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Effective electronic response of a system of metallic cylinders
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The electronic response of a composite consisting of aligned metallic cylinders in vacuum is investigated on
the basis of photonic band structure calculations. The effective long-wavelength dielectric response function is
computed as a function of the filling fraction. A spectral representation of the effective response is considered
and the surface mode strengths and positions are analyzed. The range of validity of a Maxwell-Garnett–like
approach is discussed and the impact of our results on absorption spectra and electron energy-loss phenomena
is addressed.@S0163-1829~98!05724-5#
th
as

om
io
rp
se
le
en
.

di
rs

ed
ite
h
c
a

c-

re
it
or
w
r
e
ica

an
-

u
o
s
a

hat
uch
enta-
lu-
e of
l
ab-

c-
lec-

that
rial
I. INTRODUCTION

Both theoretical and experimental investigations of
optical properties of composite materials have been of b
importance over the years.1 In particular, effective medium
theories, in which the electromagnetic response of the c
posite is described in terms of an effective dielectric funct
eeff , have been a useful tool for the interpretation of abso
tion spectra.2 Mean-field theories of the effective respon
function have also been proved to be useful to analyze e
tron energy-loss experiments in which swift electrons p
etrate composites at random distances from the particles3–9

In the long-wavelength limit, the effective transverse
electric function for a system of spherical particles was fi
derived by Maxwell-Garnett10 ~MG! within a mean-field ap-
proximation valid for small values of the volume occupi
by the spheres. A generalization of the MG theory to fin
wavelength, taking account of the spatial nonlocality in t
response, has been recently presented by Barrera and Fu7

On the other hand, many attempts have been made to
count, at large filling fractions, for higher multipole intera
tions, which are absent in the MG theory.11–15 Recently, ex-
act numerical calculations for periodic dielectric structu
have been performed,16 based in the long-wavelength lim
of photonic band structure calculations, and the MG the
has been shown to offer a good approximation in the lo
filling-ratio regime. Finally, the discovery of tubula
fullerenes17 a few years ago has opened a focus of inter
for the application of these theories to the case of cylindr
interfaces.18,19

In this paper we evaluate, on the basis of photonic b
structure calculations,20 the long-wavelength limit of the ef
fective transverse dielectric function of a composite made
of long metallic cylinders embedded in an otherwise hom
geneous medium. First we demonstrate that the compo
can be replaced by an effective homogeneous medium
570163-1829/98/57~24!/15261~6!/$15.00
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then we determine the transverse dielectric function of t
medium from the electromagnetic modes supported by s
a homogeneous system. We consider a spectral repres
tion of the effective dielectric function, we present an eva
ation of the parameters involved, and we discuss the rang
validity of a MG-like approach appropriate for cylindrica
particles. We also address the impact of our results on
sorption spectra and electron energy-loss phenomena.

II. THEORY

It was shown by Bergman21 and Milton22 that in the long-
wavelength limit the effective dielectric function of any ma
roscopically homogeneous two-component system of die
tric constantse and e0 and volume fractionsf and 12 f ,
respectively, can be expressed as a sum of simple poles
depend only on the microgeometry of the composite mate
and not on the dielectric functions of the components:

eeff5e0F12 f(
n

Bn

u2mn
G , ~1!

whereu is the spectral variable

u5@12e/e0#21, ~2!

mn are depolarization factors, andBn are the strengths of the
corresponding normal modes, which all add up to unity:

(
n

Bn51. ~3!

Similarly,23

eeff
215e0

21F12 f(
n

Cn

u2nn
G ~4!

and
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(
n

Cn51. ~5!

In particular, if there is only one mode with a strength d
ferent from zero, one finds

eeff~v!5e0F12 f
1

u2m1
G ~6!

and

eeff
21~v!5e0

21F11 f
1

u2n1
G . ~7!

We consider a binary composite with a volume fracti
12 f of the insulator, with a real dielectric constante0, andf
of a periodic system of long metallic cylinders of diameterd
arranged in a square array with lattice constanta5xd ~see
Fig. 1!. The diameter of the cylinders is taken to be small
comparison to the wavelength of the electromagnetic exc
tion and large enough that a macroscopic dielectric func
e(v) is ascribable to the cylinders. For simplicity, the ma
netic permeabilities are assumed to be equal to unity in b
media.

Now we take an electromagnetic~e.m.! wave normally
incident on the structure so thatkx5ky50. For this propa-
gation direction there are two different values ofeeff(v) cor-
responding to different polarizations. In the case of e
waves polarized along the cylinders (s polarization!, the
presence of the interfaces does not modify the electric fi
and one easily finds24 that the response of the composite
equivalent to that of a homogeneous medium having the
fective transverse dielectric function of Eqs.~6! and~7! with
m150 andn15 f .

