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Multiterminal superconducting junctions have revitalized the investigation of the Josephson effect. One of
the most interesting aspects of these hybrid systems is the occurrence of multi-Cooper pair tunneling processes
that have no analog in two-terminal devices. Such correlated tunneling events are also intimately connected
to the Andreev bound states (ABSs) supported by these structures. Josephson junctions with four supercon-
ducting terminals have attracted special attention because they are predicted to support ABSs with nontrivial
topological properties. Here, we present a theoretical study of sextets, which are correlated tunneling processes
involving three Cooper pairs and four different superconducting terminals. We investigate how sextets can be
identified from the analysis of the current-phase relation, show how sextets are connected to the hybridization
of ABSs, and discuss their existence in recent experiments on four-terminal devices realized in hybrid Al/InAs
heterostructures.
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I. INTRODUCTION

The dc Josephson effect, i.e., the ability of a supercon-
ducting junction to sustain a nondissipative current, is one of
the most emblematic phenomena in the field of superconduc-
tivity [1,2]. The modern view of the dc Josephson effect is
that a superconducting phase difference across a Josephson
junction generates Andreev bound states (ABSs), which in
turn mediate the Cooper pair transfer responsible for the su-
percurrent flow [3,4]. The exact current-phase relation (CPR)
of a superconducting hybrid device depends on many details
(materials, junction dimensions, etc.), and its connection with
the ABS energy spectra has been widely investigated in two-
terminal Josephson junctions (JJs), see Refs. [5–19] for recent
examples.

The advent of multiterminal Josephson junctions (MTJJs)
has provided a new impetus to the study of the Josephson
effect and related issues [20–26]. The interest in these
hybrid systems is multifaceted. Thus, for instance, these
MTJJs sustain ABSs that depend on a number of supercon-
ducting phase differences, thus forming energy bands that
may exhibit unique properties and eventually serve as a new
type of qubits. In particular, it has been theoretically predicted
that MTJJs are ideal platforms for band-structure engineering
to realize topological systems [27–40]. In fact, the first ex-
perimental steps in this direction have already been reported
making use of tunneling spectroscopy [41,42]. Another topic
of interest in the context of MTJJs is the use of these hybrid
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structures to investigate so-called Josephson diodes [43]. Ad-
ditionally, it has also been recently predicted that the ABSs
in MTJJs could enable the study of engineered non-Hermitian
topologies [44].

From the standpoint of quantum transport, MTJJs are also
very interesting because they enable the exploration of com-
plex tunneling processes that have no two-terminal analogs.
A good example is the concept of a quartet, which consists
in the simultaneous tunneling of two Cooper pairs originating
in a given superconducting terminal and exiting the structure
via two different electrodes [45,46]. These tunneling events
give rise to a very peculiar phase dependence in the CPR
that reflects the correlated, multiterminal character of these
processes [47–50]. Thus far, most of the experimental efforts
to observe these quartet processes have been based on probing
the system response as a function of two bias currents or
voltages [51–55]. A notable exception is Ref. [56] in which
quartet signatures were found directly in the ABS tunneling
spectra of a three-terminal device employing the so-called
quartet tomography, which consists of a Fourier analysis of
either the CPR or the ABS band structure. In that work, it was
also shown that the occurrence of quartets is closely related
to the hybridization of the ABSs. This fact illustrated that
quartets are not only of fundamental interest, but also that
their analysis serves to rigorously establish if a MTJJ exhibits
genuine physics beyond that of two-terminal devices.

The goal of this work is to extend the theoretical analysis
of correlated tunneling processes to the case of four-terminal
devices. Four-terminal JJs have become the Holy Grail of this
field because, as mentioned above, it has been predicted that
they can be used to realize topologically nontrivial phases
in the three-dimensional ABS band structure, in particular
with the appearance of Weyl nodes [28]. In this context, we
focus here on the analysis of sextets, which are processes
that involve the simultaneous tunneling of three Cooper pairs
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through up to four different superconducting terminals. To be
precise, we focus here on short junctions, with dimensions
smaller than the superconducting coherence length. We make
use of relatively simple models to illustrate the nature of
these tunneling events, discuss under which conditions they
can be observed in the CPR, and show how they are related to
the hybridization of the ABSs in these MTJJs. Finally, we also
discuss the possible existence of sextets in recent experiments
performed in four-terminal JJs realized in hybrid Al/InAs
heterostructures [42].

