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We present here a theoretical analysis that demonstrates that the far-field radiative heat transfer between
objects with dimensions smaller than the thermal wavelength can overcome the Planckian limit by orders of
magnitude. To guide the search for super-Planckian far-field radiative heat transfer, we make use of the theory of
fluctuational electrodynamics and derive a relation between the far-field radiative heat transfer and the directional
absorption efficiency of the objects involved. Guided by this relation, and making use of state-of-the-art numerical
simulations, we show that the far-field radiative heat transfer between highly anisotropic objects can largely
overcome the black-body limit when some of their dimensions are smaller than the thermal wavelength. In
particular, we illustrate this phenomenon in the case of suspended pads made of polar dielectrics like SiN or
SiO2 . These structures are widely used to measure the thermal transport through nanowires and low-dimensional
systems and can be employed to test our predictions. Our work illustrates the dramatic failure of the classical
theory to predict the far-field radiative heat transfer between micro- and nanodevices.
DOI: 10.1103/PhysRevB.97.045408

I. INTRODUCTION

Thermal radiation is a ubiquitous physical phenomenon and
its understanding is critical for many different technologies [1].
This understanding is still largely based on Planck’s law for
black bodies [2]. In particular, this law sets an upper limit for
the radiative heat transfer (RHT) between bodies at different
temperatures. However, this law has known limitations. One
of them is its inability to describe the RHT between objects
separated by distances smaller than the thermal wavelength
(λTh ≈ 10 μm at room temperature) [3–5]. As predicted in the
1970s [6] within the theory of fluctuational electrodynamics
(FE) [7], RHT in this near-field regime is dominated by
evanescent waves and the Planckian limit can be far surpassed
by bringing objects sufficiently close. The experimental verification of this prediction in recent years has boosted the
field of thermal radiation [8–21] and has triggered the hope
that near-field RHT can have an impact in different thermal
nanotechnologies [4,5].
As already acknowledged by Planck in his seminal work [2],
another limitation of his law is related to the description of RHT
between objects with dimensions smaller than λTh . In this case,
Planck’s law, which is based on ray optics, is expected to fail
even in the far-field regime, where separations are larger than
λTh . Thus, one may wonder whether the Planckian limit can
also be overcome in the far-field regime, something that is not
possible with extended (infinite) objects [22]. It is known that
the emissivity of a finite object can be greater than 1 at certain
frequencies [23,24], but that is not enough to emit more than a
black body. In fact, only a modest super-Planckian thermal
emission has been predicted in rather academic situations
[25,26], and it has never been observed. For instance, Ref. [27]
reports one of the few experiments exploring the thermal
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radiation of an object smaller than λTh . In that work, the
thermalization of an optical fiber was investigated and Planck’s
law was shown to incorrectly describe the thermal emission,
but the fiber was actually found to emit much less than a
corresponding black body, i.e., no super-Planckian thermal
emission was observed. In this work, we are interested not in
the emission of a single object, but in the case of radiative heat
transfer between two objects. In this context, there are neither
theoretical proposals nor observations of super-Planckian farfield RHT. This fact is mainly due to the lack, until recently, of
numerical techniques able to describe the RHT between objects
of arbitrary size and shape that can, in turn, guide the design
of appropriate experiments. It is also worth stressing that the
problem of whether the Planckian limit can be overcome in the
far-field regime is not only of fundamental interest, but it is also
of great practical importance because Planck’s law continues
to be used to obtain an upper bound for far-field RHT between
microdevices [28–33].
The goal of this work is to demonstrate that Planck’s law can
fail dramatically when describing the far-field RHT between
finite objects and, more importantly, that the Planckian limit
can be greatly overcome in the far-field regime. For this
purpose, we have combined state-of-the-art numerical simulations within FE with analytical insight provided by a general
relation derived here between the far-field RHT between finite
objects and their directional absorption efficiencies. Guided by
this relation, we show that the far-field RHT between highly
anisotropic systems can greatly overcome the Planckian limit
when some of their dimensions are smaller than λTh . This
exploits that due to its inherent directionality, super-Planckian
RHT can occur even if the involved objects are not superPlanckian emitters. In particular, we illustrate this phenomenon
with the analysis of the RHT between micrometer-sized

045408-1

©2018 American Physical Society

V. FERNÁNDEZ-HURTADO et al.

PHYSICAL REVIEW B 97, 045408 (2018)

suspended pads made of polar dielectrics (SiN and SiO2 ). To be
precise, we show that when the thickness of these pads is much
smaller than λTh , the far-field radiative thermal conductance at
room temperature can be several orders of magnitude higher
than that between black bodies of the same dimensions. Let
us stress that this type of dielectric pads are widely used in
the context of thermal transport measurements of nanowires
and low-dimensional systems [28–33], and they thus constitute
an available technology with which our predictions can be
quantitatively tested.
The rest of the paper is organized as follows. In Sec. II,
we derive several analytical formulas relating the far-field
RHT between finite objects and the directional absorption
efficiencies. Section III is devoted to illustrate why it is so
difficult to overcome the Planckian limit in the far-field regime.
For this purpose, we present in this section results for the
far-field RHT between optically isotropic systems like spheres
and cubes. In Sec. IV, we demonstrate the possibility to greatly
overcome the Planckian limit in the far field by exploring the
RHT between parallelepipeds made of polar dielectrics (SiN
and SiO2 ). Then, in Sec. V, we illustrate the super-Planckian
far-field RHT in suspended pads made of dielectric materials,
where we show in particular that our predictions can be
quantitatively tested with existent technology. We conclude
the paper in Sec. VI with a brief summary of the main
conclusions of our work. Additionally, we have included three
appendixes where we present the dielectric functions used
in our calculations (Appendix A), provide additional results
for SiO2 (Appendix B), and report the expressions of the
view factors for the different geometries explored in this work
(Appendix C).
II. RELATION BETWEEN FAR-FIELD RADIATIVE HEAT
TRANSFER AND ABSORPTION EFFICIENCIES

