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Thermoelectric Processes of Quantum
Normal-Superconductor Interfaces

Liliana Arrachea, Alessandro Braggio, Pablo Burset, Eduardo . H. Lee, Alfredo Levy Yeyati,

and Rafael Sdnchez*

Superconducting interfaces have recently been demonstrated to contain a rich
variety of effects that give rise to sizable thermoelectric responses and
unexpected thermal properties, despite traditionally being considered poor
thermoelectrics due to their intrinsic electron—hole symmetry. Different
mechanisms driving this response in hybrid normal-superconducting
junctions, depending on the dimensionality of the mesoscopic interface, are
reviewed. In addition to discussing heat-to-power conversion, cooling, and
heat transport, special emphasis is put on physical properties of hybrid

devices that can be revealed by the thermoelectric effect.
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1. Introduction

The research on thermoelectricity has
been mainly developed from the per-
spective of heat harvesting and energy
applications.'™*] However, with recent
developments in mesoscopic physics,l>~’!
these peculiar transport characteris-
tics have sparked new interest.®1]
The main reason is not simply due
to power generation and improving
efficiency!'>®! but more intriguingly
as a method to potentially detect novel
physical properties.l'*2!] In recent years,
the development of the field of quantum thermodynamics and
the advent of superconducting-based quantum technologies!??!
have posed an interest in exploring those properties in hybrid
superconducting mesoscopic devices. The possibility to develop
novel experimental platforms where thermal imbalances are
maintained in mesoscopic regimes(?*?*! or are generated by the
transport further motivates the investigation of thermoelectrical
effects in such systems.!?>2¢] Charge and heat transport!?’! and
thermoelectric properties in mesoscopic conductors!?®! with su-
perconductors have been previously discussed in many papers
and reviews(??-**] and we refer the interested reader to them.

In this review, we will concentrate on recent examples where
the thermoelectric response crucially characterizes the trans-
port in hybrid systems composed of normal metal (N) and su-
perconducting (S) terminals connected by a mesoscopic (low-
dimensional) structure, as sketched in Figure 1. We charac-
terize different platforms spanning from quantum dots,[>*-3¢l
nanowires!*”38 helical modes,**! topological materials, both 2D
and 3D, which are proximized or coupled to superconducting
materials. The thermoelectric effect in hybrid superconducting
systems has salient properties in these geometries, which have
been discussed for different reasons, from the detection of heli-
cal states“*#!l and Majorana bound states,[**# to odd-frequency
superconductivity*®! or order parameter symmetries.[2147]

It is instructive to recall that the existence of thermoelectric-
ity in bulk superconductors was first predicted in a series of
seminal works by Ginzburg,**% which have motivated experi-
mental research.>52] Thermoelectric®®! and thermal>>%! trans-
port in Josephson junctions induced by quasiparticle-Cooper
pair coupling have been measured®! and exploited in a num-
ber of coherent caloritronic devices.’#5% Recently, strong ther-
moelectrical effects have been reported in superconducting tun-
nel junctions done with ferromagnetic superconductors,28:60-62]
in SIS (I being an insulating barrier) junctions with asym-
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Figure 1. Scope of the review. a) Scheme of a hybrid configuration composed of normal (gray) and superconducting (cyan) terminals separated by a
mesoscopic region (yellow). Each terminal | is in a local equilibrium situation defined by its chemical potential, 4, and temperature, T}, resulting in

particle, I;, and heat, J;, currents. b) Transport occurs due to quasiparticle

(electron or hole-like) tunneling or to Andreev reflection, here represented by

the creation of a Cooper pair in the superconductor. ¢) The mesoscopic region can be of different dimensionalities: 0D (e.g., quantum dots), 1D (e.g.,

quantum wires, topological edge states), 2D (e.g., graphene, semiconduct
of the propagating particles.

metric gap configurations,[®*%4] magnetic molecules,[®’! or even
Abrikosov vortices.[®] Intriguingly, phase-dependent thermo-
electric effects have also been discussed in Andreev interfer-
ometers, where good agreement between semiclassical the-
ory in diffusive regimes!®~% or scattering theory for meso-
scopic diffusivel??! or chaotic cavities’*7? have been contrasted
with experiments.”>7°] In this review, we mainly concentrate
on hybrid configurations between normal, topological materi-
als and superconductors, and hence we will not discuss all-
superconductor or superconductor-ferromagnetic interfaces, re-
ferring the reader to specific reviews.[37677]

2. Physical Processes

Thermoelectricity in mesoscopic systems has been reviewed in
detail in Ref. [25] and the expected consequences of the different
symmetry classes on the linear thermoelectric coefficients have
been discussed in Ref. [78]. In the presence of one or more su-
perconducting terminals, we refer the reader to the well-known
literature.[2%7980] We now briefly review the basic results.

The Bogoliubov de Gennes (BdG) formalism/®!l in combina-
tion with a scattering picture of coherent electronic transport pro-
vides a description of the most basic phenomena. A typical model
Hamiltonian for a hybrid nanostructure is:

=1 [ aw 0o )

where §7(r) = (WT(")» v, (1), y/f(r), —wi(r)) is a field Nambu
spinor acting on spin and particle-hole space, and:

h() = u Am
HBdG = ~. A [~ A~ (2)
NG [he(r) - ﬂ] $1
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or 2DEGs, surfaces of 3D topological insulators), depending on the properties

with h,(r) and u denoting the electronic Hamiltonian and the
chemical potential, respectively, while T is the time-reversal
operator. The pairing amplitude A(r) couples electrons and
holes in the superconductors and vanishes outside them.
In semiconductor-superconductor junctions, in the low-energy
limit, A(r) is usually modeled as a step-function.!?!

Superconducting electron-hole correlations generated at the
interface due to Andreev reflections!®! at subgap energies deter-
mine the superconducting proximity effect, which induces a fi-
nite pairing amplitude penetrating into the normal regions. Most
interestingly, the Andreev processes entail finite scattering ampli-
tudes for incident electrons to be reflected as holes into the same
lead or transmitted into another normal terminal, S, or vice
versa, S, see later. These processes are correspondingly accom-
panied by a Cooper pair being either created or annihilated in the
superconducting condensate, as sketched in Figure 1b. Itis worth
noting that the Andreev reflection mechanism was originally pro-
posed to explain thermal transport in N-S junctions,®] with the
superconductor acting as a mirror for heat in this regime.

In general, for subgap energies |E| < A, there are no propa-
gating states in the bulk of a superconductor and Andreev reflec-
tion is local (LAR) on a simple NS interface. However, for super-
conductors of size comparable to the coherence length &, those
states still exist in the form of evanescent waves which could me-
diate superconducting cross-correlations at finite distances in-
side the superconductors. This results in crossed (nonlocal) An-
dreev reflections (CAR). The interplay between LAR, CAR and
standard scattering properties frequently characterizes hybrid
mesoscopic superconducting nanodevices, sometimes determin-
ing unexpected thermo-electrical phenomena, as we will see.

Using scattering theory, 283481 transport is then understood
in terms of the amplitudes for electrons (« = ¢, s, = +1) or holes
(a = h, s, = —1) incident with energy s, E from channel m of
one normal terminal, ], to be scattered into channel m’ of an-
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other terminal, /', S¥%  (E).[#28%) Recall that the pairing am-
plitude in the superconductlng regions make S™  and S;h,l, o
finite, resulting in LAR, when I’ = I, or CAR,/®* Bt P'when I' # 1.

In the subgap regime, Sy, potentially also includes contri-
butions due to the elastic cotunneling (EC) of a particle via the
superconductor.®?] The nonlocal amplitudes with I # | between
the two normal leads (coupled via the superconductor), as dis-
cussed above, are usually limited to terminals separated by a dis-
tance shorter than &.

Increasing the energies (voltages or temperatures), other nor-
mal (non-Andreev) processes emerge which do not involve an ex-
change of Cooper pairs with the condensate. An extreme case is
when the NS interface is very opaque (tunneling limit) so that su-
perconducting correlations between the two terminals can be ig-
nored. As a result, the Andreev scattering amplitudes with a # o
become negligible. Scattering between all terminals (including
normal and superconducting) is then described only in terms of
normal (electron-to-electron or hole-to-hole) amplitudes S/, .
In the following, we will discuss how to connect the scattering
matrix to the heat and charge transport in multiterminal super-
conducting heterostructures.

2.1. Charge and Heat Transport

A general description of transport explicitly respecting the first
two laws of thermodynamics!®! is given in terms of scattering
theory.[”34 The full scattering matrix allows us to calculate trans-
port properties. Specifically, it introduces the scattering probabil-
ities:

T0(E) =) 1S9, (B (3)

.

where the sum is expressed over all m(m')-modes coming from
the the I (') terminal. For simplicity, we limit our discussion to
the current in the normal leads, which is given by the sum of the
contributions of all the propagating states in the terminal.®’] In
this case, the current carried by a-type quasiparticles entering the
scatterer from terminal | at a given energy E is:

(B = o Y [Noud — T (B £ (B) 4

Vo

N}* being the number of channels in lead I, with the index I
running over all terminals and the sum over o’ including both
electron and hole states.®! The Fermi distributions are f*(E) =
{1+ exp[(E — s, ) /kp T}]} %, where y, and T, are, respectively, the
chemical potential and the temperature of terminal I. In this sim-
plified treatment, we assume that all the superconducting termi-
nals are kept at the same chemical potential, which is taken as
the reference bias, i.e., ug = 0. Note that with this unified nota-
tion 7;,{; ,with I =1 (I #£ 1), represents (crossed) Andreev reflec-
tion probabilities when « # f, and normal reflections (transmis-
sions) for @ = f.3%91 Summing over the energies in Equation (4),
one can easily compute the total particle and heat currents:(?’

Ilzez:/dEsaZl“(E) (5)

= Z/dE(E—sam)Il“(E) (6)
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where s, keeps track of the opposite contribution of electrons and
holes to the charge current in Equation (5), and that they are mea-
sured differently with respect to the chemical potential in Equa-
tion (6).

The currents can also be calculated using standard many-body
techniques such as Schwinger-Keldysh non-equilibrium Green’s
functions based on microscopic Hamiltonians for the normal
and superconducting leads (H,), the mesoscopic region (H,),
and tunnel-contacts between them. The precise mapping be-
tween the scattering theory quantities and the Green function
formalism has been discussed in the literature.l**°*4] In partic-
ular, the transmission functions can be expressed in terms of the
mesoscopic region retarded/advanced Green function connected
to all the leads:

Gy (B) = Bm[(E £ in)1 = Hy = Erepq]” )
with 1 the identity matrix and where X, is the self-energy
taking into account the effect of the leads on the mesoscopic
region. The self-energy due to normal-state leads is diagonal
in Nambu space and we can define the hybridization matrices
I (E) = 2Im{X(E)} = 277y 1] (E)er, with the matrices pf(E)
and 7, respectively representing the leads electron or hole den-
sity of states and tunnel amplitudes. The resulting expressions
for the transmission coefficients between normal leads in terms
of the Green functions are:

T (E) = Tr [Ty

o E)G (BT} (E)Gy " (B)] , 1 # 1

8
T,(E) = Tr [} (E)Gy“ (E)L] (E) Gy (E)] ®
where a, f = ¢, h and a@ = h, e when a = ¢, h. The first line repre-
sents the transmission probability between different leads, while
the second one corresponds to Andreev reflection processes.
Equation (4) is recovered by using the property 37, T”ap (E) = N
It is important to note that Green function approaches could be
very convenient to investigate interaction effects. Typically, this is
done following diagrammatic methods.®>! However, discussions
using that formalism are typically less transparent than the scat-
tering approach, which instead allows us to visualize the phys-
ical processes more clearly. Finally, for linear properties, which
we will mainly consider in this review, the two approaches are
fully equivalent.

One can show that in the linear regime with infinitesimal bi-
ases V; — 0 and temperature differences 6T; = T, — T; - 0, the
heat currents satisfy ), J, = 0. Instead, charge conservation for
charge currents is guaranteed after including currents into the
superconducting leads I, i.e., ), I, = —I. This is a consequence
of Andreev processes changing the number of Cooper pairs in
the condensate, which induces a net current in the superconduct-
ing terminals. Particle-hole symmetry of the BdG equations, see
Equation (2), then yields that the scattering formalism conserves
the total number of electron and hole excitations in the system.

2.2. Linear Response
To discuss the charge, heat, and thermoelectrical transport, it

is frequently convenient to compute the linear response coef-
ficients. In the linear regime of the normal terminal biases
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6V, = (u, — p4s)/e and small temperature gradients 6T, < T,
with T the operating temperature, we can write the Onsager
equations:(2>789]

L\ 8V, )T
<]> - ZZ b (mm) ©

where the Onsager coefficients L;, are expressed in terms of the
multiterminal affinities 6V,/T and 6T, /T?. The linear coeffi-
cients reduce to:

dE 6f(E)] e’t)(E)  eE(,) (E)
L=7[] % |- 10
! / Zh[ OE <eEf‘(E) B¢ (E) o)

w w

with the integrand weighted by the derivative of the Fermi func-
tion energy (which is even in energy) and the transmission coef-
ficients collected as:*°!

£ (E) = Ny = Ti*(E) £ T,(E) (11)

The sign change on 7,(E) is because holes contribute with
an opposite sign to the charge but have the same contribu-
tion as electrons to the heat or energy flow. The Onsager coef-
ficients can be directly connected to the transport coefficients
and the most common thermoelectrical figure of merit as re-
ported in Ref. [25]. For example, for energy independent co-
efficients, i.e., £j,(E) = ¢;,, the multiterminal charge conduc-
tance becomes L)' = G,T¢,, where G, =¢’/h is the conduc-
tance quantum. Analogously, the thermal term becomes L{I,T =
(7*/3)(k3/€)G,T¢,,. In the absence of superconducting leads
and using the Sommerfield expansion in the low tempera-
ture limit, the multiterminal Wiedemann—Franz law L{IT /L) =
(w2/3)(k%/€*)T is recovered. However, this law is violated when
superconductors are present. In fact, when Andreev contribu-
tions are present, one generally finds that £, /£ # 1.