For e.m. waves polarized normal to the cylinders (p po-
larization!, we first consider the case of a single cylind
embedded in an otherwise homogeneous medium. An
ementary analysis of this classical problem shows that
electric field in the interior of the cylinder is25

Ein5
u

u21/2
Eout, ~8!

FIG. 1. Periodic array of metallic cylinders of diameterd ar-
ranged in a square array with lattice constanta. The cylinders are
infinitely long in they direction.
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whereEout represents the electric field intensity in the m
dium outside the cylinder. The effective dielectric functio
of isolated cylinders is then found to be given, again, by E
~6! and ~7!, the depolarization factors now beingm15n1
51/2. In the case of isolated particles only the dipole surfa
mode enters Eqs.~1! and ~4! for this polarization.

The interaction between the particles in a composite
been considered, over the years, within the well-known M
approximation. The basic assumption of this approach is
the average electric field within a particle located in a syst
of identical particles is related to the average field in t
medium outside as in the case of a single isolated parti
thus only dipole interactions are taken into account. Hen
after replacing, forp polarization,Eout of Eq. ~8! by

Eout5
^E&2 f Ein

12 f
, ~9!

^E& being the macroscopic effective electric field in the co
posite, the MG result for cylindrical inclusions is foun
which can be represented by the use of Eqs.~6! and~7! with

m15
1

2
~12 f ! ~10!

and

n15
1

2
~11 f !. ~11!

This is a special case of the generalized MG dielectric fu
tion derived in Ref. 25 for ellipsoidal inclusions, which i
the case of aligned spheroids distributed at random has b
extended beyond the MG approximation.26 Higher multipole
interactions are neglected in these approaches.

In order to compute, with full inclusion of higher multi
poles, the effective dielectric function of our periodic sy
tem, we first follow Ref. 20 to calculate the photonic ba
structure. We fix the frequency, the local dielectric functi
inside the cylinders therefore being specified, and we d
cretize the Maxwell equations within the unit cell. The di
cretized Maxwell equations provide a relationship betwe
the electromagnetic fields on either side of the unit cell, i
z andz1a ~see Fig. 1! and we exploit this to calculate, o
applying Bloch’s theorem, the eigenvalues of the so-cal
transfer matrix, which will give the band structure of th
system.

Homogeneous media are well known to support only t
transverse modes. On the other hand, looking at the im
nary part of the eigenvalues of the system, we observe
over the entire range of frequencies there are, for each
larization, two degenerate e.m. Bloch waves with vectork
and2k for which k(v) roughly follows the dispersion rela
tion of free light and which are dominant in the sense t
they present the smallest attenuation~smallest imaginary par
of k). Thus we conclude that the composite can be repla
by an effective homogeneous medium and we use the dis
sion relation of these Bloch waves to compute the effect
transverse dielectric function from

eeff~v!5
k2c2

v2 , ~12!
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wherec is the speed of light.

III. RESULTS AND DISCUSSION

We have taken the insulating component of the compo
to have a real dielectric constant ofe051 and we have mod
eled the dielectric properties of the metal inside the cylind
by a simple free-electron~Drude! dielectric function

e~v!512
vp

2

v~v1 ig!
, ~13!

wherevp is the bulk plasma frequency of the metal andg
represents an inverse electron relaxation time. We have
the plasma frequency of the conduction electrons in alu
num,\vp515.8 eV, andg51.4 eV.

For s polarized electromagnetic waves, our numerical
sults for the effective dielectric function, as obtained fro
Eq. ~12!, accurately reproduce the exact results of Eqs.~6!
and~7! with m50 andn5 f and this represents, therefore,
good check of our scheme.

In the case ofp polarized electromagnetic excitation
great care was exercised to ensure that our calculations
insensitive to the precise value of the number of mesh po
in the unit cell.27 The results presented below have be
found to be well converged for all filling fractions and the
all correspond to a sampling mesh of 180313180.28

The optical absorption is directly given by the imagina
part of the effective dielectric function Im@eeff(v)#. Thus,
for p polarization the absorption spectra of isolated cylind
( f→0) exhibit a strong maximum, absent in the bulk met
at the cylinder dipole resonance@e(v)1e050#, i.e., atv1

5Am1vp with m151/2. At higher concentrations of meta
Im @eeff(v)# still shows a dipole resonance atv1

5Am1( f )vp @m1( f )Þ1/2# and a band of multipole reso
nances at vn5Amn( f )vp (n52, . . . ;mn.m1) is also
formed broadened by electromagnetic interactions among
dividual cylinders. This is illustrated in Fig. 2, where o