In principle, the theory of FE provides a general framework
to describe the RHT between arbitrary objects both in the
near-field and in the far-field regime [7]. So, in this sense, one
may be tempted to think that the search for super-Planckian
far-field RHT should be straightforward. However, in practice,
one encounters several problems. First of all, there is an infinite
number of possibilities in terms of materials, shapes, and
sizes of the bodies. More importantly, until very recently,
there were no numerical methods capable of describing the
RHT between objects of arbitrary size and shape, and this
actually continues to be a very important practical problem
that is often insurmountable. For this reason, it would be highly
desirable to have, for instance, a relation between the far-field
RHT of objects of arbitrary size and shape and their radiation
absorption properties, something that has been widely studied
over the years [23]. The goal of this section is to present such
a relation, which will turn out to be extremely useful in our
quest for super-Planckian far-field RHT.
In what follows, we derive a relation between the far-field
RHT between two objects and their directional absorption
efficiencies. This result was obtained with the help of the
thermal discrete dipole approximation (TDDA) put forward
by some of us in Ref. [34], see also Refs. [35,36]. This
approach allows us to compute the RHT between finite objects
of arbitrary size and shape within the framework of FE. The

full derivation is actually quite cumbersome. For this reason,
we shall show in some detail how this result can be obtained
in the limit of very small objects and then, we shall indicate
how it can be extended to objects of arbitrary size. So, let
us first consider the RHT between two small objects that
can be approximated by (electrical) dipolar particles. In this
case, the power exchanged by them in the form of thermal
radiation is given by Eq. (35) in Ref. [34]. That equation tells
us that the net power exchanged by two identical dipoles at
temperatures T1 and T2 and located at positions r1 and r2
such that their separation d = |r2 − r1 | is much larger than
the thermal wavelength is given by
 ∞
P = 8π 2
k02 Tr{Ĝχ̂ Ĝ† χ̂}
0

× [IBB (ω,T1 ) − IBB (ω,T2 )]dω.

(1)

Here, ω is the radiation frequency, k0 = ω/c, c being the speed
of light in vacuum, and IBB (ω,T ) is the Planck distribution
function given by
IBB (ω,T ) =

h̄ω
ω2
,
3
2
4π c exp(h̄ω/kB T ) − 1

(2)

where h̄ is Planck’s constant, kB is Boltzmann’s constant, and
T is the temperature. On the other hand, the (3 × 3) matrix χ̂
is given by [34]
χ̂ =

k3
1
(α̂ − α̂ † ) − 0 α̂ † α̂,
2i
6π

(3)

where α̂ is the polarizability tensor of the particles. Finally, Ĝ
is the dyadic Green tensor connecting the two dipoles, which
in the far-field limit is given by Ĝ = eik0 d [1 − r̂ ⊗ r̂/(4π d)],
where r̂ = (r2 − r1 )/d and ⊗ denotes the exterior product.
The result of Eq. (1) is valid for dipolar particles of arbitrary
shape and made of materials with an arbitrary dielectric tensor.
Let us focus now on the case of optically isotropic materials
and particles with a scalar polarizability tensor, like spheres or
cubes, such that χ̂ = χ 1̂. In this case, one can show that the
absorption cross section, which in this case is independent of
the direction and of the light polarization, is given by σabs (ω) =
k0 χ (ω) [34]. Thus it is easy to show that Eq. (1) reduces to
 ∞
P = π AF12
Q2 (ω)[IBB (ω,T1 ) − IBB (ω,T2 )]dω, (4)
0

where A is the area of the bodies, F12 is a geometrical view
factor, and Q(ω) is the absorption efficiency defined as Q(ω) =
σabs (ω)/σgeo , where σgeo is the geometrical or physical cross
section. For isotropic particles, the absorption cross section is
given by [34]
k0 Im{α0 (ω)}
σabs (ω) = 
 ,
1 − ik 3 α0 (ω)/(6π )2
0

(5)

where α0 (ω) = 3V [(ω) − 1]/[(ω) + 2] is the quasistatic
polarizability, (ω) being the frequency-dependent dielectric
function of the material, and V is the volume of the particle.
In the case of spherical particles, we have that
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4
, σgeo = π R 2 , V = π R 3 ,
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3

(6)
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where R is the particle radius. In the case of cubic particles,
we have
L2
, σgeo = L2 , V = L3 ,
(7)
π d2
where L is the cube side. Let us recall that for black bodies
Q(ω) = 1 for all frequencies and Eq. (4) reduces to the
Stefan-Boltzmann law [1]: PBB = σ AF12 (T14 − T24 ), where
σ = 5.67 × 10−8 W/(m2 K4 ).
As we shall show later in this work, we need a certain
degree of anisotropy in the shape of the bodies to achieve
the super-Planckian far-field RHT. For this reason, we now
consider the simplest case of anisotropic dipolar particles,
namely rectangular parallelepipeds of sides Lx , Ly , and Lz .
Here, we assume that the z axis is oriented along the line
joining the two dipolar particles. In this case, the polarizability
tensor adopts the diagonal form α̂ = diag(αx ,αy ,αz ), which
from Eq. (3) implies that χ̂ = diag(χx ,χy ,χz ) with χj =
Im{αj } − (k03 /6π )|αj |2 and j = x,y,z. Thus, using Eq. (1),
it is straightforward to show that the net power exchanged by
these two dipolar particles is given by
 ∞

