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Multiscale/Hybrid aproaches for complex liquids

Domain
decomposition

type A

Eulerian-Lagrangian

Solute-solvent
hydrodynamic
coupling

Patch dynamics
HMM
Velocity-Stress
coupling

type B

Coarse-grained
dynamics

Molecular detail,
interfases, surfaces,

macromolecule -fluid interaction

Suspensions
of colloids or polymers,
small particles in flow

Non-Newtonian fluids
Unknown constituve relation
polymer mels...

How to reduce the
degrees of freedom
and keep the
underlying dynamics

=Vshear

D
!

shear flows
sound, heat
large molecules
multispecies ><
electrostatics

Point particle aproximation:
Stokes drag (point particle),
Faxen terms (finite size effects)
Basset memory effects...

Force Coupling

particles of finite size

Direct simulation

Immersed boundaries

MD nodes used to
evaluate the local stress
for the Continuum solver.

Continuum solver provides
the local velocity gradient
imposed at each MD node.

how to "lift MD"><

diffusion
viscosity

anisotropy ><

(nematics...)
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Coarse grained molecules

Melt of star polymers
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The state of the art

@ The current idea is to obtain effective potentials from the
distribution probability of distances between CoM.
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The state of the art

@ The current idea is to obtain effective potentials from the
distribution probability of distances between CoM.

@ The hope is that this effective potential allows for realistic
simulations.

@ For static equilibrium properties the method works, but
dynamic properties like diffusion are badly represented.
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Coarse Grained dynamics Accelerated MD

The state of the art

The current idea is to obtain effective potentials from the
distribution probability of distances between CoM.

The hope is that this effective potential allows for realistic
simulations.

For static equilibrium properties the method works, but
dynamic properties like diffusion are badly represented.

The eliminated degrees of freedom should appear as
dissipation and noise.
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@ A well-defined method for coarse-graining exists:
Zwanzig projection
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@ A well-defined method for coarse-graining exists:
Zwanzig projection

@ Deemed as a “formal” procedure (and therefore useless...).

@ How to make Zwanzig Projection Operator a practical useful
tool.
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Faraday Discuss., 144, 301, (2010)

@ A well-defined method for coarse-graining exists:
Zwanzig projection

@ Deemed as a “formal” procedure (and therefore useless...).

@ How to make Zwanzig Projection Operator a practical useful
tool.

@ Demonstrate the procedure for the case of star polymer melts.
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Outline of Zwanzig theory

The microscopic state is z = (-+- ,q;, Ps, - - - ). Its dynamics is

Oz = Lz z = exp{tL}zo

where z; is the microscopic state at time ¢ and L is the Liouville
operator.
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Outline of Zwanzig theory

The microscopic state is z = (-+- ,q;, Ps, - - - ). Its dynamics is

Oz = Lz z = exp{tL}zo

where z; is the microscopic state at time ¢ and L is the Liouville
operator.

The macroscopic state of the system is represented by a set of
functions A(z).
Its dynamics is

01A(z) = LA(z) =exp{tL}LA(z) Not closed!
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The projector

The essence of Zwanzig theory is the projection operator P

A@)
PR(z) = (F)AC)
where
[e% _ 1 (&]
= g [ A EAR) —a)-

2a) = [dp @5 - a)

and p®i(z) is the equilibrium ensemble.

CONCLUSIONS
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The tricks

From

01A(z) = LA(z) =exp{tL}LA(z)

insert 1 = P+ @

01 A(z) = exp{tL}PLA(z0) + exp{tL}QLA(zp)
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The tricks

From

01A(z) = LA(z) =exp{tL}LA(z)

insert 1 = P+ @

01 A(z) = exp{tL}PLA(z0) + exp{tL}QLA(zp)

and use Duhamel-Dyson identity

exp{tL} = exp{tQL}+ /Ot dsexp{(t — s)L}PLexp{sQL}

Introduction Coarse Grained dynamics Accelerated MD CONCLUSIONS
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The macro dynamics

By using the form of the projector we obtain the exact equation

oS ~

HA(z) = <LA>A(Zt) + /Ot dsM(A(z—s), s)%(A(Zt,s)) + Re(2)
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The macro dynamics

By using the form of the projector we obtain the exact equation

8 A(z) = (LAAE) 4 /0 ds]W(A(zt_s),s)%(A(zt,s)) + Ry(2)
where
S(a) = kplnQ(a) =kp ln/,oeq(z)é(A(z) —a)dz
Mlat) = (RoRu)
kg

