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We demonstrate that the charge value of transport mechanisms heavily impacts the validity of thermodynamic
uncertainty relations (TURs). Specifically, we show within the framework of full counting statistics, that the
recently established quantum TUR can be violated by the presence of transport processes that carry more than
one charge, like Andreev reflection processes in normal metal-superconductor junctions. We propose a modified
quantum TUR, which incorporates the charge value and demonstrate that this charge-dependent quantum TUR
can only be violated if the highest charge transport process exceeds this charge value. In particular, we establish
that the breaking of the quantum TUR solely originates from the charge value of the highest charge transport
process. Namely, our analytical considerations do not invoke the existence of superconductivity, and these
considerations generally hold for noninteracting electronic transport which can be described by the scattering

formalism.
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Introduction. The classical thermodynamic uncertainty
relation (TUR) establishes a trade-off relation between signal-
to-noise ratio and the associated entropy production [1,2]. In
the case of charge transport, the TUR dictates S// 2> 2kg/%
with kg being the Boltzmann constant, X the entropy produc-
tion rate, / the average charge current and S the corresponding
noise [1-9]. TUR violations have been predicted in quan-
tum systems attributed to either quantum coherence or the
breaking of local detailed balance [9-16]. Large deviations
of TURs due to quantum effect could enhance performance
and stability of thermal machines [8,11,17,18]. There has
been an ongoing effort on finding quantum systems which
exhibit significant breakdowns of the TUR [9,13,14,19,20],
for example in hybrid normal-superconductor quantum dots
[9]. Whereas the classical TUR is the primarily studied TUR,
there are other types of TURs, which arise from making dif-
ferent assumptions about the underlying system, for example
for driven systems [12,21], multiterminal systems [11], or by
considering the integrated current [7].

The classical TUR was studied for transport in quantum
conductors in Ref. [8], where a nonlinearity in the form of an
energy dependent transmission function is needed in order to
break the classical TUR. However, the breakings which orig-
inate from these nonlinearities are difficult to experimentally
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verify [22]. It was shown in Ref. [23] that charge transport
processes of charge values larger than one favor classical TUR
violations, namely (multiple) Andreev reflection processes
in superconducting junctions, which makes such systems
promising candidates for the experimental demonstration of
the breaking of the classical TUR. However, breaking the
classical TUR does not quantify the severity of the violation.
Namely, largely breaking the classical TUR is possible for
a chain of quantum dots with a rectangular transmission,
which corresponds to the maximal violation [19]. A new
tighter limit was established in Ref. [24], the so-called quan-
tum TUR, which marks the absolute limit for conventional
conductors following Landauer’s current formula [25]. As
shown in Ref. [26], this quantum TUR is broken in normal
metal-superconductor junctions in the large gap limit, where
Andreev reflection processes are dominating the transport,
and the reason for the breaking of the quantum TUR was
attributed to macroscopic quantum coherence arising from
superconductivity. As transport in the presence of supercon-
ductors does not follow the assumptions made for the quantum
TUR in Ref. [24], a violation is not fundamentally prohibited.
Therefore, the question arises what the fundamental reason for
the breaking of the quantum TUR is and if a new bound can
be found for transport in hybrid junctions that also includes
superconducting elements. Such a modified TUR has already
been derived in Ref. [26] for the large gap limit where quasi-
particle tunneling is not present.

In this work, we establish that the charge value of the
dominating transport mechanism is the primary factor in
determining the respective charge-dependent quantum TUR.
We extend the quantum TUR to arbitrary charge values via
the general framework of full counting statistics [27,28]. We
demonstrate our findings by analyzing transport in normal
metal-superconductor junctions numerically and show that
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the quantum TUR is easily broken but that transport obeys
the charge-2 quantum TUR. We furthermore show that trans-
port in superconductor-superconductor junctions breaks any
charge quantum TUR because of the presence of an un-
bounded number of multiple Andreev reflection processes.
We infer that there is no suitable charge quantum TUR for
transport in superconductor-superconductor junctions and that
the nth order multiple Andreev reflection in the limit n — oo
describes the absolute limit of TURs in quantum transport.
Furthermore, the analytical considerations are illustrated in
the framework of full counting statistics, without invoking
the need of superconductivity. Therefore, we ultimately show
that the breaking of the quantum TUR is solely attributed to
charge values larger than one of a transport process and that
the presence of superconductivity is merely the cause of this
charge value to be present.