FIG. 2. Imaginary part of the effective long-wavelength diele
tric function of the periodic system described in Fig. 1, forp polar-
ized electromagnetic excitations. Full thin line: the isolated cylin
result (f→0). Dotted, long-dashed, short-dashed, dash-dotted,
thick full lines: our numerical results for volume filling fractions o
2.2%, 19.6%, 54.5%, 68.6%, and 74.0%, respectively.
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first-principles calculations of Im@eeff(v)#/ f are exhibited,
as a function of the frequencyv, for various values of the
ratio x between the lattice constant and the diameter of
cylinders. Forx>2 the effective dielectric function is wel
described by the MG approximation and both our compu
result and the MG approximation almost coincide forx56
with the isolated cylinder result, represented in Fig. 2 by
thin solid line. In Fig. 3 our results are compared, for tw
different filling fractions, with the MG approximation, show
ing that together with the appearance of multipole re
nances the depolarization factorsm1( f ) are, for x,2,
smaller than the MG depolarization factor of Eq.~10!.

In the case of a broad beam of charged particles pene
ing the composite, the probability per unit path length, p
unit energy, for the projectile to transfer energy\v to the
medium is29

Pv5
2e2

\2v2 F~v!, ~14!

where

F~v!5
1

pE0

Qc
dQ

Q

Q21qv
2Im @2eeff

21~q,v!#, ~15!

v and eeff
21(q,v) being the velocity of the incident particle

and the effective inverse longitudinal dielectric function
the composite, respectively.\Q represents the component o
the momentum transfer\q located in a plane perpendicula
to the incident beam direction,Qc is determined byqc

2

5Qc
21qv

2 , qc representing the largest wave vector for whi
plasmons are well-defined excitations,30 and

qv5
v

v
. ~16!

In typical electron energy-loss experiments swift electro
of about 100 keV penetrate the composite and the main c
tribution to the integral of Eq.~15! comes, therefore, from
very small values of the momentum transfer. Also, for sm
values of the adimensional parameterqa (qa,1), a being
the radius of the cylinder, the effective dielectric function

-

r
nd

FIG. 3. Same as in Fig. 2, for filling fractions of 54.5% an
74.0%. Full thin and thick lines: our numerical results. Dotted a
dashed lines: MG results.
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isolated cylinders has been proved to be rather insensitiv
the introduction of a finite wave vector9,29 and the energy-
loss spectra of swift electrons is therefore expected to be
small values of the radius of the cylinders (a,1 nm),31

well described by theq→0 limit of the imaginary part of the
effective inverse dielectric function.32

Equation ~7! with n50 ~dilute limit of n5 f ) and n
51/2 exactly coincides, in the long-wavelength limit, wi
the result one obtains for the effective inverse longitudi
dielectric function of isolated cylinders when the momentu
transfer is parallel to the axis and when it is located in
plane perpendicular to the axis of the cylinde
respectively.29 In this limit (q→0) bulk plasmons are no
excited, as a consequence of the so-called Bregenzung e
and the pole in Eq.~7! at e(v)1e050, i.e., v15Am1vp
with m151/2, determines, forp polarization, the frequency
of the so-called surface plasmon resonance at which elec
energy-loss occurs.

Figure 4 shows, as a function of the frequency, our c
culations of Im@2eeff

21(v)#/ f obtained for various filling
fractions by varying the ratiox between the lattice constan
and the diameter of the cylinders. In a homogeneous m
the so-called energy-loss function Im@2eeff

21(v)# shows a
single peak at the bulk plasmon resonance and this p
persists in the composite forx<1, i.e., for filling fractions of
metal for which the insulator no longer forms a connec
medium. Besides this peak, there is also a band
Im @2eeff

21(v)# from multipole contributions to the effectiv
response atvn5Ann( f )vp (n52, . . . ;nn,n1). As in the
case of Im@eeff(v)#, the energy-loss function is well de
scribed by the MG approximation in the low-filling-ratio re
gime and our results begin to deviate from those obtai
within the MG approximation atx'2 ~see Fig. 5!. We also
find that the depolarization factorsn1( f ) are larger than the
MG depolarization factor of Eq.~11! for all volume fractions
of metal for which the MG theory does not reproduce o
results.

FIG. 4. Effective energy-loss function of the periodic syste
described in Fig. 1, forp polarized electromagnetic waves. Full th
line: the isolated cylinder result (f→0). Dotted, long-dashed, shor
dashed, dash-dotted, and thick full lines: our numerical results
volume filling fractions of 2.2%, 19.6%, 54.5%, 68.6%, and 78.5
respectively. The bulk energy-loss function is represented by a
ted line.
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Our numerical calculations of the effective dielectr
function, as obtained from Eq.~12!, lead us to the conclusion
that the depolarization factorsm1 andn1 of Eqs.~1! and~4!,
corresponding to dipolar modes, satisfy the relation

n1512~D21!m1 , ~17!

