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Resonant transmission of light through finite arrays of slits
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Finite-size effects associated with the phenomenon of extraordinary optical transmission are theoretically
addressed. We analyze the N dependence of the transmission resonances appearing in one-dimensional periodic
arrays of N slits. For the transmission resonances located close to the period of the array, it is found that the
evolution is controlled by the width of the slits. This parameter completely governs the electromagnetic
coupling between slits that, in turn, is the key actor in the formation of the collective surface electromagnetic
mode responsible for the enhanced transmission. On the contrary, the transmission process associated with the
excitation of waveguide resonances inside the slits is almost independent of the number of slits perforated on

the metallic film.
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I. INTRODUCTION

Since the discovery of the phenomenon of extraordinary
optical transmission (EOT) through two-dimensional (2D)
periodic arrays of subwavelength holes,! many theoretical
and experimental works have been devoted to analyze its
one-dimensional (1D) version, i.e., a periodic array of sub-
wavelength slits drilled on a metallic film.2"'? Although this
structure has strong similarities with an array of holes, the
fact that, for p-polarized light and irrespective of the ratio
between its width and the wavelength, the fundamental
eigenmode inside a 1D slit always propagates makes the
physics a bit different from its 2D counterpart. It was soon
realized? that, apart from transmission resonances spectrally
located close to the period of the array (similar to the ones
found in 2D arrays of holes'?), Fabry-Pérot-type resonances
could also enhance the transmission through the perforated
metal. Subsequently, it was found that these waveguide reso-
nances could also appear in a single slit.!4-?!

One of the aspects that, to our knowledge, has not been
explored before is how the two distinct transmission resonant
processes appearing in 1D periodic arrays of slits depend on
the number of slits, in other words, how many slits are nec-
essary to observe the resonant phenomenon. The aim of this
paper is to fill this gap by analyzing theoretically how the
transmission spectrum evolves as the number of slits perfo-
rated in the metallic film is increased from 1 to infinity. To
this end, we apply a general theoretical framework that is
able to deal with the scattering properties of an arbitrary
collection of indentations disposed on a metallic film.?>?3
Throughout this paper and in order to concentrate the discus-
sion on the finite-size effects, we are going to consider that
the metal is a perfect electrical conductor (PEC). Therefore,
our results will have quantitative value for perforated metals
in the microwave or THz ranges of the electromagnetic (EM)
spectrum. On the other hand, it has been demonstrated in
some previous works?*? that the PEC approximation is an
excellent starting point to study 1D perforated metals in the
optical regime.

The paper is organized as follows: In Sec. II, we give a
brief overview of the theoretical framework. Section III is
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dedicated to the analysis of the two limiting cases: a single
slit and an infinite array of slits. Our results on finite arrays
are described in Sec. IV, whereas the general conclusions are
raised in Sec. V.

II. THEORETICAL FRAMEWORK

In Fig. 1, we show a schematic view of the most general
structure under study, a perfect conducting film of thickness
h perforated with an array of slits of different widths a,
disposed in any arrangement. The structure is illuminated
from the top (z<0) by an incident plane wave. Since this
system presents translational symmetry along the direction
parallel to the slits, we can restrict our analysis to the per-
pendicular plane where both light polarizations (s and p) are
decoupled. In the calculations presented in this paper, we
consider a freestanding film with no dielectric medium inside
the slits, i.e., e=1 everywhere except inside the metal. We
study the interaction of p-polarized light (magnetic field par-
allel to the slits) with the perforated metallic film as EOT
does not appear for s-polarized light (electric field parallel to
the slits) for freestanding films.?®

Our formalism is based on a modal expansion of the EM
fields in each region of the structure.?”-? It is able to describe
finite arrays of slits as well as infinitely periodic arrays just
by assuming that the supercell of length L containing the
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FIG. 1. Schematic view of the most general structure analyzed
in this paper: A slit arrangement perforated in a perfect conducting
film illuminated by a p-polarized plane wave (see text).
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array is real (for the infinite case) or artificial (for the finite
case), where the limit L — o must be taken at the end of the
numerical procedure. This fact allows us to study the evolu-
tion of the transmission properties of finite periodic arrays of
slits as the number of slits is increased, and compare them
with the well-known infinite case.