Ri(z) = exp{tQLIQLA(2)
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The macro dynamics

By using the form of the projector we obtain the exact equation

8 A(z) = (LAAE) 4 /0 ds]W(A(zt_s),s)%(A(zt,s)) + Ry(2)
where
S(a) = kplnQ(a) =kp ln/peq(z)é(A(z) —a)dz
Mlat) = (RoRu)
kg

Ri(z) = exp{tQL}QLA(z) Not closed!
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Markovian approximation

M(a,t') = é(RORtQO‘zM(a)é(t/)

1 [~ =
M(a) = 5 ) (RoRs)“ds Green-Kubo

Then

Oy = (LAY + ]W(ozt)gs(at) + Ry(2)

Q

Closed equation! (R; is a known white noise).
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The three basic objects to compute in Zwanzig's theory are (LA)?,
S(a), and M(a).
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How to compute the objects from MD?

The three basic objects to compute in Zwanzig's theory are (LA)?,
S(a), and M(a).
We need to compute constrained averages.

= g [ A EIAR) —a) -

2a) = [dp @00 - a)
To compute the friction matrix through Green-Kubo, we need

R = exp{tQL}QLA(zy)
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How to compute the objects from MD?

The three basic objects to compute in Zwanzig's theory are (LA)?,
S(a), and M(a).
We need to compute constrained averages.

= g [ A EIAR) —a) -

2a) = [dp @00 - a)
To compute the friction matrix through Green-Kubo, we need

R = exp{tQL}QLA(zy)

Zwanzig theory is formal...
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How to compute the objects from MD?

From the exact equation

oS ~

t
O A(z) = (LA 4 /0 dsM (A(z1-5),8) 5~ (A(z1-0)) + Fa(2)

At “short times”, we may approximate the projected current by

R, ~ LA(z)— (LA)A®)
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How to compute the objects from MD?

From the exact equation

t
O A(z) = (LA 4 /0 dsM(A(zt,S),s)%(A(ZH))+Rt(z)

At “short times”, we may approximate the projected current by

Ry ~ LA(z)— (LA)AGY)

exp{tQLYQLA(z) =~ exp{tL}QLA(z)
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How to compute the objects from MD?

From the exact equation

O A(z) = (LA 4 /0 ds]W(A(zt,S),s)%(A(zt,S))+Rt(z)

At “short times”, we may approximate the projected current by

Ry ~ LA(z)— (LA)AGY)

exp{tQLYQLA(z) =~ exp{tL}QLA(z)

This is not very systematic.
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How to compute the objects from MD?

From the exact equation

t
O A(z) = (LA 4 /0 ds]W(A(zt,S),s)%(A(zt,S))+Rt(z)

At “short times”, we may approximate the projected current by

Ry

%

LA(z) — (LAY

exp{tQLYQLA(z) =~ exp{tL}QLA(z)

This is not very systematic. Worst: the friction matrix vanish!!
(Plateau problem).
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A more systematic approach

From the exact equation

t oS
OA(z) = (LA 4 / dt' M(A(z-). 1) 5
0 4

CONCLUSIONS

(A(z—1)) + Re(2)
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A more systematic approach

From the exact equation

t S ~
O A(z) = (LAY 4 / WM (Alz-0), V) 50 (Alzr)) + ()
0 4
Perform the change of variables ¢ = €%,
/e ds -
8tOét = <LA>at +/ dezAj(at e2rs € )aa (at 627') + Rt(z)
0
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A more systematic approach

From the exact equation

t S ~
O A(z) = (LAY 4 / WM (Alz-0), V) 50 (Alzr)) + ()
0 4
Perform the change of variables ¢ = €%,
/e ds -
8tOét = <LA>at +/ dezAj(at e2rs € )804 (at 627') + Rt(z)
0

Assume

lim €M (oy_2,,€27) = m(ay,T)

e—0
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A more systematic approach

From the exact equation

t S ~
0AG) = (LAY [ AN (Alo) )5 (Ali) + Fle)

0 4
Perform the change of variables ¢ = €%,

/e oS -
8tOét = <LA>at +/ dezAj(at e2rs € )aa (at 627') + Rt(z)
0
Assume
lin}J EM (a2, €27) = mloy,7)

Then

00 oS ~
By = (LAY + / m(a, T)dr 5 ~(ar) + Fa(2)
0

«
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A more systematic approach

When the limit exists?

¢

OM(ar-r,7) = T {(QLA) exp{r’QLQ) (QLA)) -
B
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A more systematic approach

When the limit exists?

