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Multiscale approaches for complex liquids

 Domain 
decomposition Molecular detail, 

interfases, surfaces,
macromolecule -fluid interaction

Patch dynamics
 HMM
Velocity-Stress
coupling

Point particle aproximation:
Stokes drag (point particle), 
Faxen terms (finite size effects)
Basset memory effects...
Force Coupling 
particles of finite size
Direct simulation
Immersed boundaries

Eulerian-Lagrangian
Solute-solvent 
hydrodynamic 
coupling

Suspensions 
of colloids or polymers, 
small particles in flow

Non-Newtonian fluids
Unknown constituve relation

polymer mels...

Coarse-grained 
dynamics 

MD
MD nodes used to 

evaluate the local stress 
for the Continuum solver.

Continuum solver provides 
the local velocity gradient 
imposed at each MD node.

shear flows 
sound, heat
large molecules
multispecies
electrostatics

diffusion 
viscosity
anisotropy 
  (nematics...)

How to reduce the 
degrees of freedom

and keep the 
underlying dynamics 

how to "lift MD"

type A

type B
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Motivation

Minimal: blob model for particle hydrodynamics

Fast: large particle numbers O(105) over large physical times.

Multiregime: wide range of physical conditions: lengths
(10nm-1 m), non-dimensional numbers (Sc, Re, Pe, Ma) and
arbitrary fluid eos.

Thermal fluctuations
Inertia: particle and fluid (turbulence)

Flexible: allow for generalizations

Brownian limit
Polymers
Immersed structures (rigid or flexible)
Porous media, chemical reactions, etc.
Ultrasound colloidal manipulation original motivation
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Hydrodynamic solvers in continuum space
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Hydrodynamic solvers in continuum space
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Particle spatial resolution: models



Characteristic times and inertia’s relevance
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Non-dimensional numbers
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The blob model: Equation of motion

Rigid particle

mpu̇ = −

∮

S
P · nds −

∫

χa(q − r)∇ · Pdr

with χa the characteristic function (1)

Blob model

mpu̇ = −

∫

δa(q − r)∇ ·Pdr

with δa smeared delta (soft kernel) (2)
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The blob model: Equation of motion

Rigid particle

mpu̇ = −

∫

χa(q− r)∇ ·Pdr

with χa the characteristic function (1)

Blob model

mpu̇ = −

∫

δa(q − r)∇ ·Pdr

with δa smeared delta (soft kernel) (2)



Blob kernel: general idea

RH

i

p
hydrodynamic radius

RH =0.9 h

h

3-pt kernel

-2 -1 0 1 2
distance to the particle center (x)

0

0.1

0.2

0.3

0.4

0.5

0.6 soft kernel
δ(x) ~ 1+cos(cx)
rigid kernel: χ(x)
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The blob model: fluid-particle constraint

Rigid particle (centered at q = 0)

v(r) = u + ~Ω × r for r < a, no-slip, rigid body

ρ(r) = 0 ; for r < a, no fluid inside the particle

Blob
∫

δa(r− q)v(r)dr = u coarse-grained no-slip

ρ(r) 6= 0 blob is permeable to fluid
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Interpolation and spreading kernels

Interpolation: J : L
2 → R

Jqv ≡

∫

δa(r − q)v(r)dr (3)

Spreading: S : R → Cc

SqF(q) ≡ δa(r− q)F(q)

Units: [J] = 1 and [S] = 1/volume]
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Kernel properties

Normalization
∫

δa(r− q)dr = 1

Consistency (L2
c−norm)

∫

δ2
a(r− q)dr = 1/V, thus

JS = 1/V

S and J are adjoint operators

Jv · u =

∫

v · Sudr = δ(r − q)v · udr
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Discrete kernels (Immersed Boundary Method)

Regular (Eulerian) grid mesh widht h,

~rk = ~kh

notation vk = v(rk), etc.

Interpolation

Jqv =
∑

k∈grid

δ(rk − q)v

Spreading
(SF)k = δ(rk − q)F(q)
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Discrete kernels

IBM kernels

The IBM kernels satisfy the following properties in a regular
lattice: For any q ∈ R

3

3D kernels separable in each
direction (fast and clean)

Normalization

Consistency JS = 1/V:
well defined ”volume” V

Exact linear interpolation
(conserve angular momentum)

δa(rk − q) =

3
∏

α=1

φ(rα − qα)

∑

k∈grid

δa(rk − q) = 1

∑

k∈grid

δ2
a(rk − q) = 1/V

∑

k∈grid

rkδa(rk − q) = q
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Equations of motion