The rest of this paper is organized as follows. In Sec. II,
we analyze a model of a four-terminal Josephson junction in
which the normal region is made of a single quantum level.
This simple model allows us to illustrate the character of the
sextets, as well as to discuss the conditions for their obser-
vation in the CPR. Section III is devoted to the analysis of a
double-dot model with the goal of elucidating the connection
between the occurrence of sextets and the hybridization of the
ABSs. In Sec. IV, we investigate the occurrence of sextets in a
model that was recently employed to describe the ABS spectra
in four-terminal JJs realized in a hybrid Al/InAs heterostruc-
ture [42]. We summarize the main conclusions of this work in
Sec. V. We also include two appendices to describe the tech-
nical details concerning the calculation of the supercurrent in
the different models presented in this work, see Appendix A,
and to provide additional results obtained with an insightful
approximation, see Appendix B.

II. SEXTET TOMOGRAPHY: SINGLE-DOT MODEL

Let us start our discussion by defining what we mean by
a sextet and how it can be identified in the CPR of a MTJJ.
For this purpose, it is instructive to analyze the simple model
shown in Fig. 1(a). In this model, a single-level, noninteract-
ing quantum dot is coupled to N superconducting leads. The
energy of the spin-degenerate level is denoted by ε0 and the
electrodes are s-wave superconductors with energy gaps � j

and superconducting phases φ j ( j = 1, . . . , N). The coupling
between the normal region and the lead j is described by the
tunneling rate � j (with dimensions of energy). Let us clarify
that the quantum dots used in the different models presented in
this work simply provide a convenient way to parametrize the
normal-state scattering matrix of noninteracting hybrid MTJJs
exhibiting a few relevant conduction channels. In these mod-
els we do not consider interaction effects that might eventually
lead to phenomena like Coulomb blockade or Kondo physics.

Our objective is to calculate the nondissipative, zero-bias
current flowing through the different terminals as a func-
tion of the superconducting phases φ j . To this end, we
make use of Green’s function techniques and our starting
point is the (dimensionless) retarded and advanced Green’s
functions of the leads, which in a 2 × 2 Nambu representa-
tion read ĝr/a

j (E ) = gr/a
j τ̂0 + f r/a

j eıφ j τ̂3 τ̂1, with gr/a
j = −(E ±

ıη)/
√

�2
j − (E ± ıη)2 and f r/a

j = −� j/
√

�2
j − (E ± ıη)2.

Here, E is the energy, η = 0+, and τ0,1,3 are Pauli matrices.
As shown in Appendix A, one can write the current flowing
through lead i as Ii = ∑

j �=i Ii j , where Ii j is given by

Ii j = 8e

h
�i� j sin(φ ji )

∫ ∞

−∞
�
{

f a
i (E ) f a

j (E )

D(E ,φ)

}
nF(E ) dE , (1)

FIG. 1. (a) Schematics of the single-dot model. A single-level of
energy ε0 is coupled to N superconducting terminals with phases φ j .
The parameter � j describes the strength of the coupling between the
dot and lead j. The blue lines describe a sextet process in which three
Cooper pairs tunnel simultaneously from terminal 1 and each of them
leaves the hybrid structure via a different electrode. (b) Example of
the current-phase relation I1(φ12, φ32, φ42) for the model in (a) with
four identical leads with energy gap �. The different parameters are:
� j = 5� for j ∈ {1, 2, 3, 4}, ε0 = 0, φ42 = 0, and kBT = 0.01�.
(c) The corresponding phase dependence of the ABSs for the exam-
ple in (b). (d) The total contribution of the four sextets to the current
I1 in the example of panel (b), i.e., ignoring the contribution of any
other tunneling event in Eq. (3).

where φ ji = φ j − φi, nF(E ) is the Fermi function, φ =
(φ1, . . . , φN ), and D(E ,φ) is given by

D(E ,φ) =
[

E − ε0 −
∑

k

�kga
k

][
E + ε0 −

∑
k

�kga
k

]

−
[∑

k

�k f a
k eıφk

][∑
k

�k f a
k e−ıφk

]
. (2)

The ABS energies as a function of the different superconduct-
ing phases are obtained from the condition D(E ,φ) = 0.