The perforated metallic film is illuminated by an incident
p-polarized plane wave with wave vector ky (ky=w/c
=24r/\) impinging from the top of the film with an angle of
incidence 6. The EM fields in region I (see Fig. 1) can be
described as the incident plane wave plus a sum of reflected
waves weighted with their corresponding reflection coeffi-
cients p,. As for the matching procedure, only the parallel
components of the EM fields are relevant; it is enough to
work with the x component of the electric field and the y
component of the magnetic field for p-polarized light. Using
Dirac notation,

(),
EV(2)) = Jkgye™ = + E palk)e ™ (1)
|H (Z)> Yk |k0>€lk Z E pnYk |k >€_lk >
n=—ow

where k,=ko sin 9+n7F and k" =\k3—k2. ¥, =ko/k" is the
admittance of the p-polarized plane wave |k,). The plane
waves corresponding to the vacuum eigenmodes can be ex-

iknt

pressed in real space as (x|k,)="F.

The use of perfect conductmg boundary conditions dic-
tates that in region II the EM fields are nonzero only inside
the slits. Thus, they can be expanded in terms of slit wave-
guide modes labeled with two indices referring to the mode
order (latin index) and to the slit position inside the array
(greek index),

jglem) : (am)
|E}cl(z)> = E (Azelgza e + BZ’e—lgzam z
[e3

(am) (a m),

H)/(2)) = E (A8~ Blle™

2)

The slit waveguide modes in real space are (x|a,m)

cos[gam(x Xot+ 5 )]0 ‘x —X | where 6(x) is the

Heav1s1de function, ga,m—mﬂ'/aa, and the normalization

constant C,,=1 if m=0 and C,,=2 otherwise. The term

giam =Vkg—g_,, is the z component of the wave vector cor-

respondlng to the mth waveguide mode of slit «, and Y’
=ky/ g , its admittance.

In region III (transmission region), EM fields can be writ-
ten again as a sum over diffraction orders,
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where ¢, are the transmission coef ficients.

The different expansion coefficients (z,, p,, A, and BY)
are calculated by imposing continuity of the parallel com-
ponents of the EM fields at the two interfaces of the system
(z=0 and z=1h). The x component of the electric field must be
continuous everywhere at the plane of the interfaces, while
the magnetic field must be continuous only at the slit open-
ings. By projecting the x-dependent electric continuity equa-
tions (one for each side of the film) over vacuum eigenmodes
(k,| and the equations linked to the magnetic field continuity
over , we end up with a system of
linear equations of size 2N ;M o405 Where Ny, is the num-
ber of slits inside the supercell and M,,,,., the number of
modes considered inside each slit.

It is appropnate to deﬁne the quantities E,=A"+B" and

=—(Ae': h+Bm "5’ h) which are related to the
m- modal amplitudes associated with the x component of the
electric field at both sides of slit @. The system of linear
equations that govern E and E." behaviors can be written
as

(G —eNEL+ 2 GugEg—GE"" =17,
1#m,B#a
(G —enE""+ > GuE',—=G"Er=0. (4)

1#m.B%a

The different terms appearing in this set of linear equa-
tions have a quite simple interpretation. I =2iY, ko(a m| ko)
describes the direct initial illumination over the mth wave-
guide mode of slit a. €'=Y" cot(gia‘m)h) takes into account
the bouncing back and forth of the EM fields associated with
mode m inside the same slit @, and G""'=Y"/ sin(gia’m)h)
reflects the coupling between the two sides of the slit via
mode m.

The term GZ’IB takes into account that the /th mode in slit
B reemits radiation, which is collected by the mth mode in
slit a. It controls the coupling between the EM fields inside
different slits. This is the only term within the matching
equations [Eq. (4)], which changes if we consider an artifi-
cial instead of a real supercell. For the case of an infinitely
periodic array, it can be written as

(5)

n=—o0

By writing G%:(a,m|é| B.1), we can define the operator
—lEn__ocYkn {k,|, which couples the EM fields corre-
sponding to different slit waveguide modes through all the

diffraction modes in vacuum.
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For a finite array, discrete diffraction orders cannot be
defined and the spectrum of vacuum eigenmodes becomes
continuous. Taking the limit L — o, the discrete sum in Eq.
(5) transforms into an integral, resulting in a formal expres-

sion for the operator G,

G=-— f T kYK, ©)
2T

—oo

where now the admittance of the plane wave is a function,
Y(k)=ko/ Vkj—k>, and the vacuum plane waves are ex-
pressed in real space as {x|k,)=e’*. Writing this operator in

the position basis, we can evaluate the integral, obtaining

a T
G(x,x") = (x|G|x") = THgl)(kobc -x')), (7)

where Hél) is the zero-order Hankel function of the first kind.
We find that the function that controls the EM coupling be-
tween slits turns out to be the Green’s function associated
with Helmholtz’s equation in two dimensions.?’