Fluid

∂g

∂t
= −∇ · (gv + P) − S(q)λ

Particle:

mpu̇ = −J (∇ ·P) V + F − J [∇ · (v − u)g]

No-slip constraint
Jv = u

Fluid momentum density g = ρv

Pressure tensor P = p(ρ)1 + σ + (kBTη)1/2W
sym

Fluid-Particle force λ

Particles (conservative) forces F(q) = −∇U(q)
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Equations of motion

Fluid

J

(

∂g

∂t

)

= −J (∇ ·P) − JS(q)λ − J∇ · (gv)

Particle:

mpu̇ = −J (∇ ·P) V + F − J [∇ · (v − u)g]

No-slip constraint
Jv = u

dJ(q)g

dt
= J

(

∂g

∂t

)

+

(

u ·
∂J

∂q

)

g
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Equations of motion

Fluid

d(Jg)

dt
= −J (∇ ·P) − λ/V − J [∇ · (v − u)g]

Particle:

mpu̇ = −J (∇ ·P) V + F − J [∇ · (v − u)g]

No-slip constraint
Jv = u

J [∇ · (v − u)g] =

∫

g (u− v) · ∇rδa(q − r)dr
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Equations of motion

Fluid

d(Jg)

dt
= −J (∇ ·P) − λ/V − J [∇ · (v − u)g]

Particle:

mpu̇ =
d(Jg)

dt
V + λ + F

No-slip constraint
Jv = u

d(Jg)

dt
V = mf

d(Jv)

dt
+ O(Ma2), mf = ρV dragged fluid mass
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Equations of motion

Fluid

∂g

∂t
= −∇ · (gv + P) − S(q)λ

Particle: Low Mach approximation

mpu̇ = mf
d(Jv)

dt
+ λ + F

No-slip constraint
Jv = u

d(Jg)

dt
V = mf

d(Jv)

dt
+ O(Ma2), mf = ρV dragged fluid mass
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Eqns. motion

Equations of motion

Fluid

∂g

∂t
= −∇ · (gv + P) − S(q)λ

Particle: Low Mach approximation

(mp − mf )u̇ = λ + F

No-slip constraint
Jv = u

d(Jg)

dt
V = mf

d(Jv)

dt
+ O(Ma2), mf = ρV dragged fluid mass
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Equations of motion

Fluid

∂g

∂t
= −∇ · (gv + P) − S(q)λ

Particle: excess mass me = mp − mf

meu̇ = λ + F

No-slip constraint
Jv = u

d(Jg)

dt
V = mf

d(Jv)

dt
+ O(Ma2), mf = ρV dragged fluid mass
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Conservation

Momentum field (fluid+particle)

p(r, t) = ρv + meSu = (ρ + meSJ)v = ρeffv

1 Total momentum P =
∫

pdr is conserved
2 Local momentum is conserved, if F = 0:

∂tp = −∇ ·
(

P + gvT + meSuuT
)

Energy (without fluid viscous dissipation) Hamiltonian:

H(v,u,q) = meu
2/2 + U(q) +

∫

ρv2/2 + ε(ρ)dr

dH

dt
= 0, proof requires J adjoint S (4)



Blob model

Eqns. motion

Fluctuation-dissipation and equilibrium

Hamiltonian H(x) with x = (v,u,q) for reversible dynamics:
dH/dt = 0

Fluctuation-dissipation balance Particle “noise” is not needed
The fluid-particle coupling is not dissipative so, it is
enough to add thermal fluctuations in the fluid equations

Gibbs-Boltzmann Equilibrium distribution Z−1 exp(−β H(x)]
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Fluctuation-dissipation and equilibrium

Radial distribution Func. Particle velocity distribution
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Time stepping

Time-stepping: First order algorithm

tn = n∆t, vn = v(tn), Jn = J(qn), etc,

Unperturbed flow

gn+1

0 = gn
0 − [∇ · P]n ∆t

Particle position

qn+1 = qn + Jnvn∆t

Interpolation Jn+1vn+1

0

Particle velocity and fluid-particle force

Spread fluid-particle force

vn+1 = vn+1

0 − Snλn∆t + O(∆t2)
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Time-stepping: Second order algorithm

“position-Verlet-like” (time centered), Crank-Nicholson (Laplacian),
Adam-Bashforth (advection)

Position at mid-time

qn+1/2 = qn +
∆t

2
Jnvn

Velocity full step

(

ρ1 + me(SJ)
n+1/2

) vn+1 − vn

∆t
+ ∇p = −∇ ·

(

ρvvT + σ
)