In this work, we are interested in four-terminal devices
and for concreteness, we shall focus on the analysis of I1, the
supercurrent flowing through terminal 1. This current depends
on three phase differences, chosen φ12, φ32, and φ42, and can
be written as the following Fourier series

I1(φ12, φ32, φ42) =
∑
l,n,m

clnm sin(lφ12 + nφ32 + mφ42). (3)

In a four-terminal Josephson junction, a sextet is a corre-
lated tunneling process in which three Cooper pairs tunnel
into the normal region from a given terminal and each one
exits the structure through a different terminal. This multi-
Cooper pair tunneling process gives a contribution to the
current that depends on a combination of phases of the type
φs

l = φi + φ j + φk − 3φl . Here, l corresponds to the terminal
from which the three Cooper pairs originate and all indices are
different. In a four-terminal device, there are four sextets, each
one originating from a different terminal. The contribution
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of sextet l to I1 is given by Sl sin(φs
l ), where the index l

indicates that the three Cooper pairs involved in the sextet
come from terminal l . With this notation, and comparing with
Eq. (3), we have that S1 = c−311, S2 = c111, S3 = c1−31, and
S4 = c11−3. Thus, the contribution S1 corresponds to the sextet
in which three Cooper pairs enter the normal region from
terminal 1 and exit separately via the other three terminals,
see Fig. 1(a). In the same way, S2 corresponds to the sextet
where the three Cooper pairs come from terminal 2 and so on.
As shown in Appendix A, one can do a perturbative analysis
of Eq. (1) to show that the Fourier coefficients determining
the sextets are given to leading order in the � parameters by
c−311 = 3A1, c111 = −A2, c1−31 = −A3, c11−3 = −A4, where

Al = 4e

h
�3

l �i� j�k

∫ ∞

−∞
dE nF(E )

×�
⎧⎨
⎩

[
f a
l (E )

]3
f a
i (E ) f a

j (E ) f a
k (E )(

E2 − ε2
0

)3

⎫⎬
⎭. (4)

This equation supports the interpretation that a sextet of the
type φs

1 = φ2 + φ3 + φ4 − 3φ1 involves the injection of three
Cooper pairs from terminal 1 that are transferred separately to
leads 2, 3, and 4. It is important to stress that, apart from these
sextet contributions, the supercurrent I1 also has contributions
from all the typical two- and three-terminal processes. In
any case, Eq. (3) provides a direct way to extract the sextet
contributions, which simply consists in performing a Fourier
analysis of the CPR [56]. On the other hand, the form of
Eq. (3) is completely general for a four-terminal device, i.e.,
it is independent of the structure of the normal region, which
only affects the individual coefficients clnm in Eq. (3).

We illustrate the results for this single-dot model in
Fig. 1(b) where we show the CPR I1 for the parameters
specified in the figure caption. On the other hand, and to
illustrate the role of the sextets, we display in Fig. 1(d) the
supercurrent exclusively due to the four sextets, which was
simply determined by selecting the corresponding Fourier
coefficients in Eq. (3). Notice that these correlated tunneling
processes give a non-negligible contribution to the total cur-
rent. As mentioned above, it is important to emphasize that the
sextet contributions are accompanied by many others, which
include single- and multi-Cooper pair tunneling between pairs
of terminals and quartets involving three terminals. This is the
reason why these multi-Cooper pair tunneling processes are
not easy to identify solely by exploring the critical current of
these junctions.

It is important to recall that in these coherent supercon-
ducting structures, the supercurrent is mainly carried by the
ABSs, with negligible contribution from the continuum of
states. As stated above, the energies of those bound states can
be obtained from the condition D(E ,φ) = 0. In Fig. 1(c), we
show the ABSs corresponding to the four-terminal example of
Fig. 1(b). Notice that ABSs form a pair of energy bands with
electron-hole symmetry. In these MTJJ, the zero-temperature
current I1 is obtained from the energies E (k)

ABS of the occupied
ABSs as follows:

I1(φ) = 2e

h̄

∑
k

∂E (k)
ABS(φ)

∂φ1
, (5)

FIG. 2. Evolution of the magnitude of the sextet coefficients as a
function of the level position in single-dot model of Fig. 1 with four
terminals. The parameters other than the level position are the same
as in Fig. 1(b). Notice that there is a threefold degeneracy of these
coefficients.

where the factor 2 is due to spin degeneracy. We have ver-
ified that, in all the examples shown in this work, we can
reconstruct the CPR using Eq. (5). This demonstrates that
the supercurrent is carried by the ABSs with no contributions
from the continuum. As discussed in Ref. [56], this connection
between ABSs and supercurrent suggests another protocol to
identify sextets, which consists in the Fourier analysis of the
ABS spectrum. That is a viable strategy in those experiments
in which the ABS spectrum is measured, e.g., via tunnel-
ing spectroscopy [41]. This was explicitly demonstrated in
Ref. [56]. In this work, we shall not pursue this strategy and
focus on the sextet signatures directly in the CPR.