Once the quantities E} and E|" in Eq. (4) are known, EM
fields in all spaces can be constructed. The EM power trans-
mitted through the structure is then given by the integral of
the z component of the time averaged Poynting vector along
the x direction in the far field region. However, due to the
absence of losses in our model, this power is equal to the EM
energy flowing within the slits in the positive z direction,
which in our formalism can be written as

Pey= 2 Y2(|AT - |B2P), (8)

a,m

where A”) (B7) is the electric field amplitude corresponding
to the mth waveguide mode at slit « traveling in the positive
(negative) z direction [see Eq. (2)]. It is straightforward to
demonstrate that the expression for the power transmitted
through the structure can be rewritten in terms of £y and E}"
as Pgy=2,,, Im(GY" E'E/™".

In what follows, we introduce a further approximation in
our numerical calculations. We have demonstrated in previ-
ous works>?+? that, in the subwavelength regime (A > a), it
is a very good approximation to consider that only the first
waveguide mode (m=0) is excited by the incident plane
wave. Note that, irrespective of the ratio between a and A,
this first waveguide mode always propagates.

III. INFINITE ARRAY AND SINGLE SLIT

We motivate the study of the transmission properties of
finite arrays of slits by first analyzing two interesting and
limiting cases in which the matching equations [Eq. (4)] be-
come very simple: the single slit and the infinitely periodic
array of identical slits, both systems illuminated by a normal
incident plane wave. In spite of being very different systems,
in both cases we find that by considering only the first mode
inside the slit(s), the system of linear equations simplifies
into just the same two equations:
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FIG. 2. (Color online) Transmission spectra normalized to the
light impinging the area corresponding to the array periodicity (A)
for a single slit and for an infinite periodic array of slits (for both
structures, 1=0.7A and a=0.15A). Top: wavelength dependence of
the relevant terms in Eq. (9) for the single slit. Bottom: the same but
for the infinite array of slits.

(G-eE-GE' =1,

(G-eE' -G'E=0, 9)

where for both systems I=2i(1|ky), e=cot(kyh), and G
=1/sin(kyh) (at normal incidence k,_o=kj). The wave func-
tion inside the slits is (x|1)=1/\a, where « is the slit width
and |1)=|a=1,m=0). The only difference between the two
systems resides in the expression for G in Eq. (9).

For the single slit case, G=Gg=[[dxdx'{1|x)G(x,x")
X(x'|1), where the integrals on x and x’ run over the width
of the slit. On the other hand, for the infinite case, periodic
boundary conditions are imposed to the general equations
[Eq. (4)]. Since light impinges normally to the array plane
(k,=0), Bloch’s theorem states that the value of the EM
fields inside all the slits must be the same, i.e., E,=E and
E!=E’ for all a. The general infinite system of matching
equations becomes degenerate, and the only two equations
that remain linearly independent can be written in the form
of Eq. (9) with G=G.,,

Ge.=1i 2 Ykn<1|kn><kn|1>~ (10)

n=—%

The central panel of Fig. 2 shows the comparison between
the transmission spectra for a single slit and for an infinite
array of slits. In both cases, the transmittance (defined as the
ratio between the EM power exiting and impinging on the
structure) is normalized to the EM flux incident on the area
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corresponding to the array periodicity (A). For the normal-
ization considered, the transmissivity of both structures has
the form

T=(G"1Y; )Im(EE""). (11)

Since we are considering perfect conducting boundary con-
ditions, all lengths in the structure are scalable, and we can
take A as the unit length. For the two structures analyzed in
Fig. 2, the thickness of the film is chosen to be 7=0.7A and
the slit width to be a=0.15A. In the wavelength range ana-
lyzed, the single slit spectrum presents two maxima, which
corresponds to the first two waveguide resonances. As previ-
ously reported, they are located near the Fabry-Pérot condi-
tion sin(ky/)=0. The infinite array spectrum shows these two
maxima, too, but shifted to shorter wavelengths. However,
slightly above the periodicity (A= A), this spectrum presents
a strongly peaked feature that does not appear for the single
slit. This maximum is associated with the excitation of a
surface EM mode, which decorates both sides of the perfect
conducting film.>7 It is accompanied by a sharp drop in the
transmittance just at the periodicity, the well-known Wood’s
anomaly.