+Sn+1/2Fn+1/2 −

[

meSJ

(

v ·
∂J

∂q

)

v

]n+1/2

Position end-time

qn+1 = qn+ +
∆t

2
Jn+1/2

(

vn+1 + vn
)
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Compressible, second order for me = 0 (neutrally bouyant)

qn+ 1

2 = qn +
∆t

2
Jnun

gn+1
0 = gn −∇ · P∆t − (SF)n+ 1

2

(u)n+1 = (u)n +
mf

mp

[

(Jv0)
n+ 1

2 − (Jv)n
]

(5)

vn+1 = vn+1
0 + Sn+ 1

2

[

un+1 − (Jv0)
n+1
]

(6)

qn+1 = qn +
∆t

2
Jn+ 1

2

(

vn + vn+1
)

(7)
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Time stepping

(small) Errors and (large) Courant numbers

Courant number CFL = V
∆t

∆x
. 1

Advective CFL V = v flow velocity α =
v∆t

∆x

Viscous CFL V = ν/∆x momentum diffusion β =
ν∆t

∆x2

Sonic CFL V = c sound velocity αs =
c∆t

∆x

Cell Reynolds
number

r = α/β
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Time stepping

(small) Errors and (large) Courant numbers

Courant number CFL = V
∆t

∆x
. 1
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Results

Blob hydrodynamic radius

Hydrodynamic radius:
RH = 0.90 ± 0.01

Very small dependence on the
underlying Eulerian grid
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Flow past a “blob”, at ReP ∼ 0

→ ◦
The no-slip constraint
over the blob gives velocity
profiles which agree with
theoretical profiles for a
rigid particle, for r > 2RH
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Blob model

Results

Two-particles mutual friction and lubrication

◦ → ◦
Friction and lubrication
forces between two
approaching particles.
Captured for distances
d > 2RH (not divergent
at contact)
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Velocity autocorrelation function

C(t) =
1

3
〈u(t) · u(0)〉

Short times

C(0) = 〈u2〉 =
kT

mp

Compressible flow:
sonic “bump” at ts = 2RH/c

C(ts) ≃
kT

mp + mf/2

Incompressible c → ∞. Added
mass effect is ok

C(0) =
kT

mp + mf/2
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Velocity autocorrelation function

C(t) =
1

3
〈u(t) · u(0)〉

Long times

Long time tail fluid momentum

conservation, ok

Correct Schmidt depedence at
long times t >> tν ,

C(t) = [(ν + D) t]−3/2

fluctuation-dissipation balance is ok

Exp. decay at very long times
(finite box effect) 10
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Blob diffusive behaviour

Einstein relation χE =
kT

ξ

Stokes-Einstein relation

χSE =
kT

6πηRH

Deviations from
Stokes-Einstein relation at
small Sc = ν/χ

Thermal velocity
vth = (kT/mf )1/2

Thermal particle Reynolds:
Rep,th ∼ Sc−1/2

Thermal “advection” becomes
relevant at low Sc (e.g.
bubbles)
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Blob diffusive behaviour

Einstein relation χE =
kT

ξ

Stokes-Einstein relation

χSE =
kT

6πηRH

Deviations from
Stokes-Einstein relation at
small Sc = ν/χ

Thermal velocity
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Fluid drag

→ ◦
The drag force to the
blob is consistent with
that of a rigid particle,
up to large particle
Reynolds number
Rep = RH v0/ν ≤ 200
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Blob model

Results

Sound-particle interaction

Micromanipulation of micron size particles with ultrasound. Jürg
Dual group, ETH
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Blob model

Results

Sound-particle interaction

A stationary sound wave generates an average force on a
particle given by the gradient of a mean potential field
〈F〉 = −∇〈U〉,

〈U〉 = 2πR3ρf

(

〈δp2〉

3ρ2
f c2

f

f1 −
1

2
〈δu2〉f2

)

(8)

f1 = 1 − ρfcf/(ρpcp) and f2 = 2(ρp − ρf )/(2ρp + ρf )

Acoustic force for standing plane wave (wavenumber k,
amplitude ∆ρ)

〈F〉 =
πc2

f∆ρ2R3k

ρf

(

1

3
f1 +

1

2
f2

)

sin(2kz)ẑ (9)

Fit f1, f2 and R from simulations:cp = cf and R = 1.19RH
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Blob model

Results

Sound-particle interaction

Acoustic boundary layer δ =
√

ν/ω, with ν = η/ρ
Wave number: λ = c 2π/ω
Particle radius: RH

Simulation

RH/λ ≃ 0.06.
Viscous effects: δ/RH ≃ 0.2
Stokes is not valid, as it requires δ/RH >> 1
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Blob model

Results

Acoustic force
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