Once we have established that sextets may exist in coher-
ently coupled multiterminal systems, the next natural issue
is to find out in which range of parameters these processes
should be observable. Obviously, from the nature of these
multi-Cooper pair processes, one expects these tunneling
events to give a sizable contribution to the current when these
structures are highly transparent. To illustrate this idea, we
show in Fig. 2 the evolution of the sextet Fourier coefficients
with the level position ε0. By moving the level position away
from the Fermi energy (ε0 = 0), the magnitude of these coef-
ficients diminishes monotonically towards the tunnel regime,
as expected. In this evolution, the ABS spectrum exhibits zero
energy states when the level position lies at the Fermi energy,
see Fig. 1(d), and they move progressively towards the gap
edges when the quantum dot level moves outside the gap (not
shown here). The results shown in Fig. 2 also illustrate the fact
that in the symmetric case in which all dot-electrode couplings
are equal, the sextet coefficients S2, S3, and S4 are equal, as
suggested by the analytical results of Eq. (4). Notice also that
the quartet associated with the coefficient S1 has a magnitude
that is three times larger than that of the other three sextets,
again as expected from the analytical results in this case.

III. SEXTETS AND ABS HYBRIDIZATION:
TWO-DOT MODEL

In most experimental situations there are several ABSs that
significantly contribute to the supercurrent. These ABSs, in
turn, may hybridize. This occurs when several terminals are
coherently coupled. Since this is the situation in which sextets
are expected to appear, one may wonder about the connec-
tion between ABS hybridization and sextets. To address this
issue, we now investigate the simplest model that includes
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FIG. 3. (a) Schematics of the two-dot model. Two single-level
quantum dots of energies ε1 and ε2 are coupled to four supercon-
ducting terminals with phases φ j . The parameters � describe the
strength of the coupling between the levels and the leads, as shown
in this schematics. In particular, leads 2 and 4 are coupled to the two
dots. The parameter t describes the interdot coupling and controls
the degree of hybridization of the ABSs. (b) Example of the current-
phase relation I1(φ12, φ32, φ42) for the model in (a) with four identical
leads with energy gap �. The different parameters are: � j = 5� for
j ∈ {1, 21, 22, 3, 41, 42}, ε1 = ε2 = 0, t = 5�, φ42 = 0, and kBT =
0.01�. (c) The corresponding phase dependence of the ABSs for the
example in (b). We only show here the two states below the Fermi
energy (there is electron-hole symmetry). (d) The total contribution
of the four sextets to the current I1 in the example of (b).

ABS hybridization, namely a two-dot system coupled to four
superconducting leads, see Fig. 3(a). The key parameters of
this model are described in this figure and again, we neglect
interaction effects in the quantum dots. The most important
parameter for the following discussion is the hybridization
parameter or interdot coupling t , which in this four-terminal
configuration controls the degree of hybridization between
the two three-terminal ABSs states that may appear in this
system (states involving terminals 1, 2, and 4 and 3, 2, and 4).
The calculation of the supercurrent can be done in this case
following the general recipe described in Appendix A. Again,
one can show that the generic CPR of Eq. (3) applies to any
four-terminal device, we again have four sextets, which can
be identified in exactly the same way from the knowledge of
the CPR.

In Fig. 3(b), we show a particular example of the CPR
in a high-transparent situation (see figure caption for the list
of parameters). We also show in panel (d) the corresponding
contribution of the four sextets. Again, this contribution is
clearly sizable, providing a clear demonstration of the exis-
tence of this type of process. The corresponding ABSs for
this example are shown in Fig. 3(c), where only the two states
below the Fermi energy are displayed (recall that there is
always electron-hole symmetry in our systems).

To address the connection between sextets and ABS hy-
bridization, we explore the evolution of the magnitude of the
sextets with the interdot hopping, t . This evolution is shown in
Fig. 4(a) for the same parameters (other than t) as in Fig. 3(b).

FIG. 4. (a) Evolution of the magnitude of the sextet coefficients
as a function of the interdot coupling t in the two-dot model of
Fig. 3(a). The parameters other than t are the same as in Fig. 3(b).
(b) Same as in (a), but for asymmetric couplings: �1 = 5�,�21 =
2�, �22 = 3�, �3 = 4�, �41 = 2.5�, and �42 = 4�.