Since the derivative of the Fermi function is an even
function in energy, comparing Equations (10) and (11)
it is easy to conclude that the only finite contributions
to the diagonal (off-diagonal) linear coefficients L, come
from the even (odd) powers of the energy of the ¢
functions. Consequently, when the transmission prob-
abilities satisfy the energy inversion symmetry (EIS):
7./(B) =T, (-E) (12)
the linear thermoelectrical coefficients L'™ and I/V are necessarily
zero. Equation (12) represents a symmetry between positive and
negative energy states. It is, however, different from the particle-
hole symmetry Tll‘,"’j (E) = Tn,""ﬂ (—E) that stems from the Nambu
representation of the BAG Hamiltonian, cf. Equation (2). While
particle-hole symmetry is always true for any transmission prob-
abilities, the symmetry in Equation (12) is not generic and can
be broken, e.g., in multiterminal configurations or by additional
degrees of freedom (e.g., spin, sublattice), enabling finite ther-
moelectrical coefficients. Examples of broken EIS are shown be-
low. However, it is important to note that the direct connection
between thermoelectric effects and breaking the symmetry in

Equation (12) applies only in the linear regime. In the nonlin-
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ear regime or in the presence of interactions it is not easy to find
general implications unless following a perturbative approach.*”]

For the sake of a simplified analysis, we now discuss the main
scattering processes in two limiting regimes, one where quasipar-
ticle tunneling dominates and another where Andreev processes
play a major role.

2.3. Quasiparticle Tunneling

The main contribution of the superconducting terminals tunnel
coupled with normal metals is encoded in the transmission prob-
abilities 7°(E). Those quantities, for a tunneling process with a
superconducting interface, would present a gapped nature with
a combined peaked density of states:

E+ill
Ve(E) = vy [Re ——1 22 (13)

(E +ilp)* — A2

where v is the normal density of states and I'j, is the small
phenomenological Dynes parameter describing the quasiparti-
cle states in the subgap,[®®! as represented in Figure 1b. They in-
troduce strong energy filtering effects, which may be crucial to
eventually determine a strong thermoelectric effect. Indeed, the
tunnel junctions have played a crucial role in the first demonstra-
tions of thermoelectrical effects in superconducting devices.[6162]

Historically, tunnel junctions were shown to generate small
thermoelectric effects in connection to charge imbalance
effects.®191] However, the main research was initially focused
on the nonlinear cooling mechanisms for NIS!1%-1041 and SINIS
configurations.[1%] At the same time, the unique capability to ac-
tively control heat fluxes in superconducting tunnel junctions led
to the discovery of novel heat rectification properties in NIS[106:107]
that could even be controlled by phase modulation.['%1%] The ex-
perimental combination of such effects with semiconducting ma-
terials further expands the applicative possibilities in thermome-
try and refrigeration.['10111] Those advancements show the possi-
bility to successfully apply Peltier cooling to advanced quantum
technologies such as QED resonators and, more generally, quan-
tum computing platforms.[1'213] In the tunneling regime, with
at least one superconducting terminal and one gapped terminal,
a bipolar thermoelectrical effect induced by spontaneous particle-
hole symmetry breaking has been recently predicted!®3114115]
and experimentally demonstrated.[**11¢] Even if this intriguing
physics depends on interaction effects!!'’-11] it is essentially
due to a nonlinear temperature difference.l?>-122] More recently,
discussions on the thermoelectric properties for the junctions
beyond the tunneling (opaque) barrier limit!'?312* and includ-
ing thermal models accounting for nonlinearities!'?*! have also
been reported.

2.4. Andreev Reflection
At low subgap energies, the Andreev reflections play a cru-

cial role on the transport properties, with a key impact on the
transmissions 7;,. Indeed, Andreev reflections can also result
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Figure 2. a) Scheme of a two-terminal thermoelectric engine with a proximized quantum dot. b) Superconducting density of states for A = 2k Ts, and
c) generated current for different gaps in the quasiparticle regime, for U = 2kg T and Ty = 2Ts. The gray line in (c), corresponding to the all-normal case
Vs = vy, is shown for reference. The tunneling rate through the normal contact is Ty = 2z|zy|?vy /% d) Nonlocal three-terminal heat engine generating
current between terminals N and S from the heat injected from H via the capacitive coupling of two quantum dots. e) Cooper pair splitter serving as a

nonlocal thermoelectric and refrigerator.

in different contributions, depending on the system geome-
try. Internal reflections in SNS structures give rise to Andreev
bound states (ABS) in the normal part!!?®! which characterize
the dissipationless transport.['’] In the opposite sandwich, NSN,
CAR gives rise to Cooper pair splitting, a sought-after source of
entanglement, 128139 for which EC contributions need to be sup-
pressed.

The direct contribution of LAR processes to thermoelectric
phenomena appears unlikely, as the inherent superposition of
quasiparticle and quasi-hole states in these processes enforces an
EIS, as described by Equation (12). Nevertheless, Andreev reflec-
tions play a crucial role in enabling phase-dependent responses
and other nonlocal effects, as will be discussed in the follow-
ing sections.

Unlike conventional even-frequency superconductivity, odd-
frequency pairing involves a pair amplitude that is antisymmet-
ric under time (or frequency) exchange, allowing spin-triplet
s-wave states compatible with Fermi statistics. Breaking spin-
rotation symmetry at a superconducting junction induces spin-
triplet Cooper pairs that enable Andreev processes with a signifi-
cant thermoelectric contribution.[***”] In such scenarios, a finite
thermopower arising from Andreev-like processes is only possi-
ble in the presence of odd-frequency pairing.l**! This principle
holds generally for superconducting systems. Importantly, a fi-
nite Andreev thermopower requires coexistence of even- and odd-
frequency components, a typical feature of proximity-induced un-
conventional pairing.

Finally, in superconducting heterostructures the Andreev ap-
proximation assumes that the chemical potential is much larger
than the energies involved (u > E, A). This means that elec-
trons and holes in Andreev reflections have nearly the same

Ann. Phys. (Berlin) 2025, €00197 e00197 (5 of 19)

momentum and follow the same path—called retro-reflection. In
Section 5, we examine what happens in Dirac materials, where
this approximation breaks down because of their linear energy-
momentum relation.

3. Quantum Dots and Single-Electron Transistors

A simple way to break the EIS in the absence of an applied volt-
age is by the spectral properties of a nanostructure placed in
the normal-superconductor interface. The simplest case is the
discrete level of a quantum dot!3*3] in the Coulomb block-
ade regime. Usually, for simplicity, the quantum dot states are
limited to host up to two electrons since the Coulomb proper-
ties repeat periodically for any even number of electrons.[**! The
strong energy filtering of quantum dots has been demonstrated
to achieve highly efficient thermoelectric capabilities when the
level is tuned in the vicinity (at energies of a few k; T) of the chem-
ical potentiall**13¢] in semiconductors. The same effect can, in
principle, be exported to tunnel-coupled N-QD-S interfaces; how-
ever, the transport of quasiparticles will be strongly suppressed by
the gap (unless the temperature of the normal electrode is com-
parable to A).

Increasing the coupling to the superconductor, the quantum
dot states get hybridized due to the proximity effect, allowing for
the exchange of Cooper pairs, as illustrated in Figure 2a. When
the gap is the largest energy scale A — oo, this process is de-
scribed by an effective model that replaces the Hamiltonian of
the superconductor by the pairing term:[137-140]

y(dd; +h.c) (14)

P
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where tAiU annihilates an electron of spin ¢ in the quantum dot and
I's is the coupling. Note that this effective model describes the
coherent coupling of the quantum dot states with the supercon-
ducting condensate, which acts as a coherent source of Cooper
pairs. Adding it to the Hamiltonian of the quantum dot:

Hy =Y &7, + Ui, (15)

[

with the energy of the level ¢_, the intradot Coulomb interaction
U, and the number operators 71, = &;&6 we get the Hamiltonian
of the proximized quantum dot. The interaction term lifts the sin-
gle particle description of the scattering theory, so many body
descriptions are required e.g., Keldysh nonequilibrium Green
functions!®! or master equations.['*!] This Hamiltonian can be
diagonalized, giving the even-parity ABS:

|£) = N1 (AL10) — T'5[2)) (16)

where W, is imposed by the normalization of the |+) states, with
energies:

E,=A, =é+/82+T2 (17)

where € = (Y, €, + U)/2. These superpositions of states with 0
and 2 electrons mediate the exchange of Cooper pairs with the su-
perconductor which can be controlled by gate voltages applied to
the quantum dot. The odd states |o), with eigenenergies E, = ¢,
are not coupled. Note that the property A, — —A_ by reversing
& — —&,which can be tuned by the quantum dot gate voltages, de-
fines the particle-hole symmetry point. The consequence of this
symmetry is that the energy spectrum of the ABS is symmetric
in energy. So even if the transport properties are clearly affected
by the proximity effect!!3¥142] this even symmetry of the spectrum
may determine the EIS of Equation (12), suppressing the linear
thermoelectrical effects. However, it is important to note that in
the nonlinear regime thermoelectricity can emerge.[*1*3]

3.1. Breaking Energy Symmetry in Coulomb Blockaded Quantum
Dots

In this section we discuss, even in the presence of superconduct-
ing proximity effects, how to break EIS. To do that it is important
to include in the description the tunneling through the contacts
to normal reservoirs I which corresponds to a transition process
between even and odd parity (number of electrons) states. The
tunneling term is:

A,, =Y 1d %, +hc. (18)
lko

where ¢, annihilates an electron of wavenumber k and spin ¢ in
the reservoir. In the sequential tunneling limit at weak coupling,
the transition rates for the transition |x) — |1) due to an electron
or a hole entering/outgoing the quantum dot from the reservoir

are given by Fermi’s golden rule:1'*!

A T

a 27[ Atl a
v = S In(alge) Puf (E, - E,) (19)
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where 52 = a; 3;‘ = 36 and f“(E) is the Fermi function for the
normal reservoir with density of states v; at electrochemical po-
tential y, and temperature T,. Clearly, |(0'|212|i)|2 x A? is differ-
entfrom |(c]d, |+)|? « I'%, except for the electron-hole symmetry
point £ = 0. Hence, the electron/hole contribution of each tran-
sition can be controlled by tuning the quantum dot gate voltage.
This will also affect the occupation of the different states. In the
sequential tunneling regime, one uses these rates to write a mas-
terequation p,. = Y., (v p,, — v'“ p,,.) for the state occupations,

P\ 11 and writes the particle and heat currents out of terminal
J:[145]

L= Y (re =7 e (20)
Ak

Ji= DB, = B =) (rEpin = 710 (21)
AK

using the steady state solution, p = 0.

Consider the two-terminal setup of Figure 2a. The thermo-
electric contribution of Cooper pairs at low energies is expected
to be suppressed for weak interactions!®’! due to the intrinsic
electron-hole symmetry of proximized states. When electron—
electron interactions are strong, the onset of Coulomb blockade
introduces the presence of localized magnetic states!'*%! and the
single-particle picture of scattering theory of Section 2 does not
hold. The presence of such correlations may enable the lifting
of the EIS. This possibility has however attracted little attention
so far.

The regime dominated by quasiparticles at higher tempera-
tures or weak coupling to the superconductor offers a clearer pic-
ture. There, ignoring the Andreev reflection contributions, the
particle tunneling to the superconductor is governed by the BCS
density of states of Equation (13). The tunneling rates will be
proportional to v§ = vg(e + nU), where n is the minimum oc-
cupation of the quantum dot before or after the process, see
Figure 2b. The effect of the gap in v; prevents charge from
flowing for quantum dot energies around the chemical poten-
tial except when A < U/2. In a sequential tunneling description,
it reads I o Znn’ (an + ngSn)V;/ (an’ _fSn’)(l - 5nn’)' where fln =
file + nU), see Figure 2c. The current is hole(electron)-like for & <
0(> 0), as would correspond to an all-normal configuration,!'’]
with sharp features corresponding to the peaked density of states
at the gap borders.

In realistic configurations, both quasiparticle and Cooper pair
processes coexist, requiring more involved treatments.[24814]
The nonlinear thermoelectric response has been investigated
in single quantum dots with Coulomb correlations working
as power generators,” #8150 refrigerators!"**151) and thermo-
electric diodes.['>?) More complicated quantum dot arrange-
ments have also been proposed to enhance the thermoelectric
response.[>3] Ring structures can also be used for further control
of the device via the Aharonov-Bohm effect.[1>+15¢]

Multiterminal configurations have also been considered. In
particular, three-terminals(**”] allow one to define local and non-
local (when the response is measured in terminals different from
the heat source) Seebeck responses(**®! or couple to spin degrees
of freedom when one of them is ferromagnetic.'>1%! One can
also use the LAR to separate heat and charge flows: heat injected
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from one terminal is Andreev-reflected in the superconductor
contact, with the other terminal working as a voltage probe.[*¢!]
Coulomb blockade also controls the heat flow in metallic islands
coupled to a phonon bath('%! when using superconducting quan-
tum interference single-electron transistors(16216] to tune the su-
perconducting gaps in proximized weak links.