1 2
Qx (ω) + Q2y (ω)
P = π AF12
2
0
(8)
× [IBB (ω,T1 ) − IBB (ω,T2 )]dω,
A = L2 , F12 =

where A = Lx Ly , F12 = Lx Ly /(π d 2 ), and Qx,y (ω) are the
absorption efficiencies for a plane wave impinging in the
parallelepiped along the z direction and with linear polarization
along the x and y directions, respectively. These efficiencies are
defined as Qj (ω) = σabs,j (ω)/σgeo (j = x,y), where σgeo =
Lx Ly and σabs,j = k0 χj . Finally, the different components of
the polarizability tensor are given by [34]
αj (ω) =
with V = Lx Ly Lz and
j

=

V
1
(ω)−1

⎛

+

k3

j

− iV 6π0

(9)

,

⎞

V
2
⎠.
arctan ⎝ 
2
π
2
Lj Lx + L2y + L2z

(10)

Again, the black-body limit is obtained by assuming that
Qx,y (ω) = 1 for all frequencies.
Equations (4) and (8) can be generalized to the case of
objects of arbitrary size employing the full TDDA formulation
detailed in Sec. IV of [34]. In particular, the starting point is Eq.
(56) in that reference, together with the far-field approximation
of Eq. (58). The results of Eq. (4), for isotropic objects,
and Eq. (8), for parallelepipeds, are recovered when the gap
is much larger than both the thermal wavelength and the
characteristic dimensions of the objects. In the generalized
formulas, the absorption efficiencies correspond to plane waves
with normal incidence (along the line joining the two objects)
and with a given polarization. It is important to stress that
the corresponding absorption cross sections are no longer
given by the analytical formulas above for dipolar particles,
but they have to be calculated numerically, something that
we have done with either the DDA method [34] or with
COMSOL MULTIPHYSICS. The corresponding view factors for
finite objects are taken from Ref. [1], except for spheres, which
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are taken from Ref. [37] (see Appendix C). In the following
sections we shall test those formulas for bodies of arbitrary
size against numerically exact calculations carried out with
the TDDA method [34] and SCUFF-EM [38,39]. In all cases,
our numerical results confirm the validity of these formulas
relating the far-field RHT with the absorption efficiencies.
To conclude this section, let us say that Eq. (4) has the
expected form from the expression of thermal emission of a
sphere [7,23,25], where Q(ω) is independent of the direction
and the polarization. However, to our knowledge, this result
has not been reported in the literature for bodies of arbitrary
size and its generalization to anisotropic bodies, for instance,
Eq. (8), is by no means trivial. As we shall see in the following
section, these expressions provide very useful guidelines for
the search of super-Planckian far-field RHT.
III. WHY IS IT SO DIFFICULT TO OVERCOME
THE PLANCKIAN LIMIT IN THE FAR FIELD?

As explained in the introduction, super-Planckian far-field
RHT has never been reported. Thus, we find instructive to
devote this section to explain why this is a nontrivial phenomenon.
Equations (4) and (8) derived in the previous section seem
to provide a straightforward recipe to overcome the Planckian
limit in the far-field regime. Since the absorption efficiency of
a finite object can be larger than unity [23], those equations
suggest that super-Planckian far-field RHT might be possible
if we find the right combination of material and object shape
that leads to resonant absorption close to the maximum of
Planck’s distribution at a given temperature. This appealing
idea is, however, not easy to realize in practice, as we proceed
to illustrate. For simplicity, let us first study the far-field RHT
between two identical spheres of arbitrary radius. In Fig. 1,
we show the results for the absorption efficiency and the
far-field RHT for spheres made of a metal (Au) and two polar
dielectrics (SiO2 and SiN) with radii ranging from 100 nm
to 50 μm. The absorption efficiencies, which in this case are
independent of the angle of incidence and polarization, were
obtained with analytical Mie theory [23], while the dielectric
functions of these three materials were taken from tabulated
values (see Appendix A for details). The RHT is characterized
here in terms of the room-temperature linear heat conductance,
which is normalized in Figs. 1(d)–1(f) by the corresponding
black-body result: GBB = 4σ AF12 T 3 . In these figures, we
present the results computed with Eq. (4) and the absorption
efficiencies as well as numerical results for three gaps in the
far-field regime (20 μm, 100 μm, and 5 mm) that were obtained
with the code SCUFF-EM [38,39]. This code implements a
fluctuating-surface-current formulation of the RHT problem
and provides numerically exact results within the framework
of FE theory.
The results of Figs. 1(d)–1(f) show that the far-field RHT
between spheres does not overcome the Planckian limit and
only becomes comparable to the black-body result in the case
of polar dielectrics with a sphere radius of the order of λTh .
For small radii, smaller than the corresponding skin depth, the
normalized conductance increases linearly with the radius, i.e.,
the conductance is proportional to the sphere volume because
the whole particle contributes to the RHT. In the opposite limit,
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FIG. 1. (a)–(c) Absorption efficiency of a sphere of Au (a), SiO2
(b), and SiN (c) as a function of frequency for different values of
the sphere radius R, see legend in (b). (d)–(f) Room-temperature
radiative heat conductance, normalized by the black-body results, for
two identical spheres separated by a distance d as a function of the
sphere radius. The spheres are made of Au (d), SiO2 (e), and SiN (f).
The solid lines are the exact calculations for different gaps, see legend
in (e), while the black dashed line is the result obtained with Eq. (4)
and the results of (a)–(c).