Several salient features emerge. First, for t = 0, i.e., when
there is no hybridization between the ABSs, the sextet con-
tributions exactly vanish, as expected. This illustrates that the
hybridization of the bound states requires the occurrence of
sextets, that is, the sextets are the origin of the ABS hybridiza-
tion. Notice that the opposite is not true, i.e., the occurrence
of sextets does not necessarily imply ABS hybridization, as
is obvious in the single-dot model of the previous section.
Second, for very large values of t (larger than the couplings of
the dots with the electrodes), the sextet amplitudes also tend
to vanish. This is a simple consequence of the fact that in this
limit a low transparent regime is achieved where multi-Cooper
pair tunneling events become very unlikely. Third, the nonvan-
ishing coefficients reach their maximum around t ∼ � = 5�.
One can show that this situation corresponds to the highest
transparent situation in which zero-energy ABSs become
possible, because of a reflectionless scattering mode present
in the normal state scattering matrix of the system [57].

Finally, it is also worth noting that the sextets related to
terminals 2 and 4 (S2 and S4) are exactly zero for the very sym-
metric configuration of Fig. 4(a). We attribute this cancellation
to destructive interference between the different paths that
contribute to those two processes. This cancellation can be
explicitly shown in a perturbative expansion, where one finds
that the contribution is only exactly zero, when the system
is fully symmetric and the dot energies are exactly zero. To
back this up, we have studied the evolution of the sextets in a
situation in which the two couplings to terminals 2 and 4 are
not identical, and the results are illustrated in Fig. 4(b). Notice
that now all sextets give a finite contribution (for t �= 0), which
supports our interpretation above.

IV. SEXTETS IN A REALISTIC SETUP

The previous sections were based on simple models
that allowed us to illustrate the nature of sextets and their
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FIG. 5. (a) Schematics of the three-dot model taken from
Ref. [42]. Three single-level quantum dots of energies εL , εM , and
εR are coupled to four superconducting terminals with phases φ j . We
define φL = φ2 − φ1, φM = φ3 − φ2, and φR = φ4 − φ3. The param-
eters � describe the strength of the coupling between the levels and
the leads, as shown in this schematics. The parameter t describes
the interdot coupling and controls the degree of hybridization of the
ABSs. We assume that all interdot couplings are equal. (b) Exam-
ple of the current-phase relation I1 for the model in (a) with four
identical leads with energy gap �. The different parameters are:
� j = 0.37� for j ∈ {1, 21, 22, 3, 41, 42}, εL = εM = εR = 0.005�,
t = 0.12�, φM = 0.21π , and kBT = 0.01�. (c) The corresponding
phase dependence of the ABSs for the example in (b). We only show
here the three states below the Fermi energy (there is electron-hole
symmetry). (d) The total contribution of the four sextets to the current
I1 in the example of (b).

connection to the ABS hybridization. The final issue we
address is the possibility to have sextets in realistic setups.
For this purpose, we now investigate the model described in
Fig. 5(a), which we recently employed to describe the results
of the tunneling spectroscopy in a four-terminal device fabri-
cated in a hybrid Al/InAs heterostructure [42]. In that work,
the first tunneling spectroscopy of ABSs in a four-terminal
device was reported in which three different superconducting
phases were independently controlled. Furthermore, signa-
tures of an Andreev trimolecule were found where ABSs
depend on all three superconducting phase differences. On
the other hand, the model of Fig. 5(a) containing three dots
was shown to explain the key experimental observations con-
cerning the phase dependence of the three low-energy ABSs
exhibited by this four-terminal Josephson junction. Moreover,
this model was used to argue that under the experimental con-
ditions a phase-controlled topological phase transition could
occur. The question arises: Does this model predict the occur-
rence of sextets in this MTJJ?

We present in Fig. 5(b) an example of the CPR for the
values used in Ref. [42] to describe the experimental results.
We have slightly modified our notation to make it consis-
tent with that of Ref. [42] and we now express the CPR in
terms of the following three phase differences: φL = φ2 − φ1,
φM = φ3 − φ2, and φR = φ4 − φ3. Notice that this CPR only
differs from a CPR of two independent ABSs in the region

FIG. 6. (a) Evolution of the magnitude of the sextet coefficients
as a function of the interdot coupling t in the three-dot model of
Fig. 5(a). The parameters other than t are the same as in Fig. 5(b).
(b) Same as in (a), but for asymmetric couplings: �1 = 0.37�, �21 =
0.5�, �22 = 0.25�, �31 = 0.75�, �32 = 0.45�, and �4 = 0.8�.

around (π, π ), in which the states are expected to hybridize
the most. The corresponding ABSs computed with this model
and for the same set of parameters are shown in Fig. 5(c).
Notice in particular that the highest-energy state only shows
signs of hybridization in the region (π, π ) mentioned above,
which explains the behavior of the CPR. More importantly,
Fig. 5(d) displays the corresponding contribution of the
sextets to the CPR. These results demonstrate that such pro-
cesses are present in this multiterminal junction, which further
confirms the formation of an Andreev trimolecule demon-
strated in Ref. [42].

