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malism is needed for the calculation of the current. The im-
portance of MAR’s in this case is clearly displayed in the
subgap structure exhibited in the I-V curves shown in Fig. 3.
This figure corresponds to a symmetric case where the level
position e , is fixed at e50, while G5GL5GR varies be-
tween G@D and G,D . As can be observed, in the limit
G@D SGS is absent, the relevant feature being a saturation
of the current at I0;4eD/h for V→0. This feature is com-
monly referred to as a ‘‘foot’’ in the context of S-N-S
structures.12 In this regime we recover the result for a ballis-
tic single-mode superconducting quantum point contact as
obtained recently by different authors.9,13 The departure from
the S-N-S behavior becomes more apparent for decreasing
G , where a progressively pronounced SGS appears. Notice
that, in contrast to what is found in S-N-S structures with a
continuum of states in the central region, in the present case
the I0(V) curve itself exhibits oscillations with the concomi-
tant appearance of negative differential conductance.

The particular SGS found in this system is related to the
influence of resonant tunneling on the MAR processes. In
fact, in the limit of G!D the position and shape of the sub-
gap current peaks can be understood by means of the follow-
ing simple picture. When eV,2D , current between the su-
perconducting leads can flow due to MAR processes. As in
the case of S-S or S-N-S junctions, there appear jumps in
the subgap I-V characteristics at voltages corresponding to
the opening of a new Andreev channel. However, the ampli-
tude of these subgap processes is greatly modified by the
presence of a resonant level between the leads, in such a way
that only those MAR ‘‘trajectories’’ that connect the reso-
nant level to the leads spectral densities give a significant
contribution to the current. The inset in Fig. 4~a! illustrates
the second order Andreev trajectory which gives the domi-
nant contribution to the current when 2D/3,eV,2D . As
eV decreases towards 2D/3, the energies of the initial and
final states on this trajectory approach the gap edges, which
results in a BCS density-of-states-like shape of the current
peak at eV52D/3 @see Fig. 4~a!#.

This simple picture enables us to evaluate the SGS at
G!D analytically. The first step is to identify the general-
ized tunneling rates Gn

(in)(v) and Gn
(out)(v) associated with

the nth order Andreev process connecting the dot to the
leads. Here the Gn

(in)’s give the probability of an electron or
a hole to get into the dot as an electron, while the Gn

(out)’s
correspond to the complementary processes where one elec-
tron leaves the dot and reaches the leads as an electron or as
a hole. A simple analysis yields, for the symmetric case
G5GL5GR , the following expressions:

Gn
~out ,in !~v !5G2n11r̃S„v6~2n11 !eV/2…

3)
j51

n U f „v6~2 j21 !eV/2…

v2~21 ! je6 jeV U2, ~3!

where f (v) is the dimensionless BCS pairing amplitude of
the uncoupled leads defined as f (v)5D/pAD2

2v2. Notice
that G2u f (v)u2 is the Andreev reflection probability at the
lowest order in G , while the denominator in Eq. ~3! is related
to the transmission probability through the dot. The total
current can then be computed as the sum of the contributions

FIG. 3. Zero-temperature I-V characteristics corresponding to
the case where Coulomb blockade is absent for different values of
G5GL5GR . The effective resonant level is e50.

FIG. 4. Detail of the subgap structure for G5531022D with
e50 ~a! and e50.2D ~b!. Full line: complete numerical calcula-
tion; dotted line: sequential approximation discussed in the text.
The inset represents a typical resonant ‘‘trajectory’’ mediated by
two Andreev reflections. The arrows indicate the position of the
first resonances for e50.2D .
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q*�!���+� �� �%�� ���(&)���x� $ &'���)� 5 &+�6% $ 3��$& qI�$� $ ��� �+&+� 5 26�1�"� $ &)��� T $ &'���)� 5 &+�6% $ ��� 5 & & �)��7 � $! �( , `%��  ���)�{��26% $ KX&)�!� �V�P&+� & 3�� �)� 5 % $ &'% & � ) < � B H � 5 M 1 D
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T1$ �'���+&+� $ K"&)�!���{� $ &'% ��0 F y�� F�C �8| q��?K��$&
� ! #�$% � � ! #.$% � �� , ` yA5 M 1 � H | � y�� F�Q�Q8|� $ &)���?%�&)�����<�!� $! 7�&)���O�H� �+&+�6&+�6% $ - &-$!5 &+�6% $t5 � $ 3��Jq*�)�6&'&'� $ ���

�'�)(�* + �"! # $% / �K(�* + �-! # $%�� �� , ` yA5 M 1 � H | / � y�� F�Q{F8|
v %!7HqI� 5 � $ &)��� $ q#�)�6&'�O&)���  � $ �+�6& ,s4 �P&��)���t���Z-a%L2�26%]q��
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q*�!���+� �� � ���Z&)�!�O�+� $ KL26� . ��� �)&+� 5 26�  � $ �)�6& ,s4 �P&��)���
�� �.� � ! #�$%���S� � �j�.�)(�* + � ! # $% � / � y�� F�Q{T8|

o � & �$78qI�<�!�1#��<�'%L26#��  % & ���'� 5 % $! ���+%L3�26� 4 7~� F � F q��J�!�]#��*�E�!��� $! �  ��"� $ &'��� 4 � %�-=�(- �+�$�
 � $ �+�6& ,s4 �P&��b���'�� �?� $� V$ %]q qI� 4 � ,r& �'�?&)���C8 � 5 �t&)���$%��+� 4tF� % 4 3H� $ � $ K;&)���+�+�1� & 26&+�Oy�� F�Q S | � $! y�� F�Cpd~| q�� 5 � $ q#�)�6&'�U&)��� � �+�$� $ - &-$!5 &+�6% $ ���
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q*�!���+� � X �?� $! � 5 �P&'�1��&)�!�P&{&)���(�1#����)�PK��1�<� �+� 5 ��2 5/& 2��P&'�  q��6&)� �� � Fo ���@& qI%�-a%L2  �E�!��� $ �+�6% $ %�-*&)���`� $ �6&+����2  � $ �+�6& , 4 �P&��)��� � $! &)���@&+� 4 � .� �$#��126%L� 4 � $ &
%L�����)�P&'%�� 4 � ,V5 % $ #�� $ �6� $ &+2 , 3�� 5 % 4 3�� $ �  &'%t�`�)� $ KL26�"�E���H� $ �+�6% $^FUo %x&)�!���J� $! qI� & &+� .
2�� � �@&)���X�'&��)�6��� $ Ks�+� 4 ��2�� �)�6& , 3��$&�q��$� $ &)���"&��)�1�P& 4 � $ &U%�-:&)���X� $ �6&+����2  � $ �+�6& , 4 �P&��b��� � $! 
&)���(&+� 4 � .� �$#��126%L� 4 � $ &�%L�����)�P&'%��17^3�%�&)�t%�- q*�!� 5 �s� �+�(�E����% $ � $ &+����2�- &-$�5 &+�6% $ � F ? %L2�26%]q*� $ K8 �PK $ ��� B6C S D 7dq��N2�� $ �W&)���N& qI% 5 % $ &'% & �)� )t< � $! );&'%�K��$&)�����17�)
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q*�!���+� � %�� ���{&)���U�����+& & �b3��P&+�6% $ � $ &)��� T1$ &'���)� 5 &+�6% $ �H� 5 & & �+�

� % � y>= < |OZ^] �;@y>= < | = < � $ )�� � y>= < | = < � $ ) < � y�� F�Q �8|
8m�6&)�t&)�!�1�'�  ��\ $ �6&+�6% $ �Zq�� 5 � $ q#�)�6&'� ��0 F y�� F�Q{Y8| ���

M � y C � C < | � � �� � �(0, � �� , � �U % � y C | �U W%�� y C < |LX � � y�� F�Q �8|
o �!� 5 � &�5 ����2���%L� $ &�����&)�!�P&:&)�!�����E�!���+�1�+�)�6% $`4 �$�$&���2�2��+�10 & �(�+� 4 � $ &+�I-a%���&)�!�J�����H2�� 5 �P&+�6% $ %�-
&)����8m� 5 �`&)���$%��+� 4 &'%"�1� 5 �x%�-�&)���<&'��� 4 �I� $ &)�!�J�E�!��� $ �)�6% $ %�- �� ,�� FS? �(�)�'&$7�&)���?�]#����)�PK��(���
&+�P��� $ %r#������ $ % $ � . ��� �+&+� 5 26�  � $ �+�6& ,x4 �P&��)���)�� �J� $! �'� 5 % $! 2 , 7���2�2�%L�����)�P&'%��)�Z� �+�<KL�6#�� $ � $
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�!�]#��  �$#��126%L���  �'%\-z� �Iq�� 5 � $@ �1� 5 �b��3_�*&)����&'� 4 ��%��)��2��$#�%L2 & &+�6% $ %�-=�\� , �'&'� 4 � $ �6&+����2�2 , � $
&)����� 4 %  !,,$ � 4 � 5 ��2��10 & ��2���3��)� &�4 78� $!5 2 &� � $ KO&)�!�*��%L�+�+��3�26�*&��)� $ �+�6� $ &������ 5 &+�  '& �{&'%(&)�!�J� $ � .
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�6- q��;���+� &�4 �U&)�!�P&<&)��� � �+�$� $ - &-$�5 &+�6% $ �  � 5 � , �b�����  2 , ���<�N- &-$!5 &+�6% $ %�- &)�!�  ���^���+� $!5 �
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 ��� 5/& �+�+�6% $ ��3�% & &?&)�����U��%L� $ & 5 � $ 3_�"-a% &-$! � $ � $ �E� 5 �12�26� $ &(qI%��+�[3 , � �P&)�!����� 8 �PK $ ���
y�
��$- F[B6C S Dh|+F`T $ &)�����Uq�%��+� 8 �PK $ ���  �$#��126%L���  �tK�� $ ���b��2 -a%�� 4 ��2���� 4 q*�!� 5 � ����� 4 �6&+�<&'%
&+�P���<�E�!��2�� 5 �6&+2 , � $ &'%\� 5$5 % &'$ &:&)���J� $ �6&+����2 5 %����+�12��P&+�6% $ �$7�� $! ���J�)��%]q��  &)�!�P&I&)�!���+�*�������1� �
5 %����)� 5 &+�6% $ �U&'%s&)�!�N>?�12  !, �)� -a%�� 4 ��2���� 4  Y& �"&'%V� &!5 � 5 %����+�12��P&+�6% $ � FNo � & �$7=&)�!�X�'& &! !, %�-
&��)� $ �+�6� $ &N����� 5 &+�@���X% & &"%�-J&)���s� 5 %L���s%�-J&)���s>?�12  !, �)� -a%�� 4 ��2���� 4tF u��$#����)&)���126�1�+�$7:&)�!���
&'� 5 � $ ��0 & �*��2�26%rq�� & � &'%(� $ ��2 ,
� �*� , �'&'� 4 � % & & %�-^�10 & ��2���3��)� &H4 � $ q*�!� 5 �X�P-a&'��� 5 ���+&+��� $ &+� 4 �
���'�+&+�P&+�6% $ � � ,�� �+�6& & �P&+�6% $ ���<�+�1� 5 ���  �� F