when the radius is much larger than λTh the conductance tends
to the result for two parallel plates. It is worth stressing that the
numerical results obtained for various gaps nicely confirm the
validity of Eq. (4) for spheres of arbitrary size and material. In
particular, this equation provides very accurate results even for
a gap of 20 μm, which is on the edge of the far-field regime at
room temperature.
To further illustrate the difficulty to beat the Planckian limit
with optically isotropic objects, we now consider the case
of cubes, focusing on polar dielectrics since metals have a
very small emissivity (cf. Fig. 1). In Fig. 2, we present the
results for the absorption efficiency and the far-field RHT
between cubes made of SiO2 and SiN with sides L ranging
from 100 nm to 20 μm. The absorption efficiencies, which
again refer to a plane wave with normal incidence and the linear
polarization indicated in the inset of Fig. 2(b), were obtained
numerically with the DDA method [34]. Again, the RHT is
characterized here in terms of the room-temperature linear
thermal conductance normalized by the corresponding blackbody result. We present in this figure the results computed
with Eq. (4), which in this case is equivalent to Eq. (8), and
the absorption efficiencies as well as numerical results for two
gaps in the far-field regime (20 and 500 μm) that were obtained
with the TDDA approach [34]. As one can see, the results of
Fig. 2 show that, in general, the far-field RHT between cubes
does not overcome the Planckian limit, similar to the case of
spheres (Fig. 1). Only when the size of the cubes becomes of
the order of λTh (≈10 μm) the RHT becomes comparable to
the black-body result, and even a bit larger. Notice that the fact
that in Figs. 2(c) and 2(e) the thermal conductance is lower for
the smallest gap of 20 μm is simply due to the fact that the
results are normalized by the black-body ones. We emphasize

FIG. 2. (a) Two identical cubes made of SiO2 or SiN with side L
and separated by a gap d. (b) Absorption efficiency as a function of the
frequency for a linearly polarized plane wave impinging with normal
incidence in a SiO2 cube of side L, as indicated in the legend. The inset
describes the polarization in terms of the direction of the electric field
E, the magnetic field H, and the wave vector k. (c) Room-temperature
radiative heat conductance, normalized by the black-body results, for
the system shown in (a) as a function of the cube side L. The solid
lines correspond to the exact calculations for two gaps (see legend),
while the black dashed line corresponds to the results obtained by
combining Eq. (4) with the results of (b). (d)–(e) The same as in
panels (b) and (c), but for SiN.

that in the far-field regime, the thermal conductance decays
monotonically with the distance between the objects. It is also
worth stressing that once again the numerical results obtained
for the largest gap (500 μm) nicely coincide with those based
on Eq. (4), confirming its validity.
The results presented in this section for spheres and cubes
show that although the emissivity of an object can be larger than
1 for some frequencies, this does not imply super-Planckian
far-field RHT. From Eqs. (4) and (8), it is obvious that to
overcome the Planckian limit one needs thermal emitters with
directional emissivities larger than 1 over a broad range of
frequencies around the maximum of Planck’s distribution,
something that is highly nontrivial to achieve. In the following
section, we shall show how one can get around this problem.
IV. OVERCOMING THE PLANCKIAN LIMIT

In the previous section, we have seen the difficulty to
overcome the Planckian limit in the far-field regime with
optically isotropic bodies and we have also discussed with
the help of Eq. (4) why this is so. Fortunately, the same
equation also provides a possible strategy to overcome the
Planckian limit, which consists in increasing as much as
possible the corresponding directional absorption efficiency.
This can be done by enhancing the absorption cross section,
while maintaining the geometrical one. We shall illustrate
this idea in this section by studying the RHT between two
parallelepipeds.
Figure 3 shows the far-field RHT between two parallelepipeds of SiO2 and SiN as well as the relevant emissivities.

045408-4

SUPER-PLANCKIAN FAR-FIELD RADIATIVE HEAT TRANSFER

FIG. 3. (a) Two identical parallelepipeds of SiO2 or SiN with
dimensions Lx = Ly = 0.5 μm and varying Lz and separated by
a gap d. (b) Absorption efficiency as a function of frequency for
a linearly polarized plane wave impinging with normal incidence,
see inset, in a SiO2 parallelepiped with Lx = Ly = 0.5 μm and
various values of Lz , see legend. (c) Room-temperature radiative heat
conductance, normalized by the black-body results, for the system of
(a) as a function of Lz . The solid lines are the exact calculations for
different gaps, see legend in (e), while the black dashed line is the
result obtained with Eq. (4). The inset shows the total power emitted,
normalized by the black-body result, by a single SiO2 parallelepiped
with Lx = Ly = 0.5 μm and varying Lz at 300 K. (d)–(e) The same
as in (b) and (c), but for SiN.