It is worth noting that the low-energy physics of this model
can be studied with the help of an effective Hamiltonian,
which can be derived from the full Green’s function ap-
proach by simply focusing on low energies, see Appendix B
for details. This low-energy approximation is convenient, for
instance, to analyze the topological nature of the ABSs, as
shown in Ref. [42]. Here, we have used this semi-analytical
approach to confirm the main conclusions above for the CPR,
the contribution of the sextets, and the phase dependence of
the ABSs, see details in Appendix B.

For completeness, we have also studied for this model the
evolution of the magnitude of the sextets as a function of the
hybridization parameter. We show in Fig. 6(a) this evolution
for the set of parameters of the example in Fig. 5(b). As
expected, the sextet contributions tend to vanish in the two
limiting cases: t → 0 and t → ∞. Notice that the evolu-
tion of these coefficients is not completely monotonic, again
suggesting the impact of interference effects. Notably, the
contributions S1/4 have a sign change in their amplitude and go
to zero at a nonzero value of the hybridization. Interestingly,
in the vicinity of this hybridization value, there is a topological
phase boundary where Weyl nodes originate [57], indicating
that there might be a direct connection between sextet contri-
butions and the underlying topology. It should also be noted
that two of the coefficients are degenerate (S2 and S3). Again,
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this degeneracy can be lifted by asymmetrizing the couplings
to those two leads, as we demonstrate in Fig. 6(b).

V. CONCLUSIONS

Motivated by recent experiments, we have presented a the-
oretical analysis of the occurrence of sextets in four-terminal
Josephson junctions. The analysis of these multi-Cooper pair
tunneling processes provides an unambiguous way, at least
from the theory side, to determine whether a MTTJ exhibits
genuine multiterminal physics. Using simple models in com-
bination with Green’s function techniques, we have studied
the conditions for the occurrence of these processes and how
they can be identified in the analysis of the CPR. We have
also shown that they are closely related to the hybridization of
ABSs in these heterostructures. Moreover, we have studied the
possible occurrence of sextets in recent experiments realized
in hybrid Al/InAs heterostructures [42]. Our analysis supports
the idea that such four-terminal devices indeed feature sextets.

Our study here can be extended in many different direc-
tions. For instance, following Ref. [56], it is straightforward
to analyze the impact of sextets in the ABS spectra of these
four-terminal superconducting devices. Another interesting
topic is the possible influence of the spin-orbit interaction
in these multi-Cooper pair tunneling processes, an interac-
tion that under certain circumstances can indeed affect the
ABS spectra of hybrid structures based on semiconductor
two-dimensional electron gases [58]. Most interestingly, the
connection between nontrivial topology and sextet processes
is still not clear. Considering that nontrivial topology only
becomes possible in true 4-terminal MTJJs, the existence of
sextet processes is a necessary condition for the existence
of topology. Furthermore, we find direct signatures that for
certain sextet contributions, a sign change with a zero crossing
appears, which might be related to topological phase bound-
aries. Exploring this circumstance further could provide a
useful tool for experimentalists in investigating the possible
connection between the topological properties of the ABS
spectra and sextets. Last but not least, it would also be de-
sirable to investigate the role of interactions in the occurrence
of sextets and related processes.
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APPENDIX A: GREEN’S FUNCTION FORMALISM:
SUPERCURRENT AND ABSS

In this Appendix, we provide the technical details for the
calculation of the supercurrent and the ABS spectrum in the
different models discussed in the main text. To give a uni-
fied description that can be applied to all these models, we
consider a generic MTJJ with N superconducting leads cou-
pled by a central normal region formed by M interconnected
single-level quantum dots. Such a system can be described by
the following Hamiltonian:

Ĥ =
N∑

j=1

ĤL, j + ĤC + ĤLC. (A1)

Here, ĤL, j is the BCS Hamiltonian of lead j given by

ĤL, j =
∑
k,σ

εk j ĉ†
k jσ ĉk jσ +

∑
k

× (|� j |eiφ j ĉ†
k j↑ĉ†

−k j↓ + |� j |e−iφ j ĉ−k j↓ĉk j↑), (A2)

where ĉ†
k jσ and ĉk jσ are the creation and annihilation operator,

respectively, of an electron in state k, in lead j and with spin
σ . Moreover, |� j | is the magnitude of the order parameter of
lead j and φ j is the corresponding phase. On the other hand,
ĤC is the Hamiltonian of the central region that adopts the
form