Quantum TUR. In the following, we establish that transport
processes which transfer more than one charge can break the
quantum TUR. First, the quantum TUR establishes a trade-off
between entropy production and noise to current ratio and can
be written as [24]

sinh(,BV/Z)? > 1, (1)

with the inverse temperature 8 = 1/(kgT ), the voltage V, the
noise S, and the current / (we work in units of e = 1). Fol-
lowing Refs. [8,23], we can perform perturbative expansions
in the voltage of current and noise

I=G\V+1GV*+ 16V +... | @)
S=So+S1V+35Vi+eSVi+-. 3)
and of the prefactor
sinh(BV/2) = (BV)/2+ (BV)/48+---, (4
from which we define the function
= (BV)/2+al(BV?)/48 +---], )
and consider a modified version of Eq. (1)
S
raY 2 1. (6)

In particular, for « = 1 the above equation describes the
quantum TUR in Eq. (1), whereas for « = 0 we recover the
classical TUR [8]. Then, we can expand Eq. (6) in the voltage
while using the relations So = 2G; /8 and S| = G,/ to arrive

at
S B°Gi 58 G 2
F=reo =1+ — 2P By g
T +G1|:24 4 6] ™
:Cneq

where we define the TUR-breaking factor Cpeq. Namely, if
Cheq < 0, the TUR is violated for small voltages whereas it
is fulfilled for Cpeq = 0. Notice that the quantum TUR intro-
duces a term into the expansion which is proportional to the
first moment of the current.

In order to demonstrate the role of the charge in a trans-
port process, we make use of full counting statistics (see
Refs. [27-29]). We assume noninteracting transport which can

be described by a scattering matrix. In particular, the corre-
sponding cumulant generating functional then corresponds to
a multinomial charge distribution, and the general current and
zero-frequency noise can be expressed by [29-31]

1
= Z/dE Xn:npn, 8)

2
=%de[Zn2pn—<ann> ] ©)
n n

with the charge resolved probabilities p, = p,(E, V, B) which
depend on energy, voltage, inverse temperature, and on
the charge value n. Namely, pi; corresponds to the prob-
ability of quasiparticle tunneling transferring one charge,
whereas pi, corresponds to transport mechanisms transfer-
ring two charges, like Andreev reflection. As in Ref. [23], we
can expand the probabilities in voltage p, = p® + p(”V +
pﬁlz)V2 /2 + ... and use the detailed balance COHdlthHS Pon =
pnexp(—nBV) to express the moments of current and noise
through the moments of the probabilities p”). We obtain a
similar result as in Ref. [23],

2
24Ceq dE 242 (0) 2.(0)
B3 ZfT[Z(“"’Z” wipl? =12\ 3 owtp | .

n>0 n>0

(10)

In the following, we want to investigate how to minimize
this coefficient, in order to establish a corresponding TUR.
We note that this function is concave in the space of proba-
bilities {p?},. In the respective parameter space {p?[p® >
01y, P9 < 1}, the global minimum is therefore achieved at
boundary points, corresponding to probability distributions
concentrated on a single probability of the highest charge
value N. Thus, the function is minimized if the highest charge
value probability is maximal pg\(,)) # 0 and others are zero.
Therefore, without loss of generality when considering the ab-
solute bounds of the quantum TUR in systems with transport
mechanisms of higher charge value, we can restrict ourselves
to configurations where each probablhty except the h1 hest
charge value one are zero, meaning that pN # 0 and p,Z< N =
0. We therefore arrive at the following formula for the TUR-
breaking factor,

Cneq__Nz( +2N2)/ dE (0)<

2N
o+ 2N2 PN

(11)

and it is clear that the quantum TUR (« = 1) is more difficult
to break than the classical TUR (¢ = 0).