OM(ar-r,7) = T {(QLA) exp{r’QLQ) (QLA)) -
B

Assume

1 1
L:L0+—L1+—2L2
€ €
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A more systematic approach

When the limit exists?

M0y ir, ) = 2 ((QLA) exp{re QLQ} (<QLA) -
B
Assume

1 1
L:L0+—L1+—2L2
€ €

with

PLLA =
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A more systematic approach

When the limit exists?

M0y ir, ) = 2 ((QLA) exp{re QLQ} (<QLA) -
B

Assume
1 1
L:L0+—L1+—2L2
€ €
with

LyA = 0
PLLA =

Then the limit exists

1
EM(oy_2,,€27) = k—<L1AeXp{7L2}L1A>a—|—O(E)
B



Introduction Coarse Grained dynamics Accelerated MD CONCLUSIONS
000000000000 0O0O0O0000000

A more systematic approach
Therefore, if L = Lo + %Ll + E%Lg, with LyA =0 and PL1A=0
then for ¢ — 0, we have a Markovian SDE

oS ~
(9(){ ((lt) + Rt(z)

Oy = (LoAY* + M(ay)

where the Green-Kubo friction matrix is given by

. 1 [
M(ay) = 5 ) (LiAexp{TLo} L1 A)*dr
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A more systematic approach

However, L # Lg + %Ll + E%Lg in general...
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A more systematic approach

However, L # Lg + %Ll + E%Lg in general...

Introduce an evolution operator R “similar” to L and such that
RA(z) =
RH(z) =
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A more systematic approach

However, L # Lg + %Ll + E%Lg in general...
Introduce an evolution operator R “similar” to L and such that

RA(z) =
RH(z) =

It is always possible to decompose the Liouville operator as
L = Lo+ L1+ Lo

Ly = P(L-R)
Ly = Q(L-R)
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A more systematic approach

However, L # Lg + %Ll + E%Lg in general...
Introduce an evolution operator R “similar” to L and such that

RA(z) =
RH(z) =

It is always possible to decompose the Liouville operator as

L = Lo+ Li+ Lo

Ly = P(L-R)
Ly = QL-R)
Ly = R

By construction, Lo A =0 and PL1A = 0.
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A more systematic approach

Now, instead of L = Ly + Ly + Lo, model the system with L€
1 1
Lt = LO + —L1 + —2L2
€ €

This is not the real dynamics except when € = 1. Hopefully, it is
very similar, even in the € — 0 limit.
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A more systematic approach

Now, instead of L = Lo + L1 + Lo, model the system with L€
1 1
L°=Lo+-L1+ —2L2
€ €
This is not the real dynamics except when € = 1. Hopefully, it is

very similar, even in the ¢ — 0 limit.

Instead of perpetrating unsystematic approximation errors, we
prefer to perpetrate systematic modelling errors.
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A more systematic approach

In terms of the new operator R

(Lod)* = (LAY

M(a) = é /Ooo<(LA —(LA)*)exp{TR}(LA — (LA)*))*dr
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A more systematic approach

In terms of the new operator R

(Lod)* = (LAY

H((y) = é Ooo<(LA - <LA>0‘) eXp{TR}(LA - <LA>04)>adT

The basic difference with the “usual” aproximation
(plateau-problematic) is that instead of

exp{QLt} ~ exp{Lt}

we now approximate

exp{QLt} ~ exp{Rt}
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A more systematic approach

Note that because RA = 0, RH = 0, the dynamics exp{TR}
samples p®1(2)d(A(z) — «).
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A more systematic approach

Note that because RA = 0, RH = 0, the dynamics exp{TR}
samples p®1(2)d(A(z) — «).

By ergodicity, we have now a practical method for computing
constrained averages and correlations with time averages

T—o00

T
(FY* = lim %/0 dr exp{TR}F(z)

1 (T
(0J exp{TR}dJ)* = Tll_rgo T /0 dry exp{ToR}dJ(z)
x exp{(m0+ 7)R}IJ(2)

where the initial condition z satisfies A(z) = a.
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A more systematic approach

Yet, we need to define R.
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A more systematic approach

Yet, we need to define R.

@ In case A(z) is linear, R can be easily defined. We will see a
trivial example soon.