It is worth stressing that the RHT in the extreme far-field
regime is still given by Eq. (4) where the emissivity is given
by the absorption efficiency related to the direction joining
the parallelepipeds. In this case, we start with a cube of side
0.5 μm and we form an elongated rectangular parallelepiped
by progressively changing one of the dimensions, Lz , while
keeping constant the other two, Lx and Ly , see Fig. 3(a).
Thus we keep the geometrical cross section constant, while the
normal-incidence absorption efficiency is expected to increase
linearly with Lz as long as it is small compared to the propagation length of the radiation inside the structure, which is
hundreds of microns (see next section). This can be understood
as follows. The efficiency Q for normal incidence is roughly
proportional to [1 − exp(−2αLz )], where α is the attenuation
constant of the parallelepiped guided modes, i.e., 1/2α is the
corresponding propagation length. Thus, in the limit αLz  1,
Q ∝ Lz . Our calculations of these emissivities, which were
performed with the TDDA approach [34], indeed, confirm that
they grow linearly with Lz in the regime explored here where
αLz  1, and that they can become much larger than 1 in a
broad frequency range, see Figs. 3(b) and 3(d). As shown in
Figs. 3(c) and 3(e), this fact leads to a far-field conductance that
grows as L2z and it reaches values that overcome the Planckian
limit by several orders of magnitude when Lz becomes of the
order of 50 μm. Notice that the numerical results for several
gaps in the far-field regime coincide with those obtained via
Eq. (4) in the limit of sufficiently large gaps. In any case,
the Planckian limit is greatly overcome for all gaps in the
far-field regime. Let us also stress that these parallelepipeds
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FIG. 4. (a) SiN parallelepipeds with dimensions Lx × Ly × Lz
separated by a gap d. We keep constant the dimensions Lx =
Lz = 0.5 μm, while we vary the transverse dimension Ly . (b) The
room-temperature radiative thermal conductance normalized by the
black-body result for the system shown in (a) as a function of the
dimension Ly . The solid lines correspond to the exact calculations
for three gaps in the far-field (see legend), while the black dashed
line corresponds to the results obtained by combining Eq. (8) with
the results of (c) and (d). (c) Absorption efficiency as a function of
the frequency for a plane wave impinging with normal incidence and
transverse magnetic (TM) polarization in a SiN parallelepiped with
dimensions Lx = Lz = 0.5 μm and various values of Ly , as indicated
in the legend. The meaning of this polarization is explained in the inset.
(d) The same as in (c), but for a transverse electric (TE) polarization.

are not super-Planckian thermal emitters, i.e., they emit less
thermal radiation than a corresponding black-body. This is
shown in the inset of Fig. 3(c) where we display the total
power emitted, normalized by the black-body result, by a single
SiO2 parallelepiped with Lx = Ly = 0.5 μm and varying Lz at
room temperature. This emitted power was computed with the
TDDA approach of Ref. [34]. This latter result shows that the
super-Planckian RHT found here is possible due to the highly
directional thermal emission of these systems.
To further illustrate the crucial role played by the directionality, we now investigate the same parallelepipeds, but oriented
as shown in Fig. 4(a). In this case, the parallelepipeds have
dimensions Lx × Ly × Lz , where z is the direction of the line
joining the two objects and we keep constant the dimensions
Lx = Lz = 0.5 μm, while we vary the transverse dimension
Ly . Figures 4(b)–4(d) show the results for the radiative thermal
conductance at 300 K and the relevant absorption efficiencies
for these parallelepipeds made of SiN. The corresponding
results for SiO2 parallelepipeds are shown in Appendix B.
The results for the thermal conductance for various gaps, see
Fig. 4(b), were computed with the TDDA approach [34] and the
asymptotic result for very large gaps was obtained with the help
of Eq. (8) and the absorption efficiencies shown in Figs. 4(c)
and 4(d). These efficiencies were calculated with the DDA
method [34] and they correspond to a plane wave impinging
in a parallelepiped along normal incidence with polarizations
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FIG. 5. (a) SiN pads with lateral dimensions of 50 × 50 μm2 ,
a thickness τ , and separated by a gap d. (b) Room-temperature
radiative heat conductance, normalized by the black-body results, for
the system of (a) as a function of τ . The solid lines are the exact
calculations for three gaps (see legend) and the black dashed line
is the result obtained with Eq. (8) and the results of (c) and (d).
The inset shows the results for d = 20 μm without normalization.
(c) Absorption efficiency as a function of frequency for a plane
wave impinging with normal incidence and transverse magnetic (TM)
polarization in a SiN pad with lateral dimensions of 50 × 50 μm2 and
various thicknesses, see legend. The inset describes this polarization.
(d) The same as in panel (c), but for a transverse electric (TE)
polarization.

x or transverse magnetic (TM) polarization, Fig. 4(c), and y or
transverse electric (TE) polarization, Fig. 4(d).
The results for the thermal conductance of Fig. 4(b) show
that as the transverse dimension Ly increases, the RHT remains
below the black-body result for all gaps in the far-field regime
and the normalized conductance tends to saturate when this
dimension becomes on the order of 10 μm. These results show
once more the difficulty to achieve super-Planckian far-field
RHT and the crucial role played by the directionality of the
thermal emission. On the other hand, it is worth stressing that
the numerical results for a large gap of 500 μm shown in
Fig. 4(b) nicely coincide with the asymptotic result obtained
via Eq. (8), which confirms the validity of this result for
parallelepipeds.
V. SUPER-PLANCKIAN FAR-FIELD RADIATIVE HEAT
TRANSFER IN SUSPENDED PADS

The results shown in Fig. 3 clearly demonstrate the possibility to largely overcome the Planckian limit in the far-field
regime, but the conductance values for these structures make
their measurement challenging. To illustrate super-Planckian
heat transfer in a system that can be tested with existing
technology, we focus in this section on the analysis of the RHT
between two identical SiN pads with fixed lateral dimensions
of 50 × 50 μm2 , see Fig. 5(a), which are larger than λTh at
room temperature, and we vary their thickness, τ , from values
much smaller than λTh to values larger than this wavelength.
This challenging system for the theory is inspired by the

