due to interference between different
processes. [S0031-9007(99)09168-1]
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In the past few years much attention has been pa
to the study of shot noise in mesoscopic systems [1,
These time-dependent current fluctuations are a con
quence of the discreteness of the charge carriers and t
measurement can provide information on correlations a
charge of the individual carriers not available in usu
conductance experiments. In the case of a currentI of
uncorrelated carriers of chargeq, the shot noise reaches
its maximum valueS ­ 2qI ­ SPoisson. This result has
been recently used for detecting the fractionaley3 charge
carriers by measuring the ratioSy2I in the fractional
quantum Hall regime [3].

In low-transmitting normal-superconductingN-S
structures a doubling of the normal Poisson nois
current ratio has been predicted [4–6] due to Andre
processes where twice the electron charge is transmit
In S-N-S or S-I-S structures the situation is far more
complex. In this case, it is well established that th
main processes contributing to the current for subg
bias voltages are multiple Andreev reflections (MAR
[7]. At a given subgap voltageV the current is mainly
carried by MAR processes of the order ofn , 2DyeV ,
in which a net charge ofne is transferred. One would
then expect an increase of the noise-current ratio roug
as 1yV for decreasing bias. This qualitative behavio
has been recently confirmed experimentally by Dielem
et al. [8] for a S-I-S tunnel junction. These authors give
an explanation of the observed shot noise enhancem
due to MAR within the framework of the semiclassica
theory of Ref. [7].

In large tunnel junctions a quantitative comparison b
tween theory and experiment is prevented by unavoida
uncertainties in the junction geometrical structure. O
the other hand, there has been in recent years a la
progress in the fabrication of superconducting point co
tacts with a reduced number of conducting channels w
rather controllable transmission [9,10]. The subgap stru
ture (SGS) in theI-V characteristics of these systems ha
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been quantitatively described with high accuracy usi
fully quantum mechanical theories of transport throu
a single channel [11,12]. One would expect that a sim
lar quantitative agreement between theory and experim
could be reached also in the case of noise.

So far the analysis of current fluctuations in a sup
conducting single channel contact has been restricted
a few special cases. Thus, the excess noiseseV ¿ Dd
for a perfect transparent channel has been obtained
Ref. [13]. The noise has also been analyzed for z
voltage and arbitrary transmission in Ref. [14], while th
perfect transmission and finite voltage case has been
dressed in Ref. [15].

The aim of this work is to analyze the shot noise f
the whole range of transmissions and voltages with
the same microscopic model used for the calculat
of the current in Ref. [12]. This analysis would allow
one to answer the question on whether a well-defin
q ­ Sy2I transmitted effective charge can be associa
to the processes giving rise to the SGS in the curre
We shall explicitly show that this is only possible i
the low transmission regime where the effective char
tends to integer multiplesof the electron chargen ­
1 1 Intf2DyeV g.

We shall consider the case of a superconduct
quantum point contact (SQPC), i.e., a shortsL ø j0d
mesoscopic constriction between two superconduct
electrodes with a constant applied bias voltageV . For the
rangeeV , D one can neglect the energy dependence
the transmission coefficients and all transport propert
can be expressed as a superposition of independ
channel contributions [16]. Thus, we will concentrate o
analyzing a single channel model which can be describ
by the following Hamiltonian [12]:

Ĥstd ­ ĤL 1 ĤR 1
X
s

steifstdy2c
y
LscRs

1 tpe2ifstdy2c
y
RscLsd , (1)
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where ĤL,R are the BCS Hamiltonians for the left an
right uncoupled electrodes;fstd ­ f0 1 2eVtyh̄ is the
time-dependent superconducting phase difference, w
enters as a phase factor in the hopping terms descri
electron transfer between both electrodes. To obtain
transport properties we use a perturbative Green funct
approach including processes up to infinite order in
hopping parametert (all MAR processes of arbitrary orde
are in this way naturally included). In the normal sta
the one-channel contract is characterized by its transm
sion coefficienta, which as a function oft adopts the
form a ­ 4styW d2yf1 1 styWd2g2, whereW ­ 1yprF ,
with rF being the electrodes density of states at the Fe
energy [12]. Within this model the current operator
given by

Îstd ­
ie
h̄

X
s

fteifstdy2c
y
LsstdcRsstd

2 tpe2ifstdy2c
y
RsstdcLsstdg . (2)
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The current-noise spectral density is defined as

Ssv, td ­ h̄
Z

dt0 eiwt0

kdÎst 1 t0ddÎstd

1 dÎstddÎst 1 t0dl

; h̄
Z

dt0 eiwt0

Kst, t0d , (3)

wheredÎstd ­ Îstd 2 kÎstdl is the time-dependent fluc
tuation in the current.