When the superconducting terminals are more than one
it is also possible to establish phase differences between su-
perconducting terminals. In such case one can investigate
phase-dependent effects on heat and charge transport and
thermoelectrics.[1*17] Intriguing thermoelectrical effects are
also possible when superconductors and quantum dots are cou-
pled with ferromagnetic materials.['>*1%8169] Nonlocal cooling
mechanism in ballistic Andreev interferometers have also been
proposed recently.['7]

3.2. Interacting Nonlocal Heat Engines

Three-terminal setups allow to separate the system into a heat
source that injects heat but no charge current, and the electronic
circuit, which can this way be isothermal. This is the geometry of
a thermocouple,?634] realized experimentally in semiconductor
samples.'7172] Electrical isolation of the heat source is achieved
by using capacitively coupled quantum dots: one of them (the
passive) supports a charge current between the N and S termi-
nals, with the other (the active) being connected to charge fluc-
tuations from the hot terminal, H, as sketched in Figure 2d. The
transfer of heat is then mediated by the Coulomb interaction be-
tween electrons the different quantum dots, U,,. A finite zero-
bias current will flow under the appropriate symmetry breaking,
namely that the rate for particle transfers between N and S after
exchanging an energy U,, with H is different for electrons and
holes.['73]

The working mechanism is different depending on whether
the injected current is due to quasiparticles or to Cooper pairs.
In the former case, the presence of the gap acts as an energy fil-
ter which is sufficient to have a net quasiparticle current,!'’*l and
the absorption of U, provides the necessary energy to overcome
itwhene, + U,, ~ A. This mechanism introduces a more robust
way to control the asymmetry as compared to all-semiconductor
versions(!72] that improves the thermoelectric performance in
terms of both the generated power and the efficiency. The Cooper
pair transport dominates at low temperatures and energies close
to pg. It can hence be understood in the infinite gap regime,
in terms of the effect that the charge fluctuations in the active
dot have on the proximized states in the passive quantum dot.
A charge in the active dot shifts the energy on the active one by
U,,» which furthermore affects the weights in the even superpo-
sitions. This way the contribution of electrons and holes to each
tunneling event are modified and eventually lift the symmetry
between positive and negative energy processes. This current is
hence a consequence of the interplay of quantum superpositions
and nonequilibrium fluctuations. Remarkably, the quasiparticle
and Cooper pair contributions have opposite signs, so the current
serves as a measure of their relative dominance.['7?]

The system can be used in reverse as a nonlocal Peltier refriger-
ator that cools a metallic island capacitively coupled to the charge
conductor.'7#173] Being a multiterminal conductor, it is able to
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perform as an absorption refrigerator or a heat pump, or even
in hybrid operations!!’®l with pairs of these useful tasks obtained
simultaneously.['>!””] The same mechanism can be used to de-
fine an autonomous (quasiparticle) Maxwell demon that gener-
ates power between two superconductors without them absorb-
ing energy from a pair of capacitively coupled quantum dots sup-
porting a heat flow.178]

3.3. Thermoelectricity by Cooper Pair Splitting

The superconductor can act as a mediator for particle and heat
nonlocal transport between two normal reservoirs. This is due to
two characteristic processes: CAR and EC. The former one, due
to the splitting of Cooper pairs,!128129] has attracted a big interest
for being a possible source of entangled electrons.[128:129.179-181] T
select CAR over EC and avoid the two electrons to tunnel to the
same lead, one uses Coulomb blockade quantum dots,!1827192] gee
Figure 2e.

This geometry can be used to define a nonlocal thermoelectric
engine: a temperature difference between the two normal reser-
voirs generates a current out of the superconductor.[3>36:193-1%]
Experiments have confirmed this mechanism.'®! When the
quantum dot level energies are antisymmetric around the super-
conductor electrochemical potential, energy-conserving Cooper
pair splitting processes are privileged over EC, such that the
same current flows ingoing (outgoing) from (to) the two normal
leads into (from) the superconducting terminal.l*>3¢ This non-
local splitting explicitly breaks the EIS such that, e.g., 7,%(E) #
7% (~E). Heat is hence converted into positively cross-correlated
charge flows!'?”] and can also lead to coherent Peltier cooling,
which serves as a prove of Cooper pair splitting.[3°! Differently
EC contributes to the local thermoelectric response between the
normal reservoirs, 3536194 in a similar way to what one expects
from all-semiconductor double quantum dots.[1%1%] Configura-
tions with EC and CAR having similar contributions can be bene-
ficial for enhancing power and efficiency when the hot terminal is
a voltage probel®! or for determining strong nonlocal responses
from heating effects.[2%]

3.4. Detection of Majoranas

Since the early investigations into Majorana states in condensed
matter systems, thermoelectric effects have been identified as
a potential signature of their presence. Majorana signatures
have been pointed out in thermal conductance,['*201] voltage
thermopower,[202203] or the violation of the Wiedemann-Franz
law.[**2%4] In quantum-dot-based multiterminal setups, it has
been suggested that a key signature for detecting Majorana zero
modes (MZMs) is the opposite sign behavior of the Seebeck coef-
ficient as a function of the quantum dot energy level, in contrast
to what is observed in conventional superconductors.[4243:205-210]
Most of these works just consider the effect of the MZMs and ne-
glect the contribution of quasiparticle states above the gap, whose
effect in the out of equilibrium response of these systems has re-
mained largely unexplored?'22] but can be included by means
of Green function techniques.!?!3] The thermoelectric response
of more complex geometries including a double QD connected
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in series?'*! or in parallel®] with a topological superconductor
hosting MZMs has also been explored.

4. 1D Electron Systems

Electron systems constrained in 1D are unique platforms to in-
vestigate how dimensional reduction will crucially affect trans-
port. Early experiments of conductance quantization in quan-
tum point contacts?”®l and the development of edge state
physics in quantum Hall samples and in 2D topological in-
sulators, postulated 1D systems as controllable cases of quan-
tum transport. More recently, the possibility to localize Ma-
jorana bound states (see before) at the boundary of 1D he-
lical channels in the presence of magnetic fields and super-
conducting proximity further attracted attention over the ther-
moelectric properties of these systems also in the presence of
superconductors.#2-45204205.214.216-221]

4.1. Helical Edge States

Chiral and helical edge states of 2D systems in the quantum Hall
and the spin quantum Hall regime define the paradigm for 1D
ballistic transport.?22] The quantum spin Hall effect is realized
in 2D (2D) topological insulators (2DTI) and, typically, the funda-
mental ingredient is the spin—orbit coupling.[?23-226] This topolog-
ical phase is due to the existence of Kramers pairs of helical edge
modes, which can be described in terms of a 1D Dirac Hamilto-
nian density of the form:

Hy(x) = v (—iho,) o* (22)

where the Pauli matrix acts on the two components of the spinors
y! = (u/T, ‘»"1)7 and is parallel to the natural quantization axis of
the 2DTT (usually defined by the spin—orbit coupling).

In Ref. [227], it was shown that a two-terminal device of a
2DTI hosting a magnetic island is an optimal thermoelectric
heat engine. Here, we briefly review the thermoelectric proper-
ties of the device studied in Refs. [40, 41], where the 2DTI is
contacted to superconductors forming a Josephson junction, cf.
Figure 3a. The edge modes are contacted by left (S;) and right
(Sg) s-wave type superconductors. Considering the Nambu basis

y! = VLY, y/f, —wTT ) the BdG Hamiltonian now becomes:
Hygo (%) = [Ho(x, pps)7* + A/ (x)7* + A" (x)7"] /2 (23)

where A(x) = A [0(—x — L/2)e": + 0(x — L/2)e%#] is the pairing
potential induced on the edge modes within the region where
they are proximized to the superconducting contacts. A phase
bias ¢ = ¢p; — ¢y is considered between the two superconduc-
tors, which define real and imaginary parts of the pairing po-
tential (A’(x) and A”(x), respectively). The other ingredient is a
Doppler shifil??8] p,o = (zh/L)®/®, generated by the magnetic
flux @ within the Josephson junction region of TI between the
superconductors, i.e., —L/2 < x < L/2, with ®, the magnetic flux
quantum. This Hamiltonian is particle-hole symmetric, and the
naive expectation for the symmetric right-left configuration is the
absence of any thermoelectric local response between the super-
conducting terminals when a temperature bias is imposed at the

Ann. Phys. (Berlin) 2025, 00197 e00197 (8 of 19)

www.ann-phys.org

superconductors. However, in Refs. [40, 41], it was shown that
nonlocal thermoelectricity is still possible in such a system by
adding a third normal-metal terminal, see Figure 3a.

The mechanism generating the nonlocal thermoelectric re-
sponse is understood by analyzing the spectrum of the full
Hamiltonian, shown in Figure 3b. We can identify the particle-
hole symmetry of the BdG Hamiltonian, with positive and neg-
ative energies related by ¢, = —¢_,. In the different branches of
the spectrum, the electron-like (e) and hole-like (h) character of
the quasiparticles is indicated with solid and dashed lines, re-
spectively. We can identify two cones. Each one has left (—) and
right (+) moving quasiparticles (plotted in different colors). The
Doppler shift breaks the symmetry under the inversion k « —k
of the spectrum. As a consequence, the main contribution to the
transport window originates in a single cone hosting states of
quasielectrons and quasiholes traveling in opposite directions.
Importantly for our purposes, however, the two types of parti-
cles are injected in different reservoirs at different temperatures.
Since they come from opposite thermal sources they introduce
an extra sign when the current is computed in the normal mid-
dle terminal such as Ty Y, a(7&¢ — 7,¢%) with respect to the lo-
cal term T o« ), a(TsF + 7,%). Therefore, even if the local ther-
moelectric response is null a net particle charge flux is gener-
ated at the normal probe (nonlocal response),I*] as sketched in
Figure 3(c). The reciprocal process, injecting a net charge current
at the normal probe, is sketched in Figure 3d. Such a flux is con-
verted into uncompensated fluxes of quasielectrons and quasi-
holes in the proximized TI, generating a net heat flux between
the two superconducting contacts.

The electron current in the normal probe evaluated in the
linear-response regime is given by the following relations:

J% =1 (vy/T) + 1) (6T/T?) 2
S = 18 (Vy/T) + 12 (6T/T%)

where the Onsager coeflicients L; are generalized to include non-
local response in this three-terminal configuration. They depend
on the Doppler shift pyg, the phase bias ¢, the pairing ampli-
tude A, as well as the temperature T. Interestingly, the non-
local off-diagonal elements are related by symmetry as follows:
L"(®@, ¢) = —L'") (~®, —¢), as required by the general symme-
tries for linear coefficients.[”®! A finite nonlocal thermoelectric re-
sponse is predicted for ¢ # 0 (mod)x and/or @ # 0 (mod)r lead-
ing to a Seebeck coefficient S = (L,,/L;;) /T close to 100 x VK™
atlow temperatures (10% of the critical temperature of the super-
conductor). Importantly, this effect is a direct consequence of the
helical nature of the edge modes of the TI, which is an appealing
hallmark from the experimental point of view. It has been shown
that this mechanism can be employed in the non-linear regime
to implement a nonlocal thermoelectric heat engine.[*>”]

Thermal transport, albeit not really thermoelectric, has also
been studied in this type of systems.?2>231] More complex de-
vices including the effect of magnetic islands in the Josephson
junction generating Jackiw—Rebbi type of topological zero modes
have also been predicted.??] In addition, the phase-dependence
of charge and heat currents in thermally biased short Josephson
junctions with the helical edge states of a 2DTI has also been re-
cently analyzed.[?32]
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Figure 3. Sketch of the setup considered in Refs. [40, 41]. A Kramers pair of helical edge states of the quantum spin Hall effect is contacted by two
superconductors at different temperatures, Tg s, =T +6T/2 and with a normal-metal probe at temperature Ty =T at which a bias voltage V) is
eventually applied/generated. The structure is threaded by a magnetic flux, which induces a Doppler shift in the edge states in addition to a Josephson
phase difference applied between the two superconductors. b) Dispersion curves for quasiparticles e, (solid lines) and quasiholes h, (dashed lines)
within the proximized spin-Hall region. Transport processes are depicted in c) for Vy = 0; §T # 0 and in d) for Vyy # 0; 6T = 0, when the spectrum for
e,;h_ is assumed fully gapped. Adapted with permission.[*?l Copyright 2020, American Physical Society.

Another related proposal is based on a thermally biased An-
dreev interferometer with a middle ferromagnetic island on top
of the helical edge of a 2DTL!**¥] Without the magnetic impu-
rity, the thermoelectric conversion is analyzed in Ref. [234]. In
the presence of the magnetic domain, a spin-polarized thermal
supercurrent emerges between the superconductors due to a
unique interference effect of CARs, that is absent for EC pro-
cesses. The resulting thermoelectric effect can be turned on and
off by tuning the phase difference between the superconduct-
ing leads and does not rely on manipulating the ferromagnetic
domain.

4.2. Superconducting Helical Wires

A similar effect to the one discussed in the previous section is pre-
dicted to take place in semiconducting wires with Rashba spin—
orbit coupling (SOC) proximized to superconductors and under
the effect of a magnetic field.3%! These types of structures are
used to implement the 1D topological superconducting phases
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hosting Majorana edge modes experimentally,2352%¢) motivated
by the model proposed in Refs. [42, 237]. Experimentally, these
wires are fabricated with GaAs doped with In and proximized

with a s-wave superconductor of gap A.[23-243] The Hamiltonian
reads:
Hygo(k) = [(& — 4t - §) ©° = Ayiiy - 0 + ATY] /2 (25)

where 4, = ak represents the SOC acting on the spin degrees of
freedom along the direction #; and Ay = gu,B is the Zeeman
term associated to the magnetic field B acting along the direction
fig. & = k?/2m — u is the kinetic energy relative to the chemical
potential u. When such wires are contacted at the ends with reser-
voirs at different temperatures T + §T/2 and contacted at an in-
termediate point with a normal conducting probe at temperature
T, see Figure 4a, a nonlocal thermoelectric response is predicted
when the angle between the magnetic field and the SOC departs
from perpendicular orientations, § = cos™! (i - i,) # nx/2.
The origin of the nonlocal response can be understood by an-
alyzing the spectrum. Without superconductivity, the spectrum
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Figure 4. a) Sketch of the setup considered in Ref. [39]. A semiconducting wire with SOC and magnetic field is contacted to a superconductor. A
temperature bias T + 6T /2 is imposed and the electrical current is generated at a normal-metal probe at temperature Ty, = T at which a bias voltage
V) is applied. b) Spectrum for different angles between the SOC and the magnetic field. The central panel corresponds to a perpendicular orientation
of the magnetic field with respect to the direction of the SOC, while the other panels correspond to departures from this configuration, leading to the
formation of Bogoliubov Fermi points. This situation is similar to the one illustrated in Figure 3b and favors a nonlocal thermoelectric response. Adapted

with permission.3% Copyright 2024, American Physical Society.

contains two bands and a gap defined by the combined effect of
the SOC and the Zeeman field. Adding superconductivity and
expressing the Hamiltonian in Nambu basis leads to the spec-
tra shown in Figure 4b. The relevant situation for thermoelec-
tric response takes place when the chemical potential is close to
the bottom of the lower band, precisely the case illustrated in the
first and last panels of Figure 4b. It is important to notice that
when the magnetic field and the SOC are exactly perpendicular
(see central panel in Figure 4b) the spectrum is fully symmetric
with respect to changing k — —k. Instead, for other angles, one
of the quasiparticle cones with positive energy moves to lower
energies and eventually crosses zero, defining two Bogoliubov
Fermi points. This situation is identified with a gray dashed-line
box in Figure 4b and is similar to the one discussed in the anal-
ysis of Figure 3. In fact, the low-energy sector of the spectrum
is composed of a single branch of quasielectrons moving to the
right and quasiholes moving to the left. These uncompensated
fluxes generate an electron current at the normal lead described
in linear response by Equation (24). Instead, for higher values
of the chemical potential, the two bands of the model without
superconductivity contribute to the transport processes. In this
situation, there is a pair of left- and right-moving quasielectrons
as well as a pair of left- and right-moving quasihole branches.
The net charge flux is compensated in this case and the electron
current in the normal probe is vanishingly small. Interestingly,
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the range of chemical potentials for the topological phase to take
placeis y? < A% — A” and coincides with the one for which a non-
vanishing thermoelectric response is expected. It is also interest-
ing that the range of angles for which the topological phase takes
place is complementary to the one with important thermoelec-
tric response. Namely, the topological phase is predicted within
|0 — 7 /2| < 6., while the thermoelectric response is predicted
within |6 — /2| > §,. Note that this nonlocal thermoelectric ef-
fect is not a signature of Majorana fermions per se. Nevertheless,
it provides very relevant information to characterize the topolog-
ical phase and the relative alignment between the SOC and the
magnetic field to identify where in the wide parameter space the
topological transition should localize. The nonlocal thermoelec-
tric transport requires a proximized helical system in the electron
bands, which is also a necessary condition for the nontrivial topo-
logical phase.