suspended-pad microdevices that are widely employed for
measuring the thermophysical properties of low-dimensional
nanostructures (nanotubes, nanowires, or nanoribbons) [28–
31]. These devices consist of two adjacent SiN membranes
suspended by long beams. Each membrane features a platinum resistance heater/thermometer that is normally used to
measure the heat conduction through a sample that bridges
the gap between the membranes, but they can also be used
to measure the RHT across the gap. In recent years, these
microdevices have reached sensitivities of ∼1 pW/K and
below [32,33].
The RHT between these suspended pads in the extreme farfield regime is described by Eq. (8). The directional absorption
efficiencies entering this equation are now those for a plane
wave with normal incidence and transverse magnetic (TM) or
transverse electric (TE) polarization (QTM,TE (ω)), see insets
of Figs. 5(c) and 5(d). The results obtained with COMSOL
MULTIPHYSICS for these efficiencies for thicknesses varying
from 100 nm to 50 μm are displayed in Figs. 5(c) and 5(d)
and they show that when τ  λTh they reach values of up to
several hundreds, especially for TE polarization. Using these
results together with Eq. (8), we have computed the radiative
thermal conductance for different values of τ , see Fig. 5(b).
The ratio with the black-body result increases monotonically
as τ decreases, becoming clearly larger than 1 when τ <
λTh , and reaching values as large as 2000 for a thickness of
100 nm. The occurrence of super-Planckian far-field RHT is
confirmed by our SCUFF-EM results for several gap sizes, as
shown in Fig. 5(b). These results show that, irrespective of
the gap, the super-Planckian RHT takes place when τ < λTh
and that it should be readily observable in suspended-pad
microdevices, as we illustrate in the inset of Fig. 5(b) where we
show the radiative thermal conductance without normalization.
These results also prove once more that Eq. (8) provides the
asymptotic result for gaps much larger than the dimensions
of the objects, which is when the largest enhancements over
the black-body theory occur. Let us also say that we find
similar results for the case of SiO2 pads, as we show in
Appendix B.
The super-Planckian RHT found for the pads can be further
enhanced by increasing their depth, in the very same way as
we did for the parallelepipeds. We illustrate this fact in Fig. 6
where we investigate the RHT between two 100-nm-thick SiN
pads that are assumed to be infinitely wide and have a depth
Lz that can be varied, see Fig. 6(a). We have computed with
COMSOL MULTIPHYSICS the relevant absorption efficiencies for
different values of Lz ranging from 100 nm to 1 mm and the
results are shown in Figs. 6(c) and 6(d). As one can see, the
efficiencies grow linearly with Lz and reach enormous values
in a broad range of frequencies. We have then used these results
together with Eq. (8) to compute the far-field RHT in the
asymptotic limit of a gap much larger than the pad length.
The corresponding results are displayed in Fig. 6(b) and, as
one can see, the enhancement over the black-body result now
reaches impressive values of the order of 105 when Lz is of the
order of 1 mm.
It is important to stress that none of the systems considered
in this work is a super-Planckian emitter, i.e., an object that
emits more than a black body with the same dimensions. The
existence of super-Planckian emitters, which is in principle
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(a)

(b)
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(d)

FIG. 6. (a) SiN pads with a thickness of 100 nm, infinitely
wide, a variable depth equal to Lz and separated by a gap d.
(b) Room-temperature radiative heat conductance, normalized by
the black-body results, for the system shown in (a) as a function
of the pad depth Lz . The result corresponds to a gap much larger than
the pad depth and it was computed with Eq. (8) and the results of (c)
and (d). (c) Absorption efficiency as a function of the frequency for a
plane wave impinging with normal incidence and transverse magnetic
(TM) polarization in a SiN slab with dimensions described in (a). The
different curves correspond to different values of Lz , as indicated in
the legend. (d) The same as in (c), but for a transverse electric (TE)
polarization.

possible, would make trivial the realization of super-Planckian
RHT, but as explained in Introduction, the experimental realization of super-Planckian emitters is extremely challenging.
We have already shown in Sec. IV that the parallelepipeds
investigated in this work are not super-Planckian emitters, see
inset in Fig. 3(c). For completeness, we show in Fig. 7 that the
SiN pads studied above, see Fig. 5, are not super-Planckian

FIG. 7. Total emitted power at room temperature, normalized by
the black-body result, by a single SiN pad with lateral dimensions of
50 × 50 μm2 as a function of its thickness τ . Notice that the result is
clearly below 1, which shows that these pads are not super-Planckian
emitters.
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FIG. 8. (a) Magnitude of the total Poynting vector Stot , normalized
by the incident value S0 , in a simulation of a TE-polarized plane wave
impinging in a 100-nm-thick SiN pad (in black) for ω = 1.5 × 1014
rad/s. The pad length is 50 μm and it is infinite in the transverse
direction. A streamline representation of the Poynting vector is shown
in grey solid lines. (b) and (c) Frequency vs propagation constant β
(b) and attenuation constant α (c) for the TE modes of an infinite SiN
slab for different values of its thickness τ . The solid lines correspond
to the exact numerical solution of Eq. (11), while the dotted lines
correspond to the analytical result of Eqs. (13) and (14). The dashed
orange line in (b) is the light line in vacuum, ω = βc, and it separates
the modes into guided ones on the right-hand side of this line and leaky
ones on the left. (d) and (e) The same as in (b) and (c) for TM modes.
The insets in (c) and (e) show the normalized electric field profile for
the components Ex and Ey , respectively, for a 500-nm-thick slab. The
shaded area represents the SiN slab.