whereD represents the dimensionality of the inclusions, i.
D53 in the case of spherical inclusions andD52 in the
case of long circular cylinders. If all multipolar modes a
neglected, thenB15C151 in Eqs.~1! and~4! and a combi-
nation of these equations with Eq.~17! results, forD52, in
the spectral representations of Eqs.~6! and ~7! with the de-
polarization factorsm1 andn1 given by Eqs.~10! and ~11!,
i.e., the MG approximation. On the other hand, as long
multipolar modes give non-negligible contributions to t
spectral representation of the effective response, i.e.,BnÞ0
and CnÞ0 (n52, . . . ), thestrengths of the dipolar mode
B1 andC1 become smaller than unity@see Eqs.~3! and ~5!#
and a combination of Eqs.~1! and~4! with Eq. ~17! leads us
to the conclusion that the depolarization factorsn1 and m1
necessarily deviate from their MG counterparts. That a n
vanishing contribution from multipolar modes appears
gether with a deviation of the dipolar mode locations w
respect to their MG counterparts is apparent from Figs. 3
5.

One of the main advantages of the spectral representa
of Eqs.~1! and ~4! is that the depolarization factors and th
strengths of the corresponding normal modes depend onl
the microgeometry of the composite material and not on
dielectric function of the components. On the other hand,
normal mode positions are determined bymn andnn and we
have thus represented in Fig. 6, in the case ofp polarization,
universal curves for the actual dipolar mode depolarizat
factors and strengths versus the filling fraction. It is obvio
from this figure that the trend with increasing filling fractio
is for the dipolar peaks in Im@eeff(v)#/Im @2eeff

21(v)# to
move from the cylinder dipole mode (m15n151/2) to
lower/higher energies. Notice that the MG results, also p
ted in this figure, agree with our numerical results forf
,0.2 (x.2). Nevertheless, at higher filling fractions the a

r
,
t-

FIG. 5. Same as in Fig. 4, for filling fractions of 54.5% an
78.5%. Full thin and thick lines: our numerical results. Dotted a
dashed lines: MG results.
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tual depolarization factors approach more rapidly, asf is
increased, the depolarization factors appropriate to the
mogeneous metal (m150 and n151). In particular, forx
,1 ( f .p/4), n151, indicating that losses due to the bu
plasmon are expected when the metal forms a connected
dium.

Associated with the deviation of the actual dipolar mo
positions from the MG results is the appearance of n
negligible multipolar mode strengthsBn (n52, . . . ) andCn

(n52, . . . ),and, accordingly@see Eqs.~3! and~5!#, a reduc-
tion in the dipolar mode strengthsB1 and C1. These mode

FIG. 6. Dipolar mode positions~depolarization factors! as a
function of the volume filling fractionf . Solid lines: our numerical
results form1 ~the line below the dilute limit of 1/2) andn1 ~the
line above the dilute limit of 1/2). Dotted lines represent the M
depolarization factors given by Eqs.~10! and ~11!. Dipolar mode
strengths are represented in the inset. Dots and asterisks: ou
merical results for the dipolar peak heights in Im@eeff(v)#/ f H and
Im @2ee f f

21(v)#/ f H, respectively. Full thick and thin lines: 1/Am1

and 1/An1, respectively. HereH5vp /g.
.

s.

.

o-

e-

-

strengths determine the dipolar peak heights in Im@eeff(v)#
and Im @2eeff

21(v)#, represented in the inset of Fig. 6 as
function of f . For B15C151, all multipolar mode strengths
being neglected, the dipolar peak heights in Im@eeff(v)# and
Im @2eeff

21(v)# are found to bef H/Am1 and f H/An1, re-
spectively, whereH represents the peak height in the bu
energy-loss function@in the case of the Drude dielectri
function of Eq. ~13!, H5vp /g#. The actual dipolar peak
heights divided byf H are represented by asterisks and do
together with theB15C151 approximation, i.e., 1/Am1 and
1/An1, showing, therefore, the magnitude of the actual dip
lar mode strengths involved in the spectral representation
Eqs.~1! and ~4!.

IV. CONCLUSIONS

We have evaluated, on the basis of photonic band st
ture calculations, the effective long-wavelength dielectric
sponse function of a system of long metallic cylinders. W
have considered a spectral representation of both direct
inverse effective dielectric functions, of interest in the inte
pretation of absorption spectra and electron energy-loss
periments, respectively. We have analyzed the surface m
strengths and positions and the effect of the electromagn
interactions between the cylinders has been investigated.
have concluded that MG results are good as long as the
tance between the axis of neighboring cylinders is larger t
twice the diameter of the cylinders. This is in contrast w
the results we have also obtained for long dielectric cyl
ders. In this case we have found the MG results to be g
for almost all the filling ratios for which the cylinders are n
touching, as happens in the case of a periodic array of
electric spheres.16
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