A recent experimental study of Bogoliubov Fermi surfaces in
2D systems!?**] has motivated the proposal of thermoelectric ef-
fects to explore this interesting mechanism.[?*]

4.3. Chiral Edge States
Recently, a peculiar nonlocal thermoelectric property of edge

states of a quantum Hall system (QHS) contacted to a supercon-
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ducting terminal has been analyzed.l*}] The electrical transport
of this system is a topic of increasing interest nowadays and is the
focus of many recent theoretical(2*6-261] and experimental(262-268]
works. The characteristic property is the existence of chiral An-
dreev states generated when the chiral edge states of the quantum
Hall system get in contact to the superconductor. In the filling fac-
tor v = 1, there is a single chiral edge state. When it propagates
in contact to a superconductor, it becomes a chiral Andreev state,
which consists in an interference of particles and holes propagat-
ing chirally.

In Ref. [143], a 2D electron gas in the quantum Hall state with
v =1is considered in a two-terminal configuration. A third ter-
minal is defined by contacting to a superconductor with s-wave
pairing A in a region of finite length. The magnetic field B gener-
ating the quantum Hall effect is assumed to be perfectly screened
into the superconductor. An electrical bias eV is applied at one of
the terminals of the quantum Hall system, while the other termi-
nal as well as the superconductor are assumed to be grounded.
The following conditions are assumed: i) eV, k;T < A so that the
transport window is fully within the superconducting gap, ii)
eV, kT < Ajp so that the Zeeman splitting is larger than the en-
ergy defining the transport window. Separated electrical and ther-
mal currents flow in response to the electrical bias: a pure elec-
trical current flows into the superconductor, while a pure heat
current flows into the grounded terminal of the QHS. Intuitively,
the fact that an electrical but no heat current flows into the super-
conductor can be understood by noticing that under the opera-
tional conditions no quasiparticle supragap transport is expected
in the superconductor (ruling out the possibility of a heat current)
while, because of Andreev reflection, a charge current is expected
in the superconducting terminal.['®!] Interestingly, the existence
of a nonlinear heat current in the unbiased terminal of the QHS
implies a nonlinear nonlocal Peltier effect in the device, despite
the explicit fulfillment of the EIS in the linear regime. Notice that
atwo-terminal QHS under these operational conditions has a sin-
gle pair of counter-propagating chiral edge states. This can be
regarded as a perfect single-channel 1D ballistic conductor with
conductance G = ¢?/h and no thermoelectric response. Hence,
the contact to the superconductor and the generation of a chiral
Andreev state in this device enables the nonlocal and nonlinear
thermoelectric response. Related all-normal effects require a bar-
rier in the conductor to generate interferences.!?*! Additionally,
thermal gradients in chiral edge states in the presence of super-
conductors may trigger intriguing AT-noise properties.*®!

4.4. Joule Spectroscopy

The excess current'?”?! in highly transmissive NS or SNS junc-
tions provides a fingerprint for heating and cooling mechanisms
in hybrid devices.[?”'-?7#] The so-called “Joule spectroscopy” intro-
duced in Ref. [273] is based on this property. That work consid-
ered the case of SNS junctions defined on InAl nanowires fully
covered by a thin epitaxial Al layer, which exhibit a hard induced
superconducting gap.[?”’]

The measured IV curves exhibited a series of differential con-
ductance dips at voltages Vy;,; > 2A,[*”*! which could be associ-
ated with the suppression of the excess current due to the tran-
sition to the normal state of certain portions of the device (the
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index i = 1,2 corresponds to these different portions). The posi-
tions of the dips were found to be tunable as a function of several
control parameters such as gate voltage, magnetic field and tem-
perature, see Figure 5. In particular, Vy,; was found to scale as

1/ R;, where R, is the normal state junction resistance, tunable

by means of a gate potential acting on the junction region.

The observed features and the working principle of the tech-
nique are described by a theoretical model that relies on the bal-
ance between the heat injected into the junction by the Joule ef-
fect and the different cooling mechanisms!?”3] (i.e., quasiparticle
diffusion and electron—phonon coupling). As these mechanisms
are largely inefficient at low temperatures, the junction tempera-
ture increases with respect to the bath temperature of the cryostat
Ty.m» Which might eventually lead to a transition of the leads to
the normal state. For a large bias voltage V > A the junction IV
curve is well described as:

I=V/R; + Iexc1(To1) + Texca(To ) (26)

where I, ; are the excess currents associated with lead i, and T,
is the corresponding lead temperature, which can be different
due to possible device asymmetries.

In the single junction case,!*”?] quasiparticle diffusion pro-
vides the main cooling mechanism. This allows to determine the

power dissipated for Vy,,; as:

2772
kB Tc,i

= A @)

where T, is the critical temperature on lead i, Ry.,q; is the lead
normal resistance and A ~ 2.112, which arises from the BCS
thermal conductivity assuming Ty, < T;. From Equations (26)
and (27) and assuming a symmetric situation where P, = P, ~
V?/2R; one obtains:

20R, by T,
Viipi = — (28)
a Rleads,i €

relating the dips position to several device properties.

Further devices that contain floating superconducting seg-
ments (islands), in addition to grounded superconducting leads
(here the index i = 1,2, island, where 1 and 2 refer to the leads)
have been considered.[?’#! In this case, it is shown that the cool-
ing of islands by quasiparticle diffusion is strongly suppressed
owing to the relatively high resistances of the SNS junctions. As
a result, instead of Equation (27), the heat balance in islands is
better described by an electron-phonon cooling term:

PdiP,island =2U ( cy,Lisland - T]?ath) (29)

where X is a material-dependent parameter, U is the volume of
the island, and the exponent » falls in the range 5-6, according
to fits to the experimental data taken for devices based on InAs-
Al nanowires.
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Figure 5. a) Schematic of a highly transmitting SNS junction based on a hybrid superconductor-semiconductor nanowire. The temperatures of the S
leads at the junction, Ty ;, can increase substantially due to the dissipated Joule power, P;. b) Vy, ; are the voltages at which the S leads turn to the normal

state due to Joule heating. They appear as dips in d//dV, reflecting the suppression
are fits to Equation (28), confirming the

of excess current. c) Gate dependence of V, ;. The dashed lines

R;-dependence of the dips. d) Joule spectroscopy of a device with a floating superconducting island and two

grounded superconducting leads. In this case, three dI/dV dips are observed, one for each superconductor-to-normal metal transition. The magnetic
field-dependence of the dips of the floating and grounded superconductors are different, owing to their distinct dominant heat dissipation mechanisms.
Adapted with permission.[273274] Copyright 2023 Springer Nature, 2024 ACS Publications.

Ann. Phys. (Berlin) 2025, 00197 e00197 (12 of 19)

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

a ‘0 '688ETZST

dny wouy

dny) suonipueD pue swie 1 8y} 83S *[5202/60/0€] U0 ARig1T8uIUO AB|IM ‘(PepILeS 8P OLBISIUIIN) UOSIACLG [RUOIEN 3LRILD0D USILedS Aq Z6T00S202 dPUe/z00T OT/I0p/L0 A3 Im AReiqijeut

BIW00 Ao I A

ol

3SUD|T SUOWIWOD A IEaID aqed||dde ayy Ag peusenoh are saoie YO ‘asn Jo sajni 10} AkeidiT auljuQ 8|1\ Uo (suonipt


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

= physik

www.advancedsciencenews.com

5. 2D Dirac Materials

Dirac materials are a class of condensed-matter systems with lin-
ear low-energy band dispersion, nodal points, and high carrier
mobility enabled by suppressed backscattering.[?°! Despite dif-
fering compositions, their charge carriers behave like relativis-
tic Dirac fermions, showing universal infrared responses such
as in optical conductivity or specific heat. Protected by specific
symmetries, Dirac nodes arise in materials ranging from 2D
sheets (e.g., graphene, silicene, transition metal dichalcogenides)
to topological insulator edge states, making them ideal platforms
for nanoscale quantum devices.

Owing to the high carrier mobility and tunable electronic
properties in Dirac materials, hybrid superconducting junctions
based on them present promising avenues for thermoelectric ap-
plications. For example, in 2D graphene-like systems, electro-
static gating near the Dirac point enables phenomena such as
specular Andreev reflection,!?””] while gap engineering allows for
optimization of thermoelectric performance. Moreover, low heat
capacity and weak electron-phonon coupling in graphene enable
sensitive bolometric detection using graphene-superconductor
junctions.l?’8-28% Similarly, the spin-momentum-locked surface
states of topological insulators hold significant potential for spin-
tronic applications, offering efficient spin transport with sup-
pressed backscattering.[281:282]

Superconductivity in Dirac materials is usually induced by
proximity to a conventional superconductor in a hybrid junction.
We first consider the general Dirac Hamiltonian in 2D space:[?’]

H(x,y) = —ihv (&,0, + &,0,) + V(x,y) (30)

with v, the Fermi velocity, V(x, y) the electrostatic potential, and
the 2N x 2N matrices &, acting on the SU(2) degree of freedom
defining the Dirac Hamiltonian and the N-dimensional space
corresponding to the other degrees of freedom of the system. For
example, for the surface state of a 3D topological insulator (3dTT)
the matrices &,, reduce to the Pauli matrices in spin space. By
contrast, for graphene the Dirac Hamiltonian acts in sublattice
space, denoted by A- and B-type atoms, but the general Hamilto-
nian in Equation (30) also spans in the spin and valley degrees of
freedom, becoming a 8 X 8 matrix (N = 4).

In the presence of superconducting correlations, the Dirac—
Bogoliubov-de Gennes (DBAG) equations generalize Equation (2)
by including Equation (30) as the single-particle Hamiltonian,
and extending the pairing matrix to the appropriate space.[2828]
Graphene and other 2D graphene-like materials have two or a
higher even number of Dirac nodes in their spectrum.?®”! Usu-
ally called valleys, these extra Dirac points add another degree of
freedom to the DBAG equations. By contrast, the surface state of
a 3DTI features a single Dirac point, and the DBAG Hamiltonian
adopts its simplest form: a 4 X 4 matrix equation in electron-hole
and spin space.

To evaluate the transport properties of hybrid junctions be-
tween Dirac materials and superconductors, it is usually as-
sumed that the contact width W is much larger than the junc-
tion length L. Further assuming translational invariance along
the contact direction, the momentum parallel to the interface be-
tween the normal and superconducting regions, k,, is conserved,
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Figure 6. Andreev reflection in 2D Dirac materials. a) Andreev retro-
reflections take place when Eg > E and are dominant for Ep > E, A. The
incident electron (full circle) and reflected hole (empty circle) are both in
the conduction band, and the hole retraces the trajectory of the electron.
b) Specular Andreev reflection occurs for E > Er and dominates when
Er < E, A. The reflected hole is in the valence band and its group velocity
is parallel to its momentum. The reflection becomes specular since the
momentum parallel to the interface (k,) is conserved.

see Figure 6. Under these approximations, the transverse mo-
mentum k, can be parametrized as the angle sin 6 = k /k,, with
k,;, = hvg|E + E| the magnitude of the wavevector for electrons
and holes, v, and Ej respectively being the Fermi velocity and
Fermi energy, and E being the excitation energy. For an Andreev
reflection process, the angle of the reflected hole is computed
from the conservation of the transverse momentum as:

sind, = — 5 gng (31)
A7 |E - B

Andreev reflections are thus only possible below a critical angle
sin 0, = k, /k,. The charge and heat currents, Equations (5) and
(6), include the contributions from all transverse modes. For wide
junctions, the sum over transverse modes results in the integral
over the angle:(288]

/2
dé cos 6 (32)
—r/2

w [ 1
e dk, = EN(E)

with N(E) = 2W|E + Eg|/(hv;) the number of transverse modes.
The factor N(E) in Equation (32) introduces an energy depen-
dence unique to the 2D problem involving Dirac materials. In
the high-doping regime with E; > E, the energy dependence of
this prefactor becomes irrelevant and the angle-average resem-
bles that of a conventional ballistic junction, see Section 2.4. By
contrast, in the low-doping regime, the energy dependence of the
number of transport channels creates interesting asymmetries
for thermoelectric effects.