ĤC =
∑
i,σ

εid̂
†
iσ d̂iσ +

∑
i j,σ

ti j d̂
†
iσ d̂ jσ , (A3)

where d̂†
iσ and d̂iσ are the creation and annihilation operators,

respectively, of an electron in quantum dot i and spin σ .
By defining d̃† = (d̂†

1↑, d̂1↓, ..., d̂†
M↑, d̂M↓), we can rewrite the

Hamiltonian of the central region as ĤC = d̃†H̄Cd̃ , where H̄C

is given by

H̄C=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ε1 0 t12 0 · · · t1M 0
0 −ε1 0 −t12 · · · 0 −t1M

t21 0 ε2 0 · · · t2M 0
0 −t21 0 −ε2 · · · 0 −t2M
...

...
...

...
. . .

...
...

tM1 0 · · · tMM−1 0 εM 0
0 −tM1 · · · 0 −tMM−1 0 −εM

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(A4)

Finally, ĤLC describes the coupling between the central region
and the superconducting leads and reads

ĤLC =
∑

i j,k,σ

wi j (d̂
†
iσ ĉk jσ + ĉ†

k jσ d̂iσ ), (A5)

where wi j is the tunneling matrix element between lead i and
dot j, which we assume to be real and independent of k.
Related to these matrix elements, we define the tunneling rates
�i j = πN0iw

2
i j , where N0i is the normal density of states at the

Fermi energy of lead i.
Our goal now is to compute the supercurrent flowing, for

instance, through terminal 1. The corresponding current den-
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sity operator is given by

Î1(t ) = ie

h̄

∑
k, j,σ

w1 j (ĉ
†
k1σ (t )d̂ jσ (t ) − d̂†

jσ (t )ĉk1σ (t )). (A6)

Next, we use the definition of the lesser Green’s functions
within the Nambu representation,

Ĝ+−
i j (t, t ′) = −i

∑
k

〈T̂C{c̃ki(t+) d̃†
j (t ′

−)}〉, (A7)

where T̂C is the time-ordering operator on the Keldysh contour
and we have defined the spinors c̃†

ki = (c†
ki↑, c−ki↓) and d̃†

j =
(d†

j↑, d j↓). In terms of these Green’s functions, the expectation

value I1 = 〈Î1〉 can be written as

I1 = e

h̄

∑
j

Tr{τ̂3(V̂j1Ĝ+−
1 j (t, t ) − Ĝ+−

j1 (t, t )V̂1 j )}, (A8)

where Tr denotes the trace in Nambu space, τ̂3 is the third
Pauli matrix in that space, and we have defined

V̂1 j = V̂j1 =
(

w1 j 0
0 −w1 j

)
. (A9)

Since we are interested in the supercurrent, the system
is in equilibrium and the Green’s functions only depend on
the difference of the time arguments. Thus, we can Fourier
transform the Green’s functions to energy space and rewrite
the current as

I1 = e

h

∑
j

∫ ∞

−∞
dE Tr{τ̂3[V̂j1Ĝ+−

1 j (E ) − Ĝ+−
j1 (E )V̂1 j]}.

(A10)

Moreover, we can make use of the equilibrium relation

Ĝ+−(E ) = [Ĝa(E ) − Ĝr (E )]nF(E ), (A11)

where nF(E ) is the Fermi function, to rewrite the lesser
Green’s functions in terms of the retarded and advanced ones.

To compute the different Green’s functions we follow a
perturbative approach in which we assume that the whole
system is divided into different subsystems, namely the leads
and the central normal region formed by the array of dots. We
consider the couplings between leads and the central system as
the perturbation. With this choice, the Green’s functions can
be calculated by solving the corresponding Dyson’s equations.
Thus, for instance, we can compute the retarded and advanced
Green’s functions that enter into the current expression using
the following Dyson’s equations:

Ĝr,a
j1 =

∑
i

Ĝr,a
ji V̂i1ĝr,a

1 and Ĝr,a
1 j =

∑
i

ĝr,a
1 V̂1iĜ

r,a
i j , (A12)

where ĝ denotes the unperturbed Green’s functions. Using
these relations, together with Eq. (A11), we can rewrite the
current as

I1 = e

h

∫ ∞

−∞
Tr′

{
τ̄3

([
�̄a

1, Ḡa
C

] − [
�̄r

1, Ḡr
C

])}
nF(E ) dE ,

(A13)

where (¯ ) indicates that the corresponding quantity is a 2M ×
2M matrix in the combined Nambu and dot space and Tr′

represents the trace in this combined space. Moreover, τ̄3 =

τ̂3 ⊗ 1̂M , where 1̂M is the M × M unit matrix, and the different
2 × 2 blocks of the self-energy �̄r,a

l , corresponding to lead l ,
are defined as

[�̄r,a
l ]i j (E ) = V̂il ĝ

r,a
l (E )V̂l j . (A14)