All this phenomenology for a single slit and for an infinite
array of slits has been previously discussed.> However, our
approach allows us to understand the physics and mathemat-
ics behind the resonant features by just analyzing the terms
appearing in Eq. (9). The wavelength dependence of the dif-
ferent terms in Eq. (9) for a single slit and for an infinite
array is shown in the top and bottom panels of Fig. 2, re-
spectively. For example, the origin of Wood’s anomaly,
present only in the infinite array spectrum, stems from a
divergence in G,, [see the lower panel in Fig. 2 and Eq. (10)]
that appears just at the wavelength in which a diffraction
order (x1,0) becomes evanescent (A=A, k,=0), the well-
known Rayleigh condition. This divergence makes the field
intensity at both the input and exit sides of the slits vanish,
i.e., |E|=|E’|=0. As in typical resonant phenomena, the spec-
tral locations of the EM modes can be extracted by looking
at zeros in the determinant of the matrix defining the associ-
ated set of linear f:quations.3’30’31 For both structures, the
spectral locations of the transmission peaks coincide with
cuts between |G"| and |G~ ¢€|. Imposing |G"|=|G~¢| in Eq.
(9), we find that, for wavelengths satisfying this condition,
the electric field intensities at both sides of the slits are equal,
i.e., |[E|=|E'|. It is straightforward to demonstrate that this
condition also leads to a resonant denominator in the expres-
sions for the corresponding electric field amplitudes {E,E'}.
Therefore, transmission maxima in both spectra rely on EM
resonances with the same mathematics but with a very dif-
ferent physical origin.

For a single slit, these resonances are due to the excitation
of waveguide resonances with the E field mainly concen-
trated inside the slits.!* For an infinite array of slits, these
waveguide resonances still emerge in the transmission spec-
trum, but their locations appear at shorter wavelengths. This
shift is due to the EM coupling between the slits forming the
infinite array. This EM interaction modifies in an effective
way the reflectivity at the boundaries of the Fabry-Pérot cav-
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FIG. 3. (Color online) Evolution of the first waveguide reso-
nance and surface EM mode peaks in the transmission spectra for
finite arrays of slits as the number of slits is increased. The trans-
mittance is normalized to the EM flux impinging on N times the
array periodicity A. For all the structures, 7=0.7A and a=0.2A.

ity, changing the spectral location of the corresponding reso-
nance. Additionally, transmission resonances appear close to
the divergence of G... It has been shown that this resonance
can be seen as a surface EM mode, a spoof surface
plasmon,?>33 which originates when the surface of a perfect
conductor is periodically corrugated. As a consequence, the
E field is maximum at the two interfaces of the metallic film.

IV. FINITE ARRAY OF SLITS

Now, we apply the general formalism described in the
first section to the study of the transmission properties of
finite periodic arrays of N identical slits. By solving the 2N
X 2N system of matching equations [Eq. (4)], we obtain the
set of unknowns {E,, E.}, with « ranging from 1 to N (note
that, as in the previous section, we are only taking into ac-
count in the modal expansion the first eigenmode inside the
slits). Thus, we can calculate the transmittance of the film
and evaluate the EM fields at any point of the structure. The
expression for the transmittance for a perfect conducting film
perforated with a finite array of N slits normalized to the
light impinging on the region corresponding to N times the
array periodicity (NA) has the form

14 6L -
TN) == t,=—— > Im(E' E), 12
(N) NEI NYkog (E' E.) (12)

where 1,=(G"/ Yko)lm(E ! QEZ) gives the transmission per slit
forming the array (normalized to the array periodicity), i.e.,
the contribution of each slit to the total transmissivity of the
structure. Note that this transmittance is a far field magni-
tude.