In normal metals, the Fermi energy is much larger than the
superconducting gap (Er > A), so Andreev reflection involves
electrons and holes from the same band with nearly opposite mo-
menta, see Figure 6a. This results in intra-band, retro-reflections.
By contrast, Dirac materials allow for low-doping regimes where
Er S A, enabling inter-band Andreev reflection: the reflected
hole comes from the valence band and moves in the same di-
rection as its momentum-—specular reflection,!?”’! as sketched in
Figure 6b. While inter-/intra-band transitions can occur in 1D
systems, see Section 4, retro-/specular Andreev reflection be-
comes meaningful in 2D, where they lead to unusual charge and
heat transport, especially near the Dirac point.
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5.1. Graphene and Graphene-Like Materials

Graphene is a single layer of carbon atoms arranged in a hon-
eycomb structure, constructed as the superposition of two tri-
angular lattices denoted by A and B atoms. As a Dirac material,
low-energy excitations in graphene follow a linearized Hamilto-
nian with two inequivalent valleys, which we assume to lie in
the x-axis and denote them K, = (£K, 0).1””] Around each val-
ley, single-particle excitations follow a Dirac Hamiltonian of the

form:[284285]
A, (k) =, ()3, + V(x,y) (33)
hy(k) = hve (3.k, £5k,) (34)

where the Pauli matrices 3, , (6,,,), with §, (6;,) the identity

matrix, act on sublattice (spin) space, and the velocity vy =
\/Etga /(2Rh) =~ 10° m s7! is proportional to the nearest-neighbor
hopping t, ~ 3 eV and the lattice constant a = 0.246 nm.

In the vicinity of a superconductor, a proximized graphene re-
gion presents spin and valley degeneracy, allowing us to effec-
tively consider only one valley for electrons and the opposite for
holes. For proximized structures, it is also a common approxi-
mation to only consider pairing terms that are diagonal in sub-
lattice space. Under these conditions, the DBAG Hamiltonian for
graphene and graphene-like materials reduces to a 4 X 4 matrix
in sublattice and Nambu (particle-hole) spaces, namely:

. (9 - ESy Al TY,
Hpgac (k) = R A~ (35)
A"k, T)sy  Epsy—h,(k)

with the sublattice Dirac Hamiltonians defined in Equation (34).
We are considering a general pairing which could be uncon-
ventional with an anisotropic momentum dependence, but in
most cases we use isotropic s-wave pairings A(k, T) = A(T). The
self-consistent temperature dependence of the superconducting
gap is commonly approximated by the interpolation formula
A(T) = Aytanh(1.744/T,/T — 1), with T, and A, the proximity-
induced critical temperature and the zero-temperature gap am-
plitude, respectively. The scattering probabilities required to com-
pute the charge and heat currents, Equations (5) and (6), are ob-
tained by matching the solutions of Equation (35) between nor-
mal (A, = 0) and superconducting regions. These currents then
need to be angle-averaged over all incident modes according to
Equation (32).

Early works already pointed out the important role that specu-
lar Andreev reflections could take in transport.[?®] For example,
a lowly or undoped (E; < A,) finite graphene region between
two superconductors displays neutral boundary modes that prop-
agate parallel to the normal-superconductor interfaces. These
modes arise from sequential specular Andreev reflections at each
interface, are sensitive to the phase difference between the super-
conductors, and carry energy but not charge. Consequently, the
thermal conductance of such an Andreev channel becomes sen-
sitive to the superconducting phase difference.[28°2%

Another feature of Dirac materials is the conservation of chi-
ral symmetry in transport, which leads to Klein tunneling ef-
fects in hybrid junctions.!?!] Transmission through a tunnel bar-
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rier between two Dirac materials is unusually high and oscil-
lates with the product of the barrier height and width. This os-
cillatory behavior results in an unusual thermal conductance
at graphene-based normal-superconductor junctions.[??] Addi-
tionally, a negative differential thermal conductance df/d(6T) <
0, with 6T being the thermal gradient, is also predicted for
graphene NS junctions with singlet s-wavel?*!! and triplet p-
wave superconductors.?!) The unusual transport properties of
Dirac materials coupled to superconductors results in a heat
current that increases as the temperature gradient decreases,
which can even be used to create or amplify a heat current.?*!
Furthermore, electron cooling in a graphene sheet contacted by
two insulator-superconductor junctions can outperform similar
systems based on metallic ultra-thin films.[?®"] Graphene’s low
electron-phonon coupling preserves cooling mechanisms avoid-
ing overheating, thus making graphene-based superconducting
hybrid junctions interesting potential applications as bolometric
radiation sensors.[278-280]

Oscillations of the thermal conductance have also been
predicted for graphene-based ferromagnetic-superconductor
junctions.[2%6-2%8] At low temperatures, the thermal conductance
displays a minimum value around h ~ Ep, with h being the ex-
change field from the ferromagnetic region. The temperature de-
pendence of the thermal conductance is exponential for gaped
superconductors,[?>2%02%7] that is, with s- or d,._ ,-Wave pairings.
By contrast, nodal pairings like the d,,-wave predicted at high-T,
superconductors, display a linear behavior with the temperature,
similar to the Wiedemann-Franz law for metals.[?2%8] Similar
behavior is predicted for graphene-like materials like silicene, 2!
borophane,*% transition metal dichalcogenides,**13%] or buck-
led 2D materials.3%%]

The unusual specular Andreev reflection in low-doped
graphene also leads to interesting thermoelectric effects. See-
beck thermopower is enhanced in the specular Andreev reflec-
tion regime of NS junctions,?**] while high values of charge
and spin thermopower have been predicted for ferromagnetic-
superconductor junctions with Rashba spin—orbit coupling.[3%]

Bilayer graphene is also a semimetal in its pristine form, al-
though it no longer features bands with linear dispersion. How-
ever, the band gap of bilayer graphene is controllable by electrical
gating, which allows for tunable thermoelectric effects in bilayer
graphene-superconductor junctions.l''” The nonlinear bipolar
thermoelectric effect induced by spontaneous electron-hole sym-
metry breaking is predicted to produce high Seebeck coefficients
reaching up to 1 mVK™! for bilayer temperatures of T ~ 10K,
with surface power density of roughly 1 nWum™2 at maximal ab-
solute thermodynamic efficiency of up to 40%./117]

5.2. Edge States of 3D Topological Insulators

The surface states of 3D topological insulators emerge from bulk
spin—orbit coupling and band inversion and are another example
of Dirac materials.*%] The spins of Dirac fermions on these sur-
face states are rigidly connected to their momentum. Such intrin-
sic topological protection results in suppressed backscattering by
impurities or defects and, consequently, in low-dissipation trans-
port and spin currents that could be manipulated electrically.
Topological insulators are thus ideal for energy-efficient electron-
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ics, and their thermoelectric properties have been explored in
junctions without superconductors.[281282]

For hybrid junctions where superconductivity is proximity-
induced on a surface state of a 3D topological insulator, the DBAG
Hamiltonian is expressed as:

5 holl) — B8, i3,k T)
Fonc® = A (36)
~i5,A%(k, T)  E;8, — h(~k)

which spans in spin (e Pauli matrices) and Nambu spaces, and
where fiy (k) = hv;. (8,k, + 6,k, ) is the low-energy Dirac Hamilto-
nian. The pairing in Equation (36) is assumed to be singlet, either
s- or d-wave.

Cooling power in conventional NS junctions requires that
the interface is in the tunnel limit.?"”] Consequently, reduced
backscattering from topological protection seems to be detrimen-
tal for heat transport in topological NS junctions. However, for
highly-transparent NS junctions based on surface states of topo-
logical insulators, cooling power as a function of applied voltage
can be important in the low-doping regime where specular An-
dreev reflections dominate.[®8] Anomalous thermal properties
have been predicted when the superconductor has d-wave pairing
symmetry.3%!] For example, the Kapitza resistance quantifies the
thermal resistance at the interface between two dissimilar mate-
rials as heat flows across it. Topological NS junctions with d-wave
pairing feature asymmetric Kapitza resistance, wherein the inter-
face behaves as an efficient thermal conductor under a positive
thermal bias, but as a poor conductor (or effective thermal insu-
lator) under a negative bias.[>%8!

The interplay between spin-singlet pairing from the supercon-
ductor and the spin—orbit coupling at the surface state leads to the
emergence of spin-triplet pairings around the proximized region.
The differential thermal conductance varies with the pairing state
components, showing negative conductance only in spin-singlet
dominated regimes.3%3%] Spin-singlet states lead to phase- and
length-dependent oscillations in conductance, which diminish as
spin-triplet contributions increase.?®! This provides a potential
method to identify pairing components in topological-insulator-
based superconducting hybrids.[?%!

Another example of topological matter are Weyl semimetals,
which are gapless in the bulk at discrete points and exhibit open
surface states (Fermi arcs).[*'%] The Weyl semimetal phase can be
realized by breaking either time reversal or inversion symmetry.
However, in the absence of a spin-active interface Andreev re-
flection is suppressed due to chirality blockade for time-reversal
broken Weyl semimetal/Weyl superconductor junctions. As for
other Dirac materials, the thermal conductance in the low-doping
regime for inversion broken junctions features an exponential
dependence on the temperature and thermopower with a high
figure of merit around Weyl points.*'!] Unusual thermal diode
effects have also been predicted for inversion symmetry-broken
Weyl superconductor/Weyl semimetal Josephson junctions.>12]

6. Conclusion

We reviewed how heat and thermoelectrical transport are in-
fluenced by superconducting proximity effect on normal and
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topological materials, classifying the different phenomena based
on the dimensionality of the electronic degrees of freedom. In
nanoscale and multiterminal 0D geometries based on quantum
dots, local and nonlocal features emerge as a consequence of non-
local correlations induced by superconducting terminals. Special
attention is given to how interactions and nonlocal superconduct-
ing correlations give rise to unconventional thermoelectric phe-
nomena. Mesoscopic 1D states emerge in quantum Hall regimes,
where helical modes or spin—orbit coupling can induce distinc-
tive heat transport and thermoelectric behavior. We also reviewed
how non-equilibrium Joule heating in nanowire-based Josephson
junctions would affect their Josephson properties. Finally, we ex-
amined how graphene-like 2D materials, and 3D topological and
Weyl materials, may exhibit unconventional responses such as
thermoelectricity, anomalous thermal transport, and thermal rec-
tification when proximized by superconductors.

The discussed cases and comprehensive survey of recent lit-
erature highlight the promise of hybrid superconducting sys-
tems for thermal control, novel functionalities, and applications
in superconducting quantum technologies, taking the form of
power generators or refrigerators that exploit or mitigate un-
desired hotspots, or of thermal diodes, transistors or switches
able to operate with millikelvin temperature differences through
nanoscale distances.

Acknowledgements

The authors acknowledge funding from the Spanish Agencia Estatal de In-
vestigacion Project Nos. PID2022-142911NB-100, PID2020-117992GA-100,
P1D2023-150224NB-100, PID2024-157821NB-100 and CNS2022-135950,
from the Spanish CM “Talento Program” Project Nos. 2019-T1/IND-14088
and 2023-5A/IND-28927, and through the “Maria de Maeztu” Programme
for Units of Excellence in R&D CEX2023-001316-M. L.A. acknowledges
support from CONICET, Argentina as well as FonCyT, Argentina, through
Grant No. PICT 2020-A-03661. A.B. acknowledges the MUR-PRIN 2022—
Grant No. 2022B9P8LN-(PE3)-Project NEThEQS “Non-equilibrium coher-
ent thermal effects in quantum systems” in PNRR Mission 4-Component
2-Investment 1.1 “Fondo per il Programma Nazionale di Ricerca e Progetti
di Rilevante Interesse Nazionale (PRIN)” funded by the European Union-
Next Generation EU and CNR project QTHERMONANO. A.B. acknowl-
edges discussions with A. Jordan, F. Taddei, M. Governale, F. Giazotto and
the kind hospitality by the Institute of Quantum Studies at Chapman Uni-
versity where partially the work was done.

Conflict of Interest

The authors declare no conflict of interest.

Keywords
quantum transport, superconductors, thermoelectric
Received: May 9, 2025

Revised: August 26, 2025
Published online:

[1] L. E. Bell, Science 2008, 321, 1457.
[2] G. ). Snyder, E. S. Toberer, Nat. Mater. 2008, 7, 105.

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

35UBD 1T SUOWIWOD A IEaID a(qedi|dde ayy Ag pausanoh aze sajofle YO ‘s Jo sajni 10} ARlid1T aUlUQ AB]IAA UO (SUORIPUOI-PUR-SWLB}WO0D A3 [IM Aleld 1)U |UO//SANY) SUORIPUOD pUe SWS | U} 89S *[GZ02/60/0€] Uo ArlgiTauluQ A8 ‘(Pepiues ap 0LRISIUI) UOSIAOLG [BUOTEN aUeI|o0D usiueds A Z6T00SZ02 dpue/z00T OT/Iop/wiod A8 Im A keiq 1 puljuo//sdny wol) papeojumoq ‘0 ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

B3]

4]
3]

[6

7]

8]

[
(10]
(1]
(12]
[13]
(14]
[15]
(16]
(17]

(18]

(19]
(20]
(21]

(22]
(23]

(24]
(23]

26]
(27]
(28]
(29]
(3]
(31]
(32]
(33]
(34]
3]
36]
(37]

(38]

(39]

[40]

Ann. Phys. (Berlin) 2025, e00197

sz physik

J. P. Heremans, M. S. Dresselhaus, L. E. Bell, D. T. Morelli, Nat.
Nanotechnol. 2013, 8, 471.

X. Zhang, L.-D. Zhao, J. Materiomics 2015, 1, 92.

Y. Imry, Introduction to Mesoscopic Physics, Oxford University Press,
Oxford2001.

B. L. Altshuler, P. A. Lee, R. A. Webb, editors,Mesoscopic Phenomena
in Solids, Elsevier B.V., Amsterdam1991.

S. Datta, Electronic Transport in Mesoscopic Systems, Cambridge Uni-
versity Press, Cambridge1995.

U. Sivan, Y. Imry, Phys. Rev. B 1986, 33, 551.

P. N. Butcher, J. Phys.: Condens. Matter 1990, 2, 4869.

M. Amman, E. Ben-Jacob, ). Cohn, Z. Phys. B: Condens. Matter 1991,
85, 405.

G. D. Guttman, E. Ben-Jacob, D. ). Bergman, Phys. Rev. B 1995, 51,
17758.

L. D. Hicks, M. S. Dresselhaus, Phys. Rev. B 1993, 47, 12727.

L. D. Hicks, M. S. Dresselhaus, Phys. Rev. B 1993, 47, 1663 1.

G. D. Mahan, |. O. Sofo, Proc. Natl. Acad. Sci. U.S.A. 1996, 93, 7436.
R. S. Whitney, Phys. Rev. Lett. 2014, 112, 130601.