In the case of a voltage biased superconducting c
tact both kÎstdl and Ssv, td contain all the harmonics
of the Josephson frequencyv0 ­ 2eVyh̄, i.e., kÎstdl ­P

n In expfinv0tg. These quantities can be express
in terms of nonequilibrium Green functions in a supe
conducting broken symmetry or Nambu representat
Ĝ12

ij st, t0d andĜ2t
ij st, t0d wherei, j ; L, R defined as

Ĝ12
i,j st, t0d ­ i

√
kcy

j"st0dci"stdl kcj#st0dci"stdl
kcy

j"st0dcy
i#stdl kcj#st0dcy

i#stdl

!
, (4)

and obey the relation̂G21
i,j st, t0d ­ fĜ12

j,i st, t0dgy.
Then, the mean current and the kernelKst, t0d in the

noise spectral density are given by
kÎstdl ­
e
h̄

Trhŝzft̂stdĜ12
RL st, td 2 t̂ystdĜ12

LR st, tdgj ,

Kst, t0d ­
e2

h̄2 hTrft̂ystdĜ1,2
LL st, t0dt̂st0dĜ2,1

RR st0, td 1 t̂stdĜ1,2
RR st, t0dt̂yst0dĜ2,1

LL st0, td (5)

2 t̂ystdĜ1,2
LR st, t0dt̂yst0dĜ2,1

LR st0, td 2 t̂stdĜ1,2
RL st, t0dt̂st0dĜ2,1

RL st0, tdg 1 st ! t0dj ,
r
oise
ot
it
e.
e.
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whereŝz is the Pauli matrix, Tr denotes the trace in th
Nambu space, and̂t is the hopping in this representation

t̂ ­

√
teifstdy2 0

0 2tpe2ifstdy2

!
. (6)

In the expression (5) for the kernel we have factoriz
the two body correlation functions following a mea
field BCS decoupling scheme [14]. The problem o
evaluating the Fourier components ofI and S can be
reduced to the calculation of the Fourier components
the Keldysh Green functions. Within our perturbativ
method these Fourier components satisfy an infinite
of algebraic equations which can be solved numerica
by standard recursive methods (for an efficient algorith
see Ref. [12]). We shall restrict our attention to the zer
frequency dc component of the noiseS ; Ss0, td at zero
temperature.

Figure 1 illustrates the behavior ofS as a function
of V for different values of the normal transmissiona.
For comparison, the dc component of the current is a
shown. As can be observed, the more noticeable featu
in the shot noise are the following: (i) the presence of
strongly pronounced subgapsV # 2Dd structure, which
persists up to transmissions close to 1 (in the dc curr
this structure is pronounced only for low transmissions
(ii) In the low transparency limit the shot noise subga
e
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structure consists of a series of steps at voltageseVn ­
2Dyn (n integer) as in the case of the dc current. (iii) Fo
higher transmissions there is a steep increase in the n
at low voltages. (iv) For perfect transmission the sh
noise is greatly reduced. (v) In the large voltage lim
there is an excess noise with respect to the normal cas

Let us start by analyzing the low transmission regim
In this case it turns out that the electronic transport
well described by a sequential tunneling picture [1
and the current can be written as the sum of tunn
ing rates for each multiple Andreev process times t
transmitted charge, i.e.,I0sV d ­ e

P
nGnsV d with Gn ­

s2yhd
R

dv Rnsvd. The probability of annth-order An-
dreev processRn is given by [12]

Rnsvd ­
p2an

4n21

"
n21Y
i­1

jpsv 2 ieV dj2
#

3 rsv 2 neV drsvd , (7)

v [ fD, neV 2 Dg ,

whererswd ­ jvjy
p

v2 2 D2 is the dimensionless BCS
density of states andpsvd , Dy

p
D2 2 v2 is the Cooper

pair creation amplitude. Expression (7) forRn clearly
displays the different ingredients in a MAR processe
i.e., it is proportional to the initial and final density o
4087
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FIG. 1. (a) Current-voltage and (b) noise-voltage character
tics for different transmissions at zero temperature. The valu
of the transmission are the same in both panels.

states, to the probability of creatingn 2 1 Cooper pairs
and to the probability of a quasiparticle crossingn times
the interfacesand. In this regime the shot noise adopts a
appealing form in terms ofRn,

S ­
4e2

h

Z
dv

(X̀
n­1

n2Rn 2

√X̀
n­1

nRn

!2)
. (8)

This expression corresponds to the fluctuations of a r
dom variable (the current) having a multinomial distr
bution. This is a generalization of the simple binomi
distribution one finds in aN-N contact, which leads to the
well-knownas1 2 ad behavior [1,2,4].