o � & �178�6-^qI� $ �$KL26� 5 &�&)���*� $ �6&+����2 5 %����)�12��P&+�6% $ �$7�&)����) 	 5 % $ &'% & �0�+�  '&�5 �1� &'%\&)���*>?�12  �, �)�
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? �6K & �+��� F S 'Io ���U>U�12  !, �b� 5 % $ &'% & � F
?Y& �+&)����� 4 %��+��7P� $ &)���:>?�12  !, �)�U-A%�� 4 ��2���� 4 �6&Y���d���+� &�4 �  &)�!�P&d&)���I� $ &'���)� 5 &+�6% $ 3��$&�q��$� $

��� �)&+� 5 26�1�$7 �� � 7 5 � $ 3��@�+q��6& 5 ���  % $ �  ����3��P&+� 5 ��2�2 , � $ � &!5 � �Vq�� , &)�!�P&O&)�!�@� $ &'���)� 5 &+�6% $#P� $ ���)���1�Z�P&.= � 5 � � $! qI� 5 � $V& �'� �� �J&)���U� $ �6&+����2  � $ �+�6& ,t4 �P&��b��� FS? �)% 4 $ %]q % $ 7�qI�
5 % $!5 � $ &��)�P&'�J�'&��)� 5 &+2 , � $ &)���{>?�12  �, �)�\-a%�� 4 ��2���� 4 �����6& ��� 5 % 4@4 % $ 2 ,S& �'�  MFdT & qI�Z&+�P���J� $ &'%
� 5$5 % &-$ &U&)���"& qI% 4 � $ &+�6% $ �  �+� 4 �H2�� \ 5 �P&+�6% $ �$7M&)��� � �+�$� $ - &-$!5 &+�6% $ y�� F�Q �8|5$ %rq �+�  '&!5 �1�
&'%

M � y C � C < | � � �(-, �� , �U % � y C | �U W%�� y C < |LX � � y�� FGF H |
q*�!���+� )(� $! � 5 �P&'�1�<&)�!�;>U�12  !, �b� 5 % $ &'% & �?%�-I&)��� ? �6K F � F St� $! �� , Z �� ,$yA5�� � 5�� |+F �*�3��$-a%��+��7�&)��� � �+�$� $ - &-$�5 &+�6% $ y�� FGF H | �����E�����)�1�+�'�  � $ �N� & �6&+��3�26�Oq:� , -a%�� & �)� $ KX&)����8m� 5 �
&)���$%��)� 4 � $ &)�!�\�E�!��� $ �)�6% $ %�- �� ,*KL�6#�� $ 3 , ��0 F y�� F�C T8|+F B�%rqI�$#����17��6&<���<�1��� , &'%H�+�1��2�� � �
&)�!�P&*� $ &)�!�����E����� $ �+�6% $ %�&)�����  �������)� $ & � �+�$� $ - &-$!5 &+�6% $ �Zq���2�2=�������1� � F�o � & �$7!q��  % $ %�&
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M�� ,1y C � C < |�Z � �(-, �U�V y C | �U WV y C < |LX � ] � �U V y C | �U WV y C < |LX �6-�= 2 _ = 2 ` % $ )5 � �U�WV y C < | �U V y C |LX �6-�= 2 � = 2 ` % $ ) � y�� FGF�C |
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T &{���:�$#/�  � $ &{&)���P& $ %]q &)���?�E�!��� $ �)�6% $ %�- �� ,:26�1�  �{&'%N� 5 26%L�'�  �10 & �P&+�6% $ -a%�� � , F � & �?&'%
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o �!���?���U� 5 26%L�'�  �10 & �P&+�6% $ -A%�� � ,<q*�!� 5 �W��2�26%rq�� & �<&'%  �$&'��� 4 � $ �"�6&$7�% $!5 �"&)���X�+�126- .
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