A. A. Kuzanyan, V. A. Petrosyan, A. S. Kuzanyan, J. Phys. Conf. Ser.
2012, 350, 012028.

S.-G. Nam, E. H. Hwang, H.-]. Lee, Phys. Rev. Lett. 2013, 110,
226801.

M. Lundeberg, Y. Gao, A. Woessner, C. Tan, P. Alonso-Gonzilez, K.
Watanabe, T. Taniguchi, J. Hone, R. Hillenbrand, F. H. L. Koppens,
Nature Mat. 2017, 16, 204.

T. T. Heikkilg, R. Ojajarvi, I. . Maasilta, E. Strambini, F. Giazotto, F.
S. Bergeret, Phys. Rev. Appl. 2018, 10, 034053.

Y. Kleeorin, H. Thierschmann, H. Buhmann, A. Georges, L. W.
Molenkamp, Y. Meir, Nat. Commun. 2019, 10, 5801.

C. Guarcello, A. Braggio, F. Giazotto, R. Citro, Phys. Rev. B 2023, 108,
L100511.

R. Aguado, Appl. Phys. Lett. 2020, 117, 240501.

F. Giazotto, T. T. Heikkil4, A. Luukanen, A. M. Savin, |. P. Pekola, Rev.
Mod. Phys. 2006, 78, 217.

). P. Pekola, B. Karimi, Rev. Mod. Phys. 2021, 93, 041001.

G. Benenti, G. Casati, K. Saito, R. S. Whitney, Phys. Rep. 2017, 694,
1.

J. Balduque, R. Sénchez, arXiv:2504.09121 2025.

D. Oettinger, R. Chitra, J. Restrepo, Eur. Phys. J. B 2014, 87, 224.
T.T. Heikkild, The Physics of Nanoelectronics, Oxford University Press,
Oxford, England, UK2013.

N. R. Claughton, C. J. Lambert, Phys. Rev. B 1996, 53, 6605.

P. Virtanen, T. T. Heikkild, Appl. Phys. A 2007, 89, 625.

S. De Franceschi, L. Kouwenhoven, C. Schénenberger, W.
Wernsdorfer, Nat. Nanotechnol. 2010, 5, 703.

S. A. Lemziakov, B. Karimi, S. Nakamura, D. S. Lvov, R. Upadhyay,
C. D. Satrya, Z.-Y. Chen, D. Subero, Y.-C. Chang, L. B. Wang, J. P.
Pekola, J. Low Temp. Phys. 2024, 217, 54.

P. Dutta, arXiv:2503.24327 2025.

B. Sothmann, R. Sénchez, A. N. Jordan, Nanotechnology 2014, 26,
032001.

R. Sanchez, P. Burset, A. L. Yeyati, Phys. Rev. B 2018, 98,
241414,

R. Hussein, M. Governale, S. Kohler, W. Belzig, F. Giazotto, A.
Braggio, Phys. Rev. B 2019, 99, 075429.

E. ). H. Lee, X. Jiang, M. Houzet, R. Aguado, C. M. Lieber, S. De
Franceschi, Nat. Nanotechnol. 2014, 9, 79.

E. Prada, P. San-Jose, M. W. A. de Moor, A. Geresdi, E. . H. Lee, .
Klinovaja, D. Loss, ). Nygard, R. Aguado, L. P. Kouwenhoven, Nat.
Rev. Phys. 2020, 2, 575.

J. H. Mateos, L. Tosi, A. Braggio, F. Taddei, L. Arrachea, Phys. Rev. B
2024, 110, 075415.

C. Blasi, F. Taddei, L. Arrachea, M. Carrega, A. Braggio, Phys. Rev.
Lett. 2020, 124, 227701.

€00197 (16 of 19)

(41]

(42]
[43]
(44]
(45]

46]
[47]

(48]
[49]
(50]
[51]
[52]

(53]

[54]
53]

[56]

[57]
(58]

[59]
(60]
(61]

(62]
63]
(64]

(65]

(66]

(67]
(68]
(69]
[70]
(71]
[72]
(73]
(74]

[75]
(78]

[77]
(78]

[79]

(80]
(81]

(82]
(83]
(84]
(85]

www.ann-phys.org

C. Blasi, F. Taddei, L. Arrachea, M. Carrega, A. Braggio, Phys. Rev. B
2021, 103, 235434,

M. Leijnse, New J. Phys. 2014, 16, 015029.

R. Lopez, M. Lee, L. Serra, ). S. Lim, Phys. Rev. B 2014, 89, 205418.
C. Benjamin, R. Das, Europhys. Lett. 2024, 146, 16006.

R. L. Klees, D. Gresta, ). Sturm, L. W. Molenkamp, E. M. Hankiewicz,
Phys. Rev. B 2024, 110, 064517.

S.-Y. Hwang, P. Burset, B. Sothmann, Phys. Rev. B 2018, 98, 161408.
T. Savander, S. Tamura, C. Flindt, Y. Tanaka, P. Burset, Phys. Rev. Res.
2020, 2, 043338.

V. L. Ginzburg, Sov. Phys. JETP 1944, 8, 148.

V. L. Ginzburg, G. F. Zharkov, Sov. Phys. Usp. 1978, 21, 381.

V. L. Ginzburg, Supercond. Sci. Technol. 1991, 4, S1.

D. J. Van Harlingen, Physica B+C 1982, 109-110, 1710.

C. D. Shelly, E. A. Matrozova, V. T. Petrashov, Sci. Adv. 2016, 2,
e1501250.

G. D. Guttman, B. Nathanson, E. Ben-Jacob, D. J. Bergman, Phys.
Rev. B 1997, 55, 12691.

K. Maki, A. Griffin, Phys. Rev. Lett. 1965, 15, 921.

G. D. Guttman, B. Nathanson, E. Ben-Jacob, D. J. Bergman, Phys.
Rev. B 1997, 55, 3849.

G. D. Guttman, E. Ben-Jacob, D. ). Bergman, Phys. Rev. B 1998, 57,
2717.

F. Giazotto, M. |. Martinez-Pérez, Nature 2012, 492, 401.

M. J. Martinez-Pérez, P. Solinas, F. Giazotto, J. Low Temp. Phys. 2014,
175, 813.

S.-Y. Hwang, B. Sothmann, Eur. Phys. J. Spec. Top. 2020, 229, 683.
P. Machon, M. Eschrig, W. Belzig, Phys. Rev. Lett. 2013, 110, 047002.
A. Ozaeta, P. Virtanen, F. S. Bergeret, T. T. Heikkild, Phys. Rev. Lett.
2014, 112, 057001.

S. Kolenda, M. J. Wolf, D. Beckmann, Phys. Rev. Lett. 2016, 116,
097001.

G. Marchegiani, A. Braggio, F. Giazotto, Phys. Rev. Lett. 2020, 124,
106801.

G. Germanese, F. Paolucci, G. Marchegiani, A. Braggio, F. Giazotto,
Nat. Nanotechnol. 2022, 17, 1084.

S. Volosheniuk, D. Bouwmeester, D. Vogel, C. Wegeberg, C. Hsu,
M. Mayor, H. S. ). van der Zant, P. Gehring, Nat. Commun. 2025,
16, 3279.

A. N. Singh, B. Bhandari, A. Braggio, F. Giazotto, A. N. Jordan, Phys.
Rev. Lett. 2024, 133, 256002.

R. Seviour, A. F. Volkov, Phys. Rev. B 2000, 62, R6116.

P. Virtanen, T. T. Heikkil, Phys. Rev. Lett. 2004, 92, 177004.

P. Virtanen, T. T. Heikkild, Phys. Rev. B 2007, 75, 104517.

M. Titov, Phys. Rev. B 2008, 78, 224521.

Ph. Jacquod, R. S. Whitney, Europhys. Lett. 2010, 97, 67009.

T. Engl, J. Kuipers, K. Richter, Phys. Rev. B 2011, 83, 205414.

J. Eom, C.-J. Chien, V. Chandrasekhar, Phys. Rev. Lett. 1998, 81, 437.
A. Parsons, I. A. Sosnin, V. T. Petrashov, Phys. Rev. B 2003, 67,
140502.

Z. Jiang, V. Chandrasekhar, Phys. Rev. B 2005, 72, 020502.

F. S. Bergeret, M. Silaev, P. Virtanen, T. T. Heikkild, Rev. Mod. Phys.
2018, 90, 041001.

L. M. Cangemi, C. Bhadra, A. Levy, Phys. Rep. 2024, 1087, 1.

P. Jacquod, R. S. Whitney, J. Meair, M. Biittiker, Phys. Rev. B 2012,
86, 155118.

C. ). Lambert, V. C. Hui, S. ). Robinson, J. Phys.: Condens. Matter
1993, 5, 4187.

C. ). Lambert, R. Raimondi, J. Phys.: Condens. Matter 1998, 10, 901.
P. G. De Gennes, Superconductivity Of Metals And Alloys, Taylor &
Francis, Andover, England, UK2018.

C. W. ). Beenakker, Rev. Mod. Phys. 1997, 69, 731.

A. F. Andreev, Zh. Eksperim. i Teor. Fiz. 1964, 46, 1823.

M. P. Anantram, S. Datta, Phys. Rev. B 1996, 53, 16390.

Ya. M. Blanter, M. Buttiker, Phys. Rep. 2000, 336, 1.

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U SUOWWOD dARERID 3|qedtidde auy Ag pausencd e sap e YO ‘88N JO S9N 104 ARIQIT UIIUO AB]IM UO (SUORIPUOD-PUB-SLLLBYWOY B 1M"AzeIq 1 [Bu1]UO//SARY) SUORIPUOD PUE SWW L 83 885 *[5202/60/0€] U0 A%eiq1T8ulluO A3|IM ‘(PepILES 8P OLIBISIUIN) UOKIAOL] [UO BN LILR0D USIUedS AQ 26T00520Z dPLe/Z00T OT/I0PALI0D A8 |1m AReq 1 Ul |uo//Sdiy Wo.y papeojumoq ‘0 ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

(86]
(87]

(88]

(89]

[90]
[97]
192]
193]
[94]
[95]
[96]
[97]
(98]
[99]
[100]
[107]
[102]
[103]

[104]

[105]

[106]
[107]

[108]
[109]
[110]
111
[112]
[113]
[114]
[115]

[116]

Ann. Phys. (Berlin) 2025, e00197

sz physik

C. W. J. Beenakker, Phys. Rev. B 1992, 46, 12841.

In superconducting terminals, the charge current is the sum of the
current from the propagating states plus the dissipationless super-
current from the condensate.

Note that the sum of I is done on all the terminals which have
asymptotically propagating modes at energy E in the terminal. This
means that superconducting terminals need to be properly included
in the sum only for |E| > A.

The factor 1/2 in the operator of Equation (4) comes from the
adopted convention to consider states in the Nambu states which
extend in energy from E € (—o0, +). This means that all the en-
ergy integrals, if not differently indicated, have to be defined over
that domain. This representation is fully equivalent to the conven-
tion restricting only to states in the positive energy domain, E > 0.
The bilateral convention we adopted for specific computations, es-
pecially when small temperature differences are considered, such as
for linear thermoelectric properties, is more convenient to identify
cancellations between terms.

J. M. Byers, M. E. Flatté, Phys. Rev. Lett. 1995, 74, 306.

G. Deutscher, D. Feinberg, Appl. Phys. Lett. 2000, 76, 487.

G. Falci, D. Feinberg, F. W. ). Hekking, Europhys. Lett. 2001, 54, 255.
J. C. Cuevas, A. Martin-Rodero, A. L. Yeyati, Phys. Rev. B 1996, 54,
7366.

P. Burset, Superconductivity in Graphene and Carbon Nanotubes,
Springer International Publishing, Cham, Switzerland2014.

J. Merino, A. L. Yeyati, Many-Body Techniques in Condensed Matter
Physics, Springer Nature Switzerland, Cham, Switzerland2024.

L. Pierattelli, F. Taddei, A. Braggio, Phys. Rev. Res. 2025, 7, 023321.
S.-Y. Hwang, R. Lépez, D. Sénchez, Phys. Rev. B 2015, 97, 104518.
R. C. Dynes, V. Narayanamurti, J. P. Garno, Phys. Rev. Lett. 1978, 41,
1509.

M. Tinkham, ). Clarke, Phys. Rev. Lett. 1972, 28, 1366.

D. F. Heidel, J. C. Garland, J. Low Temp. Phys. 1981, 44, 295.

H. ). Mamin, ). Clarke, D. ). Van Harlingen, Phys. Rev. B 1984, 29,
3881.

M. Nahum, T. M. Eiles, J. M. Martinis, Appl. Phys. Lett. 1994, 65,
3123.

M. M. Leivo, J. P. Pekola, D. V. Averin, Appl. Phys. Lett. 1996, 68,
1996.

A. M. Clark, N. A. Miller, A. Williams, S. T. Ruggiero, G. C. Hilton,
L. R. Vale, J. A. Beall, K. D. Irwin, J. N. Ullom, Appl. Phys. Lett. 2005,
86, 173508.