This analysis shows that in the limit of vanishin
transmission only the lowest order process with
nonzero probability contributes to the current at
given bias voltage. As a consequence the effect
charge shows a steplike behavior described by
formula qye ­ Sy2eI ­ 1 1 Intf2DyeV g. The inset
in Fig. 2(b) shows the effective charge fora ­ 0.01
together with the steplike function corresponding to th
a ! 0 limit. This figure also shows the comparison be
tween the tunnel approximation given by Eq. (8) and t
exact result for a transmissiona ­ 0.1. Notice that even
for this small transmission value there are deviatio
from the simple steplike behavior which are increasing
pronounced when the voltage is reduced. These dev
tions are produced by the contribution of more than o
MAR process at a given voltage.
4088
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FIG. 2. (a) Effective charge as a function of voltage fo
different transmissions. (b) Comparison between the ex
result (solid line) and the tunnel approximation given by Eq. (
(open circles) fora ­ 0.1. The inset shows the exact resul
(solid line) fora ­ 0.01 and the steplike function (dashed line
corresponding to thea ! 0 limit.

As the transmission increases the sequential tunnel
picture breaks down due to the interference between d
ferent MAR processes contributing to the current at a
voltage. The charge quantization found in the tunn
regime progressively disappears and is eventually wash
out when approaching perfect transmission. This is illu
trated in Fig. 2(a).

For intermediate transmissions the analysis of the sh
noise becomes rather involved not only due to the interfe
ence between different processes but also to the incre
ing contribution of fluctuations of higher harmonics of th
current. On the other hand, in the perfect transmissi
limit, the analysis is again simplified due to the absence
backscattering, allowing one to solve analytically the r
cursive equations for the Green functions [12]. Within ou
theory one obtains a simple expression for the shot no
in this limit,

S ­
8e2

h

Z
dv

"X̀
n­0

Rns1 2 Rnd

#

3

"
1 1 2

X̀
k­1

kY
l­1

jrsv 1 leV dj2
#

, (9)
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where Rn are the multiple Andreev reflection probabili
ties given by Rnsvd ­

Qn
m­0 jrsv 2 meV dj2; v [

fneV , sn 1 1deV g, and rsvd ­ sv 1 i
p

D2 2 v2 dyD

is the Andreev reflection amplitude at anN-S interface.
This expression can be shown to be equivalent to the re
of Averin and Imam in Ref. [15]. The great reductio
of noise that can be observed in Fig. 1 for perfect tran
mission is a consequence of having an Andreev reflect
probability equal to 1 inside the gap.

It is also interesting to analyze the large voltag
limit, in which the zero-frequency noise behaves
limV!`S ­ s4e2yhdas1 2 adV 1 Sexc, i.e., the shot
noise of a normal contact with transmissiona plus and
“excess noise”Sexc. The excess noise as a functio
of transmission is shown in Fig. 3.Sexc has the same
physical origin as the excess currentsIexcd, which
arises from the contribution of the first order Andree
process. One should remark that the approach to
asymptotic value is much slower for the shot noise th
for the current. We obtain that at zero temperatu
Sexc is twice the excess noise of aN-S contact [4]
with the same transmission. In particular, this relatio
yields Sexc ­ 2y5eIexc for the perfect ballistic case in
agreement with Ref. [13].

A word of caution should be said about the validity o
this theory in the limit of an extremely small bias voltage
In this limit there is another energy scale determined
the inelastic relaxation rateh (which is a small fraction of
D) playing a role in the theory (see Ref. [14]). This finit
relaxation rate introduces a cutoff in the MAR process
which determines the behavior of current [12] and noi
when eV ø h. The precise behavior atV ! 0 thus
depends on the actual value ofh.

In conclusion, we have analyzed theoretically the sh
noise in a single channel SQPC for arbitrary transmiss
and bias voltage. We have shown that the shot noise
be much larger than the Poisson noisesSPoisson ­ 2eId
due to the occurrence of multiple Andreev reflection
in which multiple charge quanta are transferred. In t
tunnel regime, the effective chargeqsV d ­ Sy2I shows
a steplike behavior which is a signature of the cohere
transmission of multiple electronic charges. Our resu
are consistent with the available experimental data
Dieleman et al. [8]. These authors used large tunne
junctions for which a mean transmission ofa ­ 0.17
was estimated. Although a direct comparison with theo
is difficult due to uncertainties in the junction structure
the experimental results for shot noise and the effect
charge are in qualitative agreement with the results
our Figs. 1 and 2 for this transmission range. On t
other hand, the predictions presented in this Letter a
amenable to a direct experimental test using state of
art techniques for fabricating atomic-size contacts [9,1
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FIG. 3. Excess noise as a function of transmission at ze
temperature.

In view of the remarkable agreement between theory a
experiments for the current-voltage characteristics fou
in these systems, one would expect a similar quantitat
agreement when measuring current-current fluctuation
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