@ Not fully solved for non-linear A(z).
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The equivalent Fokker-Planck equation

Fplast) = %V(a)p(a,t) + kB%Q(a)M(a).%péo(‘;}?
where

v(a) = (LA
M) = - [ (A= (A1) explrRY(LA  (L4))dr

All these objects may be computed from simulating the
constrained dynamics
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Coarsening star polymers

MD CoM

160 star molecules: 12 arms, 6 monomers each. L-J non-bonded
interaction, FENE bonded interaction
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Coarsening star polymers
Level Variables Dynamics
Micro z = {r,,pi,} =1Lz

N -
Macro A(Z) _ RN(Z my Ziu mlurlu SDE
PN(Z) = Ziu Piy
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Coarsening star polymers
Level Variables Dynamics
Micro z = {r,,pi,} =1Lz
- e
Macro A(Z) _ RN(Z) T omy Ziu mlurlu SDE
PN(Z) = Ziu Piy

So we need to find out (), v(«) and M («) of the SDE.
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Coarsening star polymers

The equilibrium distribution Q(«) is

Q(R,P) = / dzp®(2)0(R — R(2))6(P — P(2))

Integrating out momenta

(R, P) = Q(R) ——_ ex {—52 b }
T M, b — 2M,,

The effective potential is defined through

- o 58
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Coarsening star polymers

The drift term v(a) = (LA)® is now

<LRN>RP - Z—’; —~ IR- <LRM>RP —0
<Lpu>RP = <Fu>RP - <Fu>R = _g‘li:j
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Coarsening star polymers

The friction matrix Mf(a)é Jo (6LAexp{TR}SLA)*dr is now

0 0
M, (R,P) =
0 7/Lu(R7 P)

The mutual friction coefficients between molecules p, v are
(e}
Y (R, P) = / dt(SF, exp{Rt}6F )
0

o, = B, (£,)"
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Coarsening star polymers
The SDE for the CoM provided by Zwanzig theory are
oR, = V,

P, = (F)ft - ZW(R)VW +F,

where Vlu/ — V.“' — V,/
The fluctuation-dissipation balance requires,

]?‘Mdt = Z B,,,dW, Sum of indep. Wiener processes
14

BB,y = 2kgT7v,, 3M x 3M matrix equation

These equations resemble the standard Dissipative Particle
Dynamics.

CONCLUSIONS
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Coarsening star polymers

The constrained dynamics R are now simply

ri# = Viu_V/L

pi, = Fi,——F
7 - Y )
Iz M ]\J/L /

That, obviously, satisfy R,, = 0 and P,, = 0.

By running this dynamic equations and performing time averages
we may compute

(F,) ™

1 o0
Wl(RY) = /0 dH(0F, exp {{R}6F,) 1)
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Coarsening star polymers

Approximations:

@ Markovian approximation: 7; << 7.
Forces between molecules decorrelate much faster than
molecule’s velocities.

@ Pair-wise additivity
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Coarsening star polymers

Markovian behaviour expected.

5 ] ]
8.8l |
T 08 — velocity ||
0.6t — force  H
"%‘ 4
§0.4 ]
EO.Z .
g |
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Coarsening star polymers

15t Pair-wise hypothesis:
On the effective force

(Fu>{R} = (FM>RW
Two options:

@ Pure pair-wise:

<Fu>RW = Z<FW>RW “C€uy

v
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Coarsening star polymers

15t Pair-wise hypothesis:

On the effective force

(Fu>{R} = (FM>RW

Two options:

@ Pure pair-wise:

<F#>RW = Z<FuV>RW “C€uy

v

@ Including (some) depletion effects:

(FM>RW = Z<Fu : euv>RW "€y

v
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Accelerated MD

Coarsening star polymers: Effective forces

STAR 12-6: Star polymer melt. 12 arms, 6 monomers per arm.
Volume concentration ¢ = 0.2.

Star 126 (=0.2
— R
<FP"'eW> - MD
CFe> ] 18
Y
L
)
xr
atractive #
i . R
05 -DPD usng<Fw.eW>
| = DPD using<F & >
1 1 1 1 1 |u w

10

20 30
R

40
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Coarsening star polymers: Effective forces

STAR 12-3: Star polymer melt. 12 arms, 3 monomers per arm.

Coarse Grained dynamics

00000000000 e00000000000

Volume concentration ¢ = 0.1.

FORCE

Accelerated MD

Sar123 =01
17 T T T T 7T T T T T T T T
3 |I‘ - <Fuv>
|| T 2- - MD
|". -<Fe> - DPD using<F,>
O\t - Iverse Boltzman (1stiter) 7 (o - DPDusng<F g, >
4 ‘;‘. - Derivative of PMF 15
\ KTloglg R | !
2r l\‘ ]
i < 05
0l )
s ,I P I RPN P X j
10 0 10

5 20 25R 0 3B 4

2030 40 50 60 70
R

CONCLUSIONS
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Coarsening star polymers: Friction

274 pair-wise approximation.
On friction matrix.