J. P. Pekola, T. T. Heikkil4, A. M. Savin, . T. Flyktman, F. Giazotto, F.
W. ). Hekking, Phys. Rev. Lett. 2004, 92, 056804.

F. Giazotto, F. S. Bergeret, Appl. Phys. Lett. 2013, 103, 242602.

M. ). Martinez-Pérez, A. Fornieri, F. Giazotto, Nat. Nanotechnol.
2015, 170, 303.

E. Strambini, F. S. Bergeret, F. Giazotto, Appl. Phys. Lett. 2014, 105,
082601.

D. Goury, R. Sénchez, Appl. Phys. Lett. 2019, 115, 092601.

J. Mastomiki, S. Roddaro, M. Rocci, V. Zannier, D. Ercolani, L.
Sorba, I. J. Maasilta, N. Ligato, A. Fornieri, E. Strambini, F. Giazotto,
Nano Res. 2017, 10, 3468.

S. Battisti, G. De Simoni, A. Braggio, A. Paghi, L. Sorba, F. Giazotto,
Appl. Phys. Lett. 2024, 125, 202601.

K. Y. Tan, M. Partanen, R. E. Lake, ). Govenius, S. Masuda, M.
Métténen, Nat. Commun. 2017, 8, 15189.

M. Silveri, H. Grabert, S. Masuda, K. Y. Tan, M. Métténen, Phys. Rev.
B 2017, 96, 094524,

G. Marchegiani, A. Braggio, F. Giazotto, Phys. Rev. B 2020, 1017,
214509.

G. Marchegiani, A. Braggio, F. Giazotto, Phys. Rev. Res. 2020, 2,
043091.

G. Germanese, F. Paolucci, G. Marchegiani, A. Braggio, F. Giazotto,
Phys. Rev. Appl. 2023, 19, 014074.

€00197 (17 of 19)

17
[118]
[119]
[120]
[121]
[122]
[123]
[124]
[125]
[126]
[127]
[128]
[129]
[130]
[131]
[132]
[133]
[134]
[135]

[136]

[137]
[138]

[139]
[140]

[147]

[142]
[143]

[144]
[145]
[146]
[147]
[148]
[149]
[150]
[151]

[152]
[153]

[154]
[155]

[156]

www.ann-phys.org

L. Bernazzani, G. Marchegiani, F. Giazotto, S. Roddaro, A. Braggio,
Phys. Rev. Appl. 2023, 19, 044017.

A. Hijano, F. S. Bergeret, F. Giazotto, A. Braggio, Appl. Phys. Lett.
2023, 7122, 242603.

S. Battisti, G. De Simoni, L. Chirolli, A. Braggio, F. Giazotto, Phys.
Rev. Res. 2024, 6, L012022.

G. Germanese, F. Paolucci, G. Marchegiani, A. Braggio, F. Giazotto,
Phys. Rev. B 2021, 104, 184502.

C. Guarecello, R. Citro, F. Giazotto, A. Braggio, Appl. Phys. Lett. 2023,
123, 152601.

F. Antola, A. Braggio, G. De Simoni, F. Giazotto, Supercond. Sci. Tech-
nol 2024, 37, 115023.

S. S. Pershoguba, L. I. Glazman, Phys. Rev. B 2019, 99, 134514.

A. Mukhopadhyay, S. Das, Phys. Rev. B 2022, 106, 075421.

L. Lucchesi, F. Paolucci, arXiv:2508.03528 2025.

I. O. Kulik, JETP: Soviet Physics 1969, 30, 944.

C. W. J. Beenakker, H. van Houten, Phys. Rev. Lett. 1991, 66,
3056.

P. Recher, E. V. Sukhorukov, D. Loss, Phys. Rev. B 2001, 63, 165314.
G. B. Lesovik, T. Martin, G. Blatter, Eur. Phys. J. B 2001, 24, 287.

E. Prada, F. Sols, Eur. Phys. J. B 2004, 40, 379.

L. P. Kouwenhoven, C. M. Marcus, P. L. McEuen, S. Tarucha, R. M.
Westervelt, N. S. Wingreen, in Mesoscopic Electron Transport, Vol.
105, Springer, Dordrecht, The Netherlands1997.

T. Ihn, Semiconductor Nanostructures: Quantum States and Electronic
Transport, Oxford University Press, Oxford2009.

A. Martin-Rodero, A. Levy Yeyati, Adv. Phys. 2011, 60, 899.

A.A. M. Staring, L. W. Molenkamp, B. W. Alphenaar, H. van Houten,
O. ). A. Buyk, M. A. A. Mabesoone, C. W. |. Beenakker, C. T. Foxon,
Europhys. Lett. 1993, 22, 57.

A. S. Dzurak, C. G. Smith, M. Pepper, D. A. Ritchie, J. E. F. Frost, G.
A. C. Jones, D. G. Hasko, Solid State Commun. 1993, 87, 1145.

M. Josefsson, A. Svilans, A. M. Burke, E. A. Hoffmann, S. Fahlvik, C.
Thelander, M. Leijnse, H. Linke, Nat. Nanotechnol. 2018, 13, 920.
A. V. Rozhkov, D. P. Arovas, Phys. Rev. B 2000, 62, 6687.

A. Braggio, M. Governale, M. G. Pala, J. Kénig, Solid State Commun.
2011, 757, 155.

L. Rajabi, C. P5ltl, M. Governale, Phys. Rev. Lett. 2013, 111, 067002.
S. E. Nigg, R. P. Tiwari, S. Walter, T. L. Schmidt, Phys. Rev. B 2015,
91, 094516.

K. Blum, Density Matrix Theory and Applications, Springer, Berlin,
Germany2012.

R. Fazio, R. Raimondi, Phys. Rev. Lett. 1998, 80, 2913.

C. Panu, F. Taddei, M. Polini, A. Yacoby, Phys. Rev. B 2024, 110,
L161407.

R. Hussein, L. Jaurigue, M. Governale, A. Braggio, Phys. Rev. B 2016,
94, 235134,

G. Schaller, Open Quantum Systems Far from Equilibrium, Springer
International Publishing, Cham, Switzerland2014.

P. W. Anderson, Phys. Rev. 1961, 124, 41.

C. W. ). Beenakker, A. A. M. Staring, Phys. Rev. B 1992, 46, 9667.

S. Verma, A. Singh, J. Phys.: Condens. Matter 2022, 34, 155601.

S. Verma, A. Singh, J. Low Temp. Phys. 2024, 214, 344.

M. Krawiec, Acta Phys. Pol. A 2008, 114, 115.

S.-Y. Hwang, B. Sothmann, D. Sanchez, Phys. Rev. B 2023, 107,
245412.

S.-Y. Hwang, D. Sanchez, R. Lépez, New J. Phys. 2016, 18, 093024.
H. Yao, C. Zhang, P.-b. Niu, Z.-). Li, Y.-H. Nie, Phys. Lett. A 2018, 382,
3220.

H. Yao, C. Zhang, Z.-J. Li, Y.-H. Nie, P.-b. Niu, J. Phys. D: Appl. Phys.
2018, 517, 175301.

G. Blasi, F. Giazotto, G. Haack, Quantum Sci. Technol. 2022, 8,
015023.

H. Yao, C.-P. Cheng, L.-L. Li, R. Guo, Y. Guo, C. Zhang, Nanoscale
Adv. 2023, 5, 1199.

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U SUOWWOD dARERID 3|qedtidde auy Ag pausencd e sap e YO ‘88N JO S9N 104 ARIQIT UIIUO AB]IM UO (SUORIPUOD-PUB-SLLLBYWOY B 1M"AzeIq 1 [Bu1]UO//SARY) SUORIPUOD PUE SWW L 83 885 *[5202/60/0€] U0 A%eiq1T8ulluO A3|IM ‘(PepILES 8P OLIBISIUIN) UOKIAOL] [UO BN LILR0D USIUedS AQ 26T00520Z dPLe/Z00T OT/I0PALI0D A8 |1m AReq 1 Ul |uo//Sdiy Wo.y papeojumoq ‘0 ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

[157]
[158]
[159]
[160]
[161]
[162]
[163]
[164]
[165]
[166]
[167]
[168]
[169]
[170]
171
[172]
[173]
[174]

[175]
[176]

177]
[178]

[179]
[180]
[181]
[182]
[183]

[184]

[185]
[186]
[187]
[188]
[189]

[190]

[191]
[192]

[193]

Ann. Phys. (Berlin) 2025, e00197

sz physik

J. Gramich, A. Baumgartner, C. Schénenberger, Phys. Rev. B 2017,
96, 195418.

G. Michatek, M. Urbaniak, B. R. Butka, T. Domanski, K. I.
Wysokiriski, Phys. Rev. B 2016, 93, 235440.

K. 1. Wysokinski, J. Phys.: Condens. Matter 2012, 24, 335303.

V. Sonar, P. Trocha, J. Magn. Magn. Mater. 2024, 593, 171745.

F. Mazza, S. Valentini, R. Bosisio, G. Benenti, V. Giovannetti, R.
Fazio, F. Taddei, Phys. Rev. B 2015, 97, 245435.

E. Enrico, F. Giazotto, Phys. Rev. Appl. 2016, 5, 064020.

E. Enrico, E. Strambini, F. Giazotto, Sci. Rep. 2017, 7, 13492.

M. Kamp, B. Sothmann, Phys. Rev. B 2019, 99, 045428.

A. G. Bauer, B. Sothmann, Phys. Rev. B 2019, 99, 214508.

A. G. Bauer, B. Scharf, L. W. Molenkamp, E. M. Hankiewicz, B.
Sothmann, Phys. Rev. B 2021, 104, L201410.

B. Kumar, S. Verma, Ajay, Physica E 2025, 166, 116142.

P. Trocha, J. Barnas, Phys. Rev. B 2017, 95, 165439.

K. P. Wéjcik, I. Weymann, Phys. Rev. B 2014, 89, 165303.

F. Cioni, F. Taddei, Phys. Rev. B 2025, 112, 035402.

R. Sanchez, M. Buttiker, Phys. Rev. B 2011, 83, 085428.

H. Thierschmann, R. Sédnchez, B. Sothmann, F. Arnold, C. Heyn, W.
Hansen, H. Buhmann, L. W. Molenkamp, Nat. Nanotechnol. 2015,
10, 854.

S. M. Tabatabaei, D. Sénchez, A. L. Yeyati, R. Sanchez, Phys. Rev. B
2022, 106, 115419.

B. Bhandari, G. Chiriaco, P. A. Erdman, R. Fazio, F. Taddei, Phys. Rev.
B 2018, 98, 035415.

R. Sanchez, Appl. Phys. Lett. 2017, 111, 223103.

G. Manzano, R. Sanchez, R. Silva, G. Haack, |. B. Brask, N. Brunner,
P. P. Potts, Phys. Rev. Res. 2020, 2, 043302.

R. L6pez, J. S. Lim, K. W. Kim, Phys. Rev. Res. 2023, 5, 013038.

R. Sanchez, P. Samuelsson, P. P. Potts, Phys. Rev. Res. 2019, T,
033066.

N. M. Chtchelkatchev, G. Blatter, G. B. Lesovik, T. Martin, Phys. Rev.
B 2002, 66, 161320.

P. Samuelsson, E. V. Sukhorukov, M. Biittiker, Phys. Rev. Lett. 2003,
91, 157002.

G. Bignon, M. Houzet, F. Pistolesi, F. W. |. Hekking, Europhys. Lett.
2004, 67, 110.

L. Hofstetter, S. Csonka, ). Nygérd, C. Schénenberger, Nature 2009,
461, 960.

A. Das, Y. Ronen, M. Heiblum, D. Mahalu, A. V. Kretinin, H.
Shtrikman, Nat. Commun. 2012, 3, 1165.

G. Fiilop, F. Dominguez, S. D’Hollosy, A. Baumgartner, P. Makk, M.
H. Madsen, V. A. Guzenko, J. Nygard, C. Schénenberger, A. Levy
Yeyati, S. Csonka, Phys. Rev. Lett. 2015, 115, 227003.

R. S. Deacon, A. Oiwa, ). Sailer, S. Baba, Y. Kanai, K. Shibata, K.
Hirakawa, S. Tarucha, Nat. Commun. 2015, 6, 7446.

L. G. Herrmann, F. Portier, P. Roche, A. L. Yeyati, T. Kontos, C. Strunk,
Phys. Rev. Lett. 2010, 104, 026801.

J. Schindele, A. Baumgartner, C. Schénenberger, Phys. Rev. Lett.
2012, 109, 157002.

Z. B. Tan, D. Cox, T. Nieminen, P. Lihteenmiki, D. Golubev, G. B.
Lesovik, P. J. Hakonen, Phys. Rev. Lett. 2015, 774, 096602.

A. Ranni, F. Brange, E. T. Mannila, C. Flindt, V. F. Maisi, Nat. Com-
mun. 2021, 12, 6358.

G. Wang, T. Dvir, G. P. Mazur, C.-X. Liu, N. van Loo, S. L. D. Ten
Haaf, A. Bordin, S. Gazibegovic, G. Badawy, E. P. A. M. Bakkers, M.
Wimmer, L. P. Kouwenhoven, Nature 2022, 612, 448.

A. Bordoloi, V. Zannier, L. Sorba, C. Schénenberger, A.
Baumgartner, Nature 2022, 612, 454.

D. de Jong, C. G. Prosko, L. Han, F. K. Malinowski, Y. Liu, L. P.
Kouwenhoven, W. Pfaff, Phys. Rev. Lett. 2023, 131, 157001.

Z. Cao, T.-F. Fang, L. Li, H.-G. Luo, Appl. Phys. Lett. 2015, 107,
212601.

€00197 (18 of 19)

[194]
[195]
[196]
[197]
[198]
[199]
[200]
[201]
[202]
[203]
[204]
[205]
[206]
[207]
[208]
[209]
[210]
[217]
[212]
[213]
[214]
[215]
[216]
[217]
[218]

[219]
[220]

[221]
[222]
[223]
[224]
[225]
[226]

[227]
[228]

[229]
[230]

[231]

[232]

[233]

www.ann-phys.org

N.S. Kirsanov, Z. B. Tan, D. S. Golubev, P. . Hakonen, G. B. Lesovik,
Phys. Rev. B 2019, 99, 115127.