Let us start the analysis of Eq. (11) by recapping the clas-
sical TUR (a = 0). For conventional quasiparticle transport
(N = 1) according to Landauer, we have p(lo) =T -1
with the transmission function 7 = 7 (E) and the Fermi func-
tion f = f(E) while p(o)1 = 0. Thus, we retrieve the results
established in Ref. [8], namely in the case of a uniform trans-
mission, that the classical TUR cannot be broken. In the case
when the transmission is not uniform, but rather peaked at a
certain resonance value Ej, and temperatures are large com-
pared to the respective broadening scale of the transmission
('8 <« 1), the contribution to the integral in Eq. (11) comes
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from energies close to Ey and is proportional to [8]
Coeq ¢ [11 — 6f (Eo)(1 — f(Eo))2], 12)

with 7; = [dE T/(E). Requiring Cheq < 0 and using that
f(1 — f) < 1/4 results in the condition

T 2

. > 3 (13)
providing a stringent condition on the shape of the energy
dependence of the transmission.

In order to compare transport mechanisms of different
charge values, let us assume a Landauer type probability for
an arbitrary charge value transport mechanism, namely pl\(,) ) =
Tf( — f) with an energy dependent effective transmission
function 7 = 7T (E) with 0 <7 < 1, while pfiozN =0. In
particular, the zero-voltage probability of coherent Andreev
reflection (N = 2) in a general normal metal-superconductor
junction fulfills this condition [31]. Note that this form of the
probability is also justified by the fact that we are considering
coherent transport between large fermionic reservoirs which
are in equilibrium. Thus, transport is only possible with a full
initial state py o f and an empty final state py o (1 — f),
and the combination of both fulfills the detailed balance con-
dition at finite bias.

Noticing that for o = 0, the prefactor reads 12N?/(a +
2N 2) = 6, we realize that the TUR-breaking condition for the
classical TUR in Eq. (13) is independent on the charge value
N. Thus, a violation of the classical TUR is solely attributed to
the energy dependence of the effective transmission 7 (E). In
the case of a normal metal-superconductor junction, the effec-
tive transmission of the Andreev reflection (p(2<))) is effectively
box shaped which results in large violations of the classical
TUR [19,23].

Turning to the quantum TUR, we again assume an isolated
charge transport mechanism of charge value N with pg\(,)) =
T f(1 — f) with an effective transmission function peaked at
a certain energy while pg ~ = 0. One can show, following the
steps leading to Eq. (12), that

Cheq & [T1 = 12N? /(a + 2N?) f(Eo)(1 — f(Eo))T2]  (14)
and the TUR-breaking condition now reads

n_2(, @ (15)
— > p— —_—
T] 3 2N?2 ’

where one easily observes that the quantum TUR (a¢ = 1)
provides a tighter bound than the classical TUR (o = 0). More
importantly, the condition now depends on the charge value
N. In particular, for quasiparticle tunneling in normal metal
junctions where N = 1, we obtain 7, > t; for the quantum
TUR (o = 1), which is never fulfilled, meaning that a one-
particle transport process cannot break the quantum TUR, in
accordance with Ref. [24].

However, for a charge transport mechanism of higher
charge value like Andreev reflection, it holds that N = 2, so
we obtain the condition 175/t > 3/4, which can be achieved.
It is seen that the charge value heavily impacts the validity of
the quantum TUR. Note that we have not made any assump-
tions on the origin of these probabilities so far (we have not
invoked the existence of superconductivity). In particular, note
that we have assumed the charge-2 transport process to have

the same energy dependence as a conventional Landauer type
charge-1 transport process p(20) =TfA-f)= p(lo), meaning
that the quantum TUR can be broken solely because of the
higher number of transferred charges. For large charge val-
ues N > 1, which would correspond to very high orders of
multiple Andreev reflections, the quantum TUR converges to
the classical TUR, meaning that the quantum TUR is easily
broken for these systems.

Charge quantum TUR. In the following, we establish an-
other type of quantum TUR which depends on the charge
value index A/, namely we define the charge-A” quantum TUR
by

sinh(,BNV/Z)Ai/I > 1, (16)

which for N/ = 2 is the result in Ref. [26] which is derived
for a superconducting hybrid system when only Andreev re-
flection is present. First, we establish that transport of charge
values higher than one, like Andreev reflection in normal
metal-superconductor junctions with N = 2, obeys this TUR
for N'=2 and breaks it for A/ = 1. Upon introducing the
charge value index N, the coefficient Cneq only acquires an
additional factor