In Fig. 3, we show the transmission spectra of arrays with
increasing number of slits. The geometrical parameters of all
the structures are 7=0.7A and a=0.2A. We have focused our
analysis on the evolution of the peaks at the surface EM
mode and the first waveguide resonance.

235430-4



RESONANT TRANSMISSION OF LIGHT THROUGH FINITE...

T T T T T T T T T T T T T
—-=N=100 N=50
12k = = =N=200 === N=30
- - =N=300 =——N=20
? l\ "- 0"‘ "\t '-' ,‘
2 10+--L N Neis A-,,,!:..}.../...:“.,.-J-..:'.’.f. 7. [
A
S : | 0 \ . \
= ] . . " ' . ‘ \
E 08 - | . ' ] I. ‘ : ' 7
n . N (N * .
s bbb
= ! X [ ' |
06k ! . ’ "o . . v
] ‘ ! ;'/\'\ ! ' '
L v N v : “~ * 7 |
1 L 1 L 1 i 1 L 1 L 1 L 1
-150  -100 -50 0 50 100 150
Slit position

FIG. 4. (Color online) Normalized to periodicity transmission
per slit evaluated at the surface EM resonance for arrays of dif
ferent sizes with 7=0.7A and a=0.2A, as in Fig. 3. The dotted
black line corresponds to the uniform transmission pattern for an
infinite array of slits.

The first waveguide resonance peak (\,,,=1.75A), which
already appears in the single slit spectrum, is almost com-
pletely formed for an array containing only two slits. This
fast development relies on the localized nature of the EM
mode involved in the transmission process. Since the cou-
pling and propagation of the incident light through the sur-
face EM mode depend strongly on the corrugation of the
structure, light coming from several slits is involved during
the corresponding transmission process. It can be seen in Fig.
3 that the surface EM resonance peak (\,,,=1.03A) evolves,
not only in height but also in linewidth, gradually as the size
of the array increases. This fact reinforces the picture of the
resonance as a surface EM mode emerging from the collec-
tive interaction between slits.

In order to study the effect on the transmittance of the
interaction among EM fields coming from different slits, we
have plotted in Fig. 4 the normalized to periodicity transmis-
sion per slit (¢,) for finite arrays of slits evaluated at the
wavelength associated with the surface EM resonance. We
have taken the same geometrical parameters as in Fig. 3 (h
=0.7A, a=0.2A). For small arrays (N<100), the transmit-
tance is maximum at the center of the array. However, for
large enough arrays, we can distinguish between two kinds
of slit contributions to the total transmittance of the structure.
The transmission per slit pattern is composed by a flat central
region, whose width grows as the array size is increased, and
two edge regions, each of them involving N slits, Ny being
almost independent of the array size, N. The transmittance
through the central (N—2Nj) slits is, except some small os-
cillations, uniform and equal to the value for the infinite case
(T.=1 for the normalization considered). However, for the
Ng slits close to each array edge, ¢, falls from 1 to 0.5 as we
approach the array ends. It can be seen in Fig. 4 that for the
structure considered in our calculation, Ny=20.

Taking advantage of this scalable ¢, pattern, we can obtain
an approximated expression for the surface EM resonance
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FIG. 5. (Color online) Transmittance at surface EM resonance
calculated from Eq. (12) for dif ferent slit widths: a=0.24A (cyan
circles), a=0.20A (orange up triangles), a=0.15A (blue squares),
a=0.10A (green down triangles), and a=0.08A (red rhombuses).
For all structures, 7=0.7A Solid lines: fitting curves given by Eq.
(13) for N> Np. Inset: linear relation between 2Ny and A2/ A\, for
structures with 0.08A <a=<0.24A and 0.6A <h=<0.8A.

peak height as a function of the number of slits for large
enough arrays. The transmittance through an array contain-
ing N slits can be written as the sum of contributions cor-
responding to the different regions found in Fig. 4. For
the (N—-2Ng) central slits, the total transmittance is
(N-2Np)T..=N-2Ng. For the 2N edge slits, it results
in a good approximation to take the average value of
2Ng[(140.5)/2]T.,=3Ng/2. The transmittance of the array
normalized to the EM flux incident on the area correspond-
ing to N times the array periodicity at the surface EM reso-
nance is then given by

3NE)=1_& (13)