emitters either. In particular, we show in this figure the total
power emitted by the SiN pads considered before (Fig. 5),
normalized by the black-body result. This quantity is the total
emissivity of this object (integrated in frequencies, angles and
polarizations). As one can see in Fig. 7, this emissivity is clearly
smaller than 1, irrespective of the thickness, and it tends to its
bulk value when the thickness becomes larger than the thermal
wavelength.
The last thing that remains to be understood in relation
to the RHT between these suspended pads is the origin of
their remarkable absorption efficiency. In what follows, we
shall show that, in simple terms, these pads behave as (lossy)
dielectric waveguides that efficiently absorb the radiation via
the excitation of guided modes. This excitation is illustrated
in the COMSOL MULTIPHYSICS simulation of Fig. 8(a). In that
figure, we display the Poynting vector obtained in a simulation
of a TE-polarized plane wave impinging in a 100 nm-thick
SiN pad for a frequency ω = 1.5 × 1014 rad/s. In this case,
the pad length is 50 μm and it was assumed to be infinite in
the transverse direction. As one can see, the pad is able to
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alter the incoming field over a region that is more than 100
times larger than its thickness. What happens is that, due to
the low-impedance mismatch, the incident radiation couples
efficiently into a guiding mode that has a large lateral extension
outside the pad and the mode is then absorbed during its
propagation, with the energy slowly flowing into the pad. The
large spatial extent of the guided mode, and its large overlap
with the incoming plane wave, is actually responsible for the
corresponding cross section becoming so much larger than the
physical size of the pad. To understand in more detail how the
energy absorption in these pads takes place, we now proceed
to study the nature of the guided modes in these dielectric
structures.
In order to determine the electromagnetic modes sustained by the pads, we consider an infinite planar waveguide
made of a SiN slab of thickness τ surrounded by air. Our
goal is now to obtain the dispersion relation of the guided
modes in this structure. Using standard theory of dielectric waveguides [40], one can show that those dispersion
relations are given by the solution of the following secular
equations:
1 − rp2 e2iqSiN τ = 0,

(11)

where the index p indicates the polarization of the mode (TE
or TM). In this case, the modes with TE polarization have field
components Ex , Hy , and Hz according to the coordinate system
shown in Fig. 8(a), while the TM modes have the following
nonvanishing field components: Hx , Ey , and Ez . On the other
hand, the rp ’s in Eq. (11) correspond to the Fresnel coefficients

It is worth recalling that these planar dielectric waveguides
have no frequency cut-off, i.e., there exists at least one
electromagnetic guiding mode for TE and TM polarizations
for any value of the thickness τ . In order to have a second
mode in our slab waveguide, qSiN must fulfill the condition
Re{qSiN }τ = π . In our case, the thinnest slab at which there is
an additional mode for a certain ω is τ = 1.8 μm, for both TE
and TM polarization. Thus, for the thickness range analyzed
in Fig. 8, there is only one electromagnetic guided mode in the
SiN slab.
In the limit of very thin slabs (qSiN τ  1), it is possible to
find an analytical solution of Eq. (11). In this limit, the mode
dispersion relations are given by

kTM

2

ω
1+
c

ωτ (SiN − 1)
2c

ω
=
1+
c

ωτ (SiN − 1)
2cSiN

kTE =

,

(13)

2
.

(14)

These expressions provide a very good approximation for
the dispersion relation of the modes for the thickness range
analyzed, as the dashed lines of Figs. 8(b)–8(e) show. In the
case of very thin slabs, it is possible to further simplify Eqs. (13)
and (14) to obtain the following analytical expressions for the
attenuation constant for both polarizations:

(12)

ω3 τ 2
Im{SiN (ω)}[Re{SiN (ω)} − 1],
(15)
4c3
ω3 τ 2 Im{SiN (ω)}[|SiN (ω)|2 − Re{SiN (ω)}]
.
αTM (ω) =
4c3
|SiN (ω)|4
(16)

where qj = j ω2 /c2 − k 2 is the transverse component (ycomponent) of the wave vector in medium j (j = air, SiN),
j (ω) is the corresponding dielectric function, and k = β + iα
is the parallel component of the wave vector (z component).
Here, β is the propagation constant of the electromagnetic
mode and α is the corresponding attenuation constant, which
determines both the absorption and the propagation length of
the mode.
In Figs. 8(b)–8(e), we present the results for the frequency
dependence of the propagation and attenuation constants of the
modes sustained by a SiN slab of several thicknesses. In particular, we show with solid lines the exact results obtained with
the numerical solution of Eq. (11) for both polarizations (TE or
TM). The first thing to notice is that the attenuation constant,
which determines the power absorption, strongly depends on
the polarization and exhibits much larger values for the TE
case, which explains the larger efficiency for this polarization,
see Fig. 5(d). Moreover, the frequency dependence of the
attenuation constant reproduces the corresponding dependence
of the absorption efficiencies for both polarizations in the
limit of thin pads. Interestingly, there is a frequency range
in which the slab behaves as a hollow dielectric waveguide
[40], with the real part of the core dielectric function being
smaller than that of the cladding, and the propagation for
TE polarization occurs via leaky modes [40], see Figs. 8(b)
and 8(c).

These expressions show that the attenuation constant that
determines the power absorption in the slab scales with the
thickness as τ 2 , i.e., the propagation length of these modes
increases upon reducing the waveguide thickness. It is important to emphasize that this propagation length of these modes,
which is given by 1/2α, reaches values even larger than 1 mm
for thicknesses below a few hundreds of nm for the relevant
frequencies. This is especially true for the TM polarization.
This fact explains why in all the cases considered in this section,
see Figs. 5 and 6, the absorption efficiencies grow linearly with
the dimension Lz . The idea is that, as we explained in Sec. IV,
the efficiencies Q for normal incidence are proportional to the
factor [1 − exp(−2αLz )], and since we have investigated here
the limit αLz  1, then Q ∝ Lz .
Finally, and in order to get some further insight into the
nature of the electromagnetic modes supported by these SiN
slabs, we have plotted the electric field component that is
perpendicular to the propagation direction of the mode (Ex
for TE polarization and Ey for the TM case), see insets of
Figs. 8(c) and 8(e). Both electric profiles are represented as a
function of the y coordinate for a slab of thickness τ = 500 nm
and frequencies ω = 1.47 × 1014 rad/s and ω = 1.98 × 1014
rad/s for the TE and TM mode, respectively. The Ey profile of
the TM mode is discontinuous at the boundary and it extends
longer in the y direction. Therefore it has a smaller amplitude
inside the slab as compared to the Ex profile of the TE mode.
This explains why the attenuation constant is smaller in the

rTE =

qair − qSiN
SiN qair − qSiN
and rTM =
,
qair + qSiN
SiN qair + qSiN

αTE (ω) =
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TM case, and therefore the absorption along the SiN pads is
larger for this polarization.
VI. CONCLUSIONS