24Ce dE
o [ g 20w
n>0
2
- 12( Zﬁﬁ?’) } (17)
n>0

where we see that by considering the classical TUR (¢ = 0),
the charge value index N drops out. In particular, this modifi-
cation still retains Cyeq to be concave and it is still minimized
on the edges of the parameter space, namely if we choose the
charge value index A in Eq. (16) to be equal (or larger) to
the highest charge value of transport processes N < N, the
coefficient is minimized for pg\?) # 0 and all other probabili-
ties set to zero. Hence, by assuming pg\?) =Tf( — f) with
a peaked transmission function, we obtain a modified version
of Eq. (14) with @ — a//? and consequently arrive at

T 2 OlNz
2o+ ) >, 18
r1>3(+21v2>/ (18)
———
>1/2

meaning that the charge-A quantum TUR is always fulfilled if
the maximal charge value of transport is smaller than or equal
to the charge value index, N < V.

Whereas the above considerations have been done in the
limit of small voltages and high temperatures (I'8 < 1), we
can evaluate the charge quantum TUR from the full current
and noise numerically for a normal metal-superconductor
point contact. We follow Ref. [23] and define the charge
dependent TUR-breaking coefficient

S
FN = i sinh(BN'V/2)~", (19)
which is positive (or zero) if the charge-A/ quantum TUR in
Eq. (16) is fulfilled and negative if the inequality is violated. In
the following, we will compute this TUR-breaking coefficient
for the case of ' = 1 (quantum TUR) and A/ = 2 (charge-2
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FIG. 1. Investigation of the charge dependent quantum TUR for the voltage-dependent current and noise in a normal metal-superconductor
point contact with one channel of energy-independent transmission t with temperature kg7 /A(T) [A = A(T) is the temperature dependent
superconducting gap]. (a) The minimal TUR-breaking coefficient for the quantum TUR [N = 1 in Eq. (16)] for different temperatures kg7
and bare transmissions t. It is seen that the (charge-1) quantum TUR is broken for large temperatures and transmissions. (b) The minimal
TUR-breaking coefficient for the charge-2 quantum TUR [A = 2 in Eq. (16)] as in (a). It is seen that the coefficient is strictly positive.

quantum TUR). In particular, we plot the minimal value of
FN in Eq. (19) for the voltage for each pair of temperature
and transmission

N

min(IB’ T) = minVFN(,Br T, V). (20)

In the following, we analyze the voltage-dependent current
and noise in a normal metal-superconductor point contact
with one channel of constant transmission 7 at temperatures
ksT /A, where A is the superconducting gap, utilizing the
methods in Ref. [23]. Notice that this transmission is not
the same as the effective transmission used for the probabili-
ties before. This bare transmission describes the transmission
probability of a particle traversing the scattering region be-
tween the normal metal and superconductor. In Figs. 1(a)
and 1(b), we show the minimal value of the TUR-breaking
coefficient 7. and F2, [see Eq. (19)]. It is seen that the
(charge-1) quantum TUR is easily broken for sufficiently high
temperatures and transmissions [see panel (a)] whereas the
charge-2 quantum TUR is always fulfilled [see panel (b)].
In this case, the maximal charge value of transport is N = 2
because Andreev reflection transfers two charges. For the
quantum TUR, it holds that A" = 1 and the TUR can be bro-
ken. The charge-2 quantum TUR [N = 2 in Eq. (16)] cannot
be violated. This shows that the relation proposed in Ref. [26]
also holds in the presence of Andreev reflection and quasi-
particle tunneling. We attribute this fact to the concave nature
of Eq. (17), which results in the function to be minimized at
edges of the available parameter space.

Higher order charge mechanisms. In the following,
we want to study higher order charge transport mecha-
nisms like multiple Andreev reflections in superconductor-
superconductor junctions. In particular, the charge numbers
can heavily exceed the previously studied value of N = 2.
We recall, that in order to minimize the charge-N quan-
tum TUR, the highest charge value transport probability is
nonzero, whereas all others are zero. Then, the condition
for breaking charge-A quantum TUR is given by Eq. (18)
for arbitrary N and N. Note that if there exists a highest
charge value transport mechanism of charge N, the charge- A

quantum TUR cannot be broken if N < N. In the case of
N = N, the TUR results in 7, > 7, which cannot be fulfilled.
However, in the case of unity transmission, the maximal order
of multiple Andreev reflection is, in principle, unbounded.
Namely, the Nth order multiple Andreev reflection has an
onset voltage of V =2A/N [29,30]. Thus, for each charge
value index N, we will always find a process of charge value
N > N by lowering the voltage (N ~ 2A/V) resulting in the
possibility of breaking the TUR. We infer that in the case of
countably infinite charge values being present in transport, we
cannot establish a corresponding charge quantum TUR. We
conclude that such scenarios correspond to the ultimate limit
of thermodynamic tradeoff between current-noise ratio and
entropy production. Namely, by continuously increasing AV in
Eq. (18), it is evident that the condition becomes increasingly
more stringent.