1

T,ax(N) = X,(N— 2Ng + T N

In Fig. 5, we plot the evolution with N of the surface EM
resonance peak height for arrays of slits of dif ferent widths
(a) perforated in a perfect conducting film of thickness &
=0.7A. Dots correspond to values obtained from an exact
calculation using Eq. (12). For all the structures, peak growth
has a similar behavior. For small arrays, the transmittance
depends linearly on N, but for larger ones, it grows much
more slowly, going as the inverse of the number of slits, as
predicted by Eq. (13). This change in tendency does not oc-
cur abruptly at a fixed array size, but in a range whose posi-
tion and width depend strongly on the width of the slits. The
narrower the slits are, the wider this range is. We can relate
this two tendencies to the 7, distribution depicted in Fig. 4.
For small arrays (N<2Np), the peak height grows linearly,
while 7, is peaked around the array center. However, for
arrays with N>2Np, the peak goes as the inverse of the slit
number, and a flat plateau appears in the transmission per slit
pattern. This picture is reinforced by comparing the case ana-
lyzed in Fig. 4 (a=0.20A), where the flat plateau is formed
for 50<N<100. The change in tendency for orange up tri-
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angles in Fig. 5, which corresponds to the same structure,
occurs for N~ 70. Solid lines in Fig. 5 correspond to curves
of the form of Eq. (13) fitted to exact calculated values for
arrays with N>2Ng. Ny values obtained from the fitting pa-
rameters are in very good agreement with the corresponding
transmission per slit patterns at resonance. For instance, from
Fig. 4, we have N;=20 for a=0.20A, and from the fitting
curve, we obtain Np=16.

In the following, we are going to demonstrate that the
phenomenological parameter 2Ny is closely related to the
spatial extension of the surface EM mode responsible for the
enhanced transmission. This spatial extension can be ex-
tracted from the corresponding transmission spectrum for the
infinite array. The linewidth of the resonant peak is related to
the time (A7) that EM fields spend during the resonant pro-
cess before being reemitted from the structure. If we assume
that the EM fields associated with the resonant mode travel
at the speed of light, the spatial extension of the mode would
be cAr=(\2/A\..), with \,, being the peak position and AX.,
the linewidth at half maximum of the peak. In the inset of
Fig. 5, we represent 2Ny versus (A\2/A\..) (in units of A) for
the four cases analyzed in the main panel and for others in
which the thickness of the metallic film is also varied. This
figure clearly demonstrates that there is a linear relation be-
tween the two magnitudes, with a proportionality factor be-
ing close to 0.4. Although the linewidth of the resonant peak
appearing close to the period of the array is a complex func-
tion of the geometrical parameters of the structure (a, A, and
h) and the resonant wavelength, Fig. 5 demonstrates that the
main controlling factor is the ratio between the width of the
slits and the period of the array.

All the results shown in this paper have been obtained
assuming that the perforated metal behaves as a perfect con-
ductor. As said before, our results have semiquantitative val-
ues for metals at microwave or THz frequencies. At optical
frequencies, it is expected that absorption in the metal would
play an important role in the evolution of the transmission
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spectra as a function of the number of slits. Absorption in-
troduces another lifetime into the problem, the time taken by
the photon to get absorbed. Associated with this lifetime, we
can introduce a new length scale, L, roughly defined as the
product of the photon lifetime and the light velocity. If L, is
smaller than NzA, the number of slits needed to obtain the
transmittance of the infinite array will be mainly controlled
by absorption in the metal. In the opposite case, transmission
resonances can be built up before the photons are absorbed,
and hence the values of N calculated within the perfect
conductor approach still hold.

V. CONCLUSIONS

In conclusion, we have presented a theoretical formalism
that is able to analyze finite-size effects appearing in the
phenomenon of extraordinary optical transmission through
subwavelength slits. We have studied in detail the evolution
of the transmission spectra from the single slit case to the
limit of an infinite periodic array. We have shown that the
number of slits necessary to reach the infinite limit depends
strongly on the character of the transmission resonance. For
waveguide resonances, two or three slits are enough to ob-
serve the saturation both in the location and height of the
transmission peak. As a difference, transmission resonances
appearing close to the period of the array whose origin stems
from the excitation of surface EM modes are extremely sen-
sitive to the number of slits. For this last case, we have
demonstrated that there is a close relation between the line-
width of the transmission resonance and the velocity in the
approach to the infinite limit.
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