In summary, we have presented in this work a theoretical study that demonstrates that the far-field RHT between objects with some of their dimensions smaller than
the thermal wavelength can greatly overcome the Planckian
limit. By finding a connection between the far-field RHT
and the directional absorption efficiencies of the objects
involved, we have provided very intuitive guidelines on
how to achieve super-Planckian far-field RHT. In particular,
we have shown that a huge super-Planckian far-field RHT
can be achieved in micrometer-sized suspended devices of
great importance for the field of thermal transport [28–33],
which in turn can be used to quantitatively test our
predictions.
From a more general perspective, our work illustrates
the need to revisit the far-field RHT between micro- and
nanosystems in the light of fluctuational electrodynamics
theory. Our work is also important for the study of thermalization of small objects [27] with implications, e.g., in cavity
optomechanics experiments [41] or in the study of interstellar
dust in astrophysics [42]. Finally, our work also raises the
question of the ultimate limit of the super-Planckian far-field
RHT in low-dimensional systems such as nanowires and 2D
materials.
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FIG. 9. (a)–(c) Real and imaginary parts of the dielectric functions employed in our calculations as a function of frequency for Au,
SiO2 , and SiN.

APPENDIX B: Additional results for SiO2 STRUCTURES

In this appendix, we briefly present additional results for
the RHT of several structures that were analyzed in the main
text for the case of SiN, but this time for SiO2 bodies.
First of all, we present in Fig. 10 the RHT results for the
parallelepipeds of Fig. 4, but in this case, made of SiO2 . These
results confirm the basic conclusions drawn from Fig. 4 for
SiN, the main difference being that the normalized thermal
conductance adopts lower values than in the SiN case as Ly
increases.
In Fig. 11, we show the results for the far-field radiative thermal conductance and the corresponding absorption
efficiencies for SiO2 pads with fixed lateral dimensions of
50 × 50 μm2 , see Fig. 11(a), and varying thickness, τ . This
is the system investigated in Fig. 5 of the main text, but
now for SiO2 . The results for SiO2 are indeed very similar to those for SiN and confirm the possibility to greatly
overcome the Planckian limit with polar dielectrics when the
pad thickness is smaller than the thermal wavelength. As in
the case of the SiN pads, the absorption efficiencies were
computed with COMSOL MULTIPHYSICS, while the numerical
simulation of the RHT were carried out with SCUFF-EM
code.

APPENDIX A: DIELECTRIC CONSTANTS

In this appendix, we provide the different dielectric functions that were used for the calculations of both the absorption
cross-sections and the radiative heat transfer. We assumed
that these dielectric functions only depend on frequency
(local approximation) and we took these functions from experimental results reported in the literature. To be precise,
we took the dielectric functions of Au from Ref. [43], the
SiO2 function was taken from Palik [44], and that of SiN
from Cataldo et al. [45]. These three dielectric functions are
shown in Fig. 9 for the frequency range relevant for our
calculations.
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The view factor between two aligned parallel rectangles of
sides Lx and Ly and separated by a gap d is given by [1]

 1/2
 
1 + L̃2x 1 + L̃2y
2
rectangles
ln
=
F12
π L̃x L̃y
1 + L̃2x + L̃2y




L̃x
2 1/2
+ L̃x 1 + L̃y
arctan 
1/2
1 + L̃2y




L̃y
2 1/2
+ L̃y 1 + L̃x
arctan 
1/2
1 + L̃2x

− L̃x arctan(L̃x ) − L̃y arctan(L̃y ) ,
(C1)

FIG. 11. The same as in Fig. 5, but for SiO2 pads.

APPENDIX C: VIEW FACTORS

where L̃x = Lx /d and L̃y = Ly /d. This is the view factor that
has been used for the calculation of the radiative heat transfer
between parallelepipeds, including the pads and cubes. In the
two-spheres case, there is no analytical expression for the view
factor. However, when the gap d is larger than the sphere radius
R, it can be approximated by [37]
⎫
⎧

2 1/2 ⎬
1⎨
R
spheres
F12
=
.
(C2)
1− 1−
⎭
2⎩
d + 2R

In most of the cases discussed in this work, we have
presented the results of the far-field radiative thermal conductance normalized by the corresponding black-body results.
Those results are given by the Stefan-Boltzmann law: GBB =
4σ AF12 T 3 , where σ is the Stefan-Boltzmann constant, A is
the area of the bodies (assumed to be identical), T is the
absolute temperature, and F12 is the so-called view factor [1].
For completeness, we present in this appendix the expressions
for the different view factors used in this work. Moreover, let
us recall that these view factors also appear in the formulas for
the far-field RHT, see, e.g., Eqs. (4) and (8).

This expression yields a value that differs less than 1% from
the exact numerical result in most of the cases explored in this
work. For all other cases, we have considered the exact numeric
view factor. To be precise, the value of the view factor in those
spheres
spheres
(d = 100 μm, R = 50μm) = F12
(d =
cases is F12
spheres
(d = 20 μm, R =
20 μm, R = 10 μm) = 0.0161, F12
spheres
(d = 20 μm, R = 50 μm) =
20 μm) = 0.0294, and F12
0.0485.
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