Nonetheless, the previous considerations enable us to
quantify the degree of TUR violations in such scenarios in a
systematic way. Namely, by increasing the charge value A of
the charge quantum TUR, the bound gets increasingly more
tight. In the following, we consider the validity of different
charge quantum TURs for transport in a superconductor-
superconductor point contact with one channel of constant
transmission t by calculating the minimal TUR-breaking co-
efficient exactly as for Fig. 1. Namely, the full current and
noise follow from the same calculations as in Ref. [23]. In
Figs. 2(a)-2(c), we illustrate the minimal TUR-breaking coef-
ficient Fnjl\ifl [see Egs. (19) and (20)] for the charge-A quantum
TUR for N = 1, 2, 5 [see Eq. (16)], which corresponds to the
quantum TUR, the charge-2 quantum TUR, and a high charge
value quantum TUR. We find that for each of these three cases,
there is a combination of transmission and temperature which
breaks the TUR. In particular, the breaking seems to always
be present for the case of unity transmission and high enough
temperatures, which relates to the current never entering the
linear regime in these cases [29,30].

Conclusions. We have demonstrated analytically that the
highest charge value in transport dictates the corresponding
charge quantum TUR. Furthermore, a charge value which
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FIG. 2. Investigation of the charge dependent quantum TUR for the voltage-dependent current and noise in a superconductor-
superconductor point contact with one channel of energy-independent transmission t with temperature kg 7'/ A (A is superconducting gap). The
minimal TUR-breaking coefficient F2Y. for the charge- A" quantum TUR [Eq. (16)] for A" = 1 (quantum TUR) in panel (a), N = 2 (charge-2

min

quantum TUR) in panel (b) and ' = 5 (charge-5 quantum TUR) in panel (c). It is seen that the larger the charge value N, the smaller the

region where the respective TUR is broken.

is larger than one can generally lead to violations of the
quantum TUR if the process is resonant. By utilizing the
framework of full counting statistics, we show that the break-
ing is rooted solely in the charge of the transport process
as the framework of full counting statistics does not invoke
the existence of superconductivity. We have also shown the
role of charge in the case of transport in normal metal-
superconductor junctions by checking the validity of different
charge quantum TURs. We find that transport in normal
metal-superconductor junctions easily breaks the (charge-
1) quantum TUR whereas the charge-2 quantum TUR is
never broken.

Finally, we have shown that higher order transport pro-
cesses, in particular multiple Andreev reflections, cannot be
fundamentally bound by these charge quantum TURs, as the
charge number of these processes is unbounded in ballis-
tic scenarios (t = 1). Nonetheless, these charge-N quantum
TURSs establish a way on measuring the degree to which TUR
is broken, as increasing the charge number N makes the
bound progressively more tight.

We want to stress that we have assumed a cumulant
generating function corresponding to a multinomial charge
distribution. In particular, such a charge distribution also ap-
pears in systems with interactions, like the Kondo dot or
Anderson impurity model [32,33], where higher order charge
transport mechanisms appear in the form of two-electron

transport. A detailed analysis into the thermodynamic prop-
erties of such systems would be insightful to see how the
concepts of the quantum TUR generalize to systems with
interactions. In Ref. [34], effects of interactions on TURs are
studied for normal metal-superconductor junctions. There are
numerous other types of charge distributions, which would re-
sult in different versions of corresponding TURs, for example
for fractional charges, super-Poissonian noise, or phonon-
mediated electron transport all in the presence of interaction
[35-37]. Furthermore, higher orders of charge transport might
eventually arise from sources other than the superconductiv-
ity, such as for photon- or plasmon-assisted tunneling [38—40].
However, as the thermodynamic affinity does not correspond
to the voltage, a dedicated analysis is required to properly
quantify TURs in these cases.
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