Here, ĝr,a
l are the Green’s function of lead l given by

ĝr,a
l (E ) ≡

(
gr,a

l f r/a
l eıϕ j

f r,a
l e−ıϕl gr,a

l

)
(A15)

= −1√
|�l |2 − (E ± ıη)2

(
E ± ıη |�l |eıϕl

|�l |e−ıϕl E ± ıη

)
,

where E is the energy and η = 0+.
Using Ĝr = (Ĝa )†, we can express Eq. (A13) as

I1 = 2e

h

∫ ∞

−∞
�(

Tr′
{
τ̄3

[
�̄a

1, Ḡa
C

]})
nF(E ) dE . (A16)

The last step now is to compute Ĝa
C, which can be obtained

from the following Dyson’s equation:

Ĝa
C =

[
(E − iη)1̄ − H̄C −

∑
l

�̄l

]−1

. (A17)

This is the general recipe that can be applied to any of the
models in the main text. In the case of the single-dot model of
Sec. II, it is straightforward to show that this recipe leads to
Eqs. (1) and (2) for the supercurrent through lead 1.

Let us now briefly discuss how to identify the sextet con-
tributions in the CPR, focusing on the single-dot model of
Sec. II with four terminals. The denominator that appears in
the current expression of Eq. (1), which is defined in Eq. (2),
can be written as D = (E2 − ε2

0 )[1 − x], where

x = 1(
E2 − ε2

0

)
⎧⎨
⎩

∑
j

�2
j + 2E

∑
j

� jg
a
j

+ 2
∑
〈 jk〉

� j�k
[

f a
j f a

k cos(φ jk ) − ga
jg

a
k

]⎫⎬⎭, (A18)

Here,
∑

〈 jk〉 indicates a sum over all possible pair of leads with
j �= k. Thus, 1/D can be written as

1

D
= 1(

E2 − ε2
0

) 1

1 − x
= 1(

E2 − ε2
0

) ∞∑
n=0

xn. (A19)

The terms in the current proportional to x2 include the sextet
contributions to the leading order (sixth order in the �’s). In
particular, after straightforward manipulations, one can iden-
tify the following contributions:

Is
1 = 3A1sin(φ2 + φ3 + φ4 − 3φ1),

− A2sin(φ1 + φ3 + φ4 − 3φ2)

− A3sin(φ1 + φ2 + φ4 − 3φ3)

− A4sin(φ1 + φ2 + φ3 − 3φ4) (A20)

where the coefficients Ai are defined in Eq. (4).
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FIG. 7. (a) Current-phase relation I1 for the model in Fig. 5(a) using the effective Hamiltonian approximation. The different parameters
are those used in Fig. 5(b). (b) The total contribution of the four sextets to the current I1 in the example of (b) using the effective Hamiltonian
approximation. (c) The phase dependence of the ABSs for the example in (a) obtained diagonalizing the corresponding effective Hamiltonian.
We only show here the three states below the Fermi energy (there is electron-hole symmetry).

APPENDIX B: EFFECTIVE HAMILTONIAN
APPROXIMATION

As mentioned in the main text, it is often convenient to
derive an effective Hamiltonian to describe the low-energy
physics of all the models considered in this work. In particular,
that is very useful for the analysis of the topological properties
of the ABSs, see e.g., Ref. [42]. This effective Hamiltonian
can be derived from Eq. (A17) by simply taking the limit
E → 0 as follows:

H̄eff = H̄C +
∑

j

�̄ j (E = 0). (B1)

From this Hamiltonian, the ABS spectrum can be obtained
by diagonalizing it, while the CPR can be computed from the

knowledge of the phase-dependence of the ABS energies by
using Eq. (5).

Obviously, this approximation cannot be expected to re-
produce the physics of the ABSs for high energies close to
the gap. In any case, it provides useful insight and allows
us to test the basic properties of both the CPR and the ABS
spectra. As an example, we show in Fig. 7 the results for both
the CPR and the ABSs for the three-dot model of Sec. IV
and for the same parameters as in Fig. 5. Notice that in
this case the energy of the ABSs is normalized by the cou-
pling � since the gap � is considered to be infinite in this
approximation. In any case, one can see that this approxi-
mation nicely reproduces all the salient features discussed
in Sec. IV.
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