1 o0
Y ({R}) = k:B—T ) dt(6F,, exp {tR}éF,,>{R}

CONCLUSIONS
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Coarsening star polymers: Friction

274 pair-wise approximation.
On friction matrix.

1 o0
Y ({R}) = k:B—T ) dt(6F,, exp {tR}(st){R}

o)

_ Ry
T )y dt(0F, exp {tR}0F, )™

spherical sym. v, (R,,) = —'yH(RW)eWeW — At (Ruw) (1 —epeu)

’VMV({R}) =~ ’Y;W(Ruz/)
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Coarsening star polymers: Friction
Constrained dynamics avoid the plateau problem.

Single molecule friction coefficient: v = % Jo (F () - F(0)).

200

= constrained

B —

£

£100 strained

-g /uncon rain

Ty

O

8

5
& L L L L L
0 2
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Coarsening star polymers: Friction

Constrained dynamics are crucial to evaluate mutual friction.

Mutual friction matrix: v, (Ru) = ﬁ fOOO(Fu(t)Fu(O»R””-

Unconstrained dynamics Constrained dynamics

time
30

time(tau)

30

10 2
space R (Rg=7.6)

R (distance)
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How good is the pair-wise assumption on friction 7

STAR 12-2

standard error force corr.

Coarse Grained dynamics Accelerated MD
000000000000000e0000000

10

(0]

Coarsening star polymers

- o AC (many-pairs average)|
| e E 2A<Cp> (one-pair)

L Oln..------n-un!uuuﬂinninnl

o
0006000 O
RS 0C00009450C04|

60000000

CONCLUSIONS
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Coarsening star polymers
How good is the pair-wise assumption on friction ?

STAR 12-6

error ratio; star 12—6

time

force
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Friction coefficients in normal ~!| and tangential 4 directions

friction coefficients [mi#]

Coarse Grained dynamics

000000000000 00O0Oe00000

Accelerated MD

Coarsening star polymers

Vv 1 T T T T T T
25-‘. aar 12'6 | yD 1 5 3 o Star ].2‘3 . yD ]
oo R |
(X 09f ]

i A Ik "
0", '00.. g % .

IIl ’o.. E i 2 ]
i I'l ..' ] Il .0
0_____:I ™ lll...
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Coarsening star polymers

Depletion effects are probably responsible for negative mutual
tangential friction.
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374 pair-wise approximation

On noise.
In general, the fluctuation-dissipation balance requires:

F“dt = Z B, Sum of indep. Wiener processes
14

BB,y = 2kpTvu,, 3M x 3M matrix equation
We simplify the noise structure (by pairs):

Fudt = ) Fp
14

F,dt = (2kT)Y? (a(RW)deerb(RW) 3 H

Tr[dWS]>
a(R) = (2'yl(R))1/2 oops!

o) = (391(R) - a7t (m)
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Normal ~!l and tangential 4 friction coeff. used in DPD.

friction coefficients [mi]

Coarse Grained dynamics
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Accelerated MD

Coarsening star polymers

Negative values of 7!l are neglected.
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VACF
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Accelerated MD CoONC

Coarsening star polymers

Results: CoM velocity autocorrelation

mer 12-6 9=0.2

— MD

—DPD using <Fe >
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Coarsening star polymers

Indeed, friction is crucial
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Conclusions

@ Coarse graining with proper dynamics

@ A well-defined method for coarse-graining exists: Zwanzig
projection

o A practical recipe has been formulated to compute the
macroscopic dynamics from microscopic simulations.

@ Demonstrated the procedure for the case of star polymer melts.

@ Markovian assumption is probably valid for the considered
cases

o Differences in VACF at larger volume fractions and bigger stars
(larger arms) arise due to failure of pair-wise approximation on
friction/noise (negative mutual tangential friction at
2 < R/Ry < 3).

o Viscosity?

@ Molecule structure (non-spherical)?
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Possible connexions with Heterogeneous Multiscale Modelling

@ OPEN MD can be used to reconstruct a macroscopic state
given based on the fluxes across boundaries (“lift” operation
for dense liquids).

@ It could be easily adapted to impose Dirichlet boundary
conditions (state coupling).

@ Alternative methods (accelerated MD: tune € > 1 to
accelerate slow variables) may also enhance the lift operation
(work in progress).
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