J. H. An, K. H. Jong, Physica B 2023, 654, 414682.

Z. B. Tan, A. Laitinen, N. S. Kirsanov, A. Galda, V. M. Vinokur, M.
Haque, A. Savin, D. S. Golubev, G. B. Lesovik, P. ). Hakonen, Nat.
Commun. 2021, 12, 138.

D. S. Golubev, A. D. Zaikin, Beilstein J. Nanotechnol. 2023, 14,
61.

H. Thierschmann, M. Henke, J. Knorr, L. Maier, C. Heyn, W. Hansen,
H. Buhmann, L. W. Molenkamp, New J. Phys. 2013, 15, 123010.

S. Dorsch, A. Svilans, M. Josefsson, B. Goldozian, M. Kumar, C.
Thelander, A. Wacker, A. Burke, Nano Lett. 2021, 21, 988.

S. Kolenda, M. J. Wolf, D. S. Golubev, A. D. Zaikin, D. Beckmann,
Phys. Rev. B 2013, 88, 174509.

L. Fu, C. L. Kane, Phys. Rev. Lett. 2008, 100, 096407.

C.-Y. Hou, K. Shtengel, G. Refael, Phys. Rev. B 2013, 88, 075304.

E. Sela, Y. Oreg, S. Plugge, N. Hartman, S. Luischer, J. Folk, Phys. Rev.
Lett. 2019, 123, 147702.

F. Buccheri, A. Nava, R. Egger, P. Sodano, D. Giuliano, Phys. Rev. B
2022, 105, L081403.

S. Valentini, R. Fazio, V. Giovannetti, F. Taddei, Phys. Rev. B 2015, 91,
045430.

L. S. Ricco, F. A. Dessotti, I. A. Shelykh, M. S. Figueira, A. C.
Seridonio, Sci. Rep. 2018, 8, 2790.

L.-L. Sun, F. Chi, J. Low Temp. Phys. 2021, 203, 381.

C. W. Ri, K. H. Jong, S. ). Im, H. C. Pak, Eur. Phys. J. B 2019, 92, 90.
S. Smirnov, Phys. Rev. B 2021, 103, 075440.

I. Grosu, |. Tifrea, Physica E 2023, 145, 115503.

P. Trocha, T. Jonckheere, ). Rech, T. Martin, J. Magn. Magn. Mater.
2024, 596, 171922.

P. Trocha, T. Jonckheere, |. Rech, T. Martin, Sci. Rep. 2025, 15, 3068.
A. Zazunov, R. Egger, A. Levy Yeyati, Phys. Rev. B 2016, 94, 014502.
P. Majek, K. P. Wajcik, I. Weymann, Phys. Rev. B 2022, 105, 075418.
H. van Houten, L. W. Molenkamp, C. W. ). Beenakker, C. T. Foxon,
Semicond. Sci. Technol. 1992, 7, B215.

M. Marciani, P. W. Brouwer, C. W. J. Beenakker, Phys. Rev. B 2014,
90, 045403.

F. Chi, Z.-G. Fu, J. Liu, K.-M. Li, Z. Wang, P. Zhang, Nanoscale Res.
Lett. 2020, 15, 79.

J. P. Ramos-Andrade, O. Avalos Ovando, P. A. Orellana, S. E. Ulloa,
Phys. Rev. B 2016, 94, 155436.

S. Smirnov, Phys. Rev. B 2023, 107, 155416.

X.-Q. Wang, S.-F. Zhang, Y. Han, G.-Y. Yi, W.-|. Gong, Phys. Rev. B
2019, 99, 195424.

F. Chi, J. Liu, Z. Fu, L. Liu, Z. Yi, Chin. Phys. B 2024, 33, 077301.

M. Buttiker, Phys. Rev. B 1988, 38, 9375.

C. L. Kane, E. J. Mele, Phys. Rev. Lett. 2005, 95, 226801.

C. L. Kane, E. J. Mele, Phys. Rev. Lett. 2005, 95, 146802.

B. A. Bernevig, T. L. Hughes, S.-C. Zhang, Science 2006, 314, 1757.
M. Kénig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann, L. W.
Molenkamp, X.-L. Qi, S.-C. Zhang, Science 2007, 318, 766.

D. Gresta, M. Real, L. Arrachea, Phys. Rev. Lett. 2019, 123, 186801.
G. Tkachov, P. Burset, B. Trauzettel, E. M. Hankiewicz, Phys. Rev. B
2015, 92, 045408.

B. Sothmann, E. M. Hankiewicz, Phys. Rev. B 2016, 94, 081407.

B. Sothmann, F. Giazotto, E. M. Hankiewicz, New J. Phys. 2017, 19,
023056.

L. Bours, B. Sothmann, M. Carrega, E. Strambini, A. Braggio, E. M.
Hankiewicz, L. W. Molenkamp, F. Giazotto, Phys. Rev. Appl. 2019,
11, 044073.

D. Gresta, G. Blasi, F. Taddei, M. Carrega, A. Braggio, L. Arrachea,
Phys. Rev. B 2021, 103, 075439.

F. Keidel, S.-Y. Hwang, B. Trauzettel, B. Sothmann, P. Burset, Phys.
Rev. Res. 2020, 2, 022019.

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U SUOWWOD dARERID 3|qedtidde auy Ag pausencd e sap e YO ‘88N JO S9N 104 ARIQIT UIIUO AB]IM UO (SUORIPUOD-PUB-SLLLBYWOY B 1M"AzeIq 1 [Bu1]UO//SARY) SUORIPUOD PUE SWW L 83 885 *[5202/60/0€] U0 A%eiq1T8ulluO A3|IM ‘(PepILES 8P OLIBISIUIN) UOKIAOL] [UO BN LILR0D USIUedS AQ 26T00520Z dPLe/Z00T OT/I0PALI0D A8 |1m AReq 1 Ul |uo//Sdiy Wo.y papeojumoq ‘0 ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

[234]
[235]
[236]
[237]
[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]
[246]
[247]
[248]

[249]
[250]

[257]
[252]

[253]

[254]
[255]

[256]
[257]
[258]
[259]
[260]
[261]

[262]

[263]

[264]
[265]
[266]

[267]

Ann. Phys. (Berlin) 2025, e00197

sz physik

P. Dutta, New J. Phys. 2023, 25, 083024.

J. Alicea, Rep. Prog. Phys. 2012, 75, 076501.

K. Flensberg, F. von Oppen, A. Stern, Nat. Rev. Mater. 2021, 6, 944.
Y. Oreg, G. Refael, F. von Oppen, Phys. Rev. Lett. 2010, 105, 177002.
V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M. Bakkers,
L. P. Kouwenhoven, Science 2012, 336, 1003.

M. T. Deng, S. Vaitiekénas, E. B. Hansen, ]. Danon, M. Leijnse, K.
Flensberg, ). Nygard, P. Krogstrup, C. M. Marcus, Science 2016, 354,
1557.

J. Chen, P. Yu, J. Stenger, M. Hocevar, D. Car, S. R. Plissard, E. P. A.
M. Bakkers, T. D. Stanescu, S. M. Frolov, Sci. Adv. 2017, 3,e1701476.
J. Chen, B. D. Woods, P. Yu, M. Hocevar, D. Car, S. R. Plissard, E.
P. A. M. Bakkers, T. D. Stanescu, S. M. Frolov, Phys. Rev. Lett. 2019,
123, 107703.

F. Nichele, A. C. C. Drachmann, A. M. Whiticar, E. C. T. O’Farrell, H.
J. Suominen, A. Fornieri, T. Wang, G. C. Gardner, C. Thomas, A. T.
Hatke, P. Krogstrup, M. . Manfra, K. Flensberg, C. M. Marcus, Phys.
Rev. Lett. 2017, 119, 136803.

S. Vaitiekenas, G. W. Winkler, B. van Heck, T. Karzig, M.-T. Deng, K.
Flensberg, L. I. Glazman, C. Nayak, P. Krogstrup, R. M. Lutchyn, C.
M. Marcus, Science 2020, 367, eaav3392.

D. Phan, J. Senior, A. Ghazaryan, M. Hatefipour, W. M. Strickland, J.
Shabani, M. Serbyn, A. P. Higginbotham, Phys. Rev. Lett. 2022, 128,
107701.

A. Pal, P. Dutta, A. Saha, Phys. Rev. B 2024, 110, 245417.

M. Ma, A. Yu. Zyuzin, Europhys. Lett. 1993, 21, 941.

A. L. R. Manesco, I. M. Flér, C.-X. Liu, A. R. Akhmerov, SciPost Phys.
Core 2022, 5, 045.

V. D. Kurilovich, Z. M. Raines, L. |. Glazman, Nat. Commun. 2023,
14, 2237.

V. D. Kurilovich, L. I. Glazman, Phys. Rev. X 2023, 13, 031027.

N. Schiller, B. A. Katzir, A. Stern, E. Berg, N. H. Lindner, Y. Oreg,
Phys. Rev. B 2023, 107, L161105.

Y. Tang, C. Knapp, J. Alicea, Phys. Rev. B 2022, 106, 245411.

F. Giazotto, M. Governale, U. Zilicke, F. Beltram, Phys. Rev. B 2005,
72,054518.

J. A. M. van Ostaay, A. R. Akhmerov, C. W. |. Beenakker, Phys. Rev. B
2011, 83, 195441.

S.-B. Zhang, B. Trauzettel, Phys. Rev. Lett. 2019, 122, 257701.

L. Peralta Gavensky, G. Usaj, C. A. Balseiro, Phys. Rev. Res. 2020, 2,
033218.

T. H. Galambos, F. Ronetti, B. Hetényi, D. Loss, J. Klinovaja, Phys.
Rev. B 2022, 106, 075410.

V. Khrapai, Phys. Rev. B 2023, 107, L241401.

A. David, ). S. Meyer, M. Houzet, Phys. Rev. B 2023, 107, 125416.
A. B. Michelsen, P. Recher, B. Braunecker, T. L. Schmidt, Phys. Rev.
Res. 2023, 5, 013066.

G. Blasi, G. Haack, V. Giovannetti, F. Taddei, A. Braggio, Phys. Rev.
Res. 2023, 5, 033142.

L. Arrachea, A. L. Yeyati, C. A. Balseiro, Phys. Rev. B 2024, 109,
064519.

Z. Wan, A. Kazakov, M. |. Manfra, L. N. Pfeiffer, K. W. West, L. P.
Rokhinson, Nat. Commun. 2015, 6, 7426.

F. Amet, C. T. Ke, |. V. Borzenets, |. Wang, K. Watanabe, T. Taniguchi,
R. S. Deacon, M. Yamamoto, Y. Bomze, S. Tarucha, G. Finkelstein,
Science 2016, 352, 966.

G.-H. Park, M. Kim, K. Watanabe, T. Taniguchi, H.-). Lee, Sci. Rep.
2017, 7, 10953.

G.-H. Lee, K.-F. Huang, D. K. Efetov, D. S. Wei, S. Hart, T. Taniguchi,
K. Watanabe, A. Yacoby, P. Kim, Nat. Phys. 2017, 13, 693.

S. Guiducci, M. Carrega, F. Taddei, G. Biasiol, H. Courtois, F.
Beltram, S. Heun, Phys. Rev. B 2019, 99, 235419.

L. Zhao, E. G. Arnault, A. Bondarev, A. Seredinski, T. F. Q. Larson,
A. W. Draelos, H. Li, K. Watanabe, T. Taniguchi, F. Amet, H. U.
Baranger, G. Finkelstein, Nat. Phys. 2020, 16, 862.

€00197 (19 of 19)

[268]

[269]
[270]

[271]
[272]

[273]
[274]

[275]

[276]
[277]
[278]
[279]

[280]

[281]
[282]
[283]

[284]
[285]

[286]
[287]
[288]
[289]

[290]
[297]
[292]
[293]
[294]
[295]
[296]

[297]
[298]

[299]
[300]
[301]
[302]
[303]
[304]
[305]
1306]
307]
308]
[309]
310]

317]

[312]

www.ann-phys.org

M. Hatefipour, J. ). Cuozzo, ). Kanter, W. M. Strickland, C. R.
Allemang, T.-M. Lu, E. Rossi, J. Shabani, Nano Lett. 2022, 22, 6173.
R. Sénchez, C. Gorini, G. Fleury, Phys. Rev. B 2021, 104, 115430.
M. Tinkham, Introduction to Superconductivity: Second Edition (Dover
Books on Physics), Dover Publications, Mineola, NY, USA2004.

J. H. Choi, H. ). Lee, Y. J. Doh, J. Korean Phys. Soc. 2010, 57, 149.
M. Tomi, M. R. Samatov, A. S. Vasenko, A. Laitinen, P. Hakonen, D.
S. Golubev, Phys. Rev. B 2021, 104, 134513.

A. Ibabe, M. Gémez, G. O. Steffensen, T. Kanne, ). Nygard, A. L.
Yeyati, E. |. H. Lee, Nat. Commun. 2023, 14, 2873.

A. Ibabe, G. O. Steffensen, I. Casal, M. Gémez, T. Kanne, |. Nygard,
A. Levy Yeyati, E. ]. H. Lee, Nano Lett. 2024, 24, 6488.

W. Chang, S. M. Albrecht, T. S. Jespersen, F. Kuemmeth, P.
Krogstrup, . Nygard, C. M. Marcus, Nat. Nanotechnol. 2015, 10,
232.

T. O. Wehling, A. M. Black-Schaffer, A. V. Balatsky, Adv. Phys. 2014.
C. W. ). Beenakker, Phys. Rev. Lett. 2006, 97, 067007.

H. Vora, B. Nielsen, X. Du, J. Appl. Phys. 2014, 115, 074505.

G.-H. Lee, D. K. Efetov, W. Jung, L. Ranzani, E. D. Walsh, T. A. Ohki,
T. Taniguchi, K. Watanabe, P. Kim, D. Englund, K. C. Fong, Nature
2020, 586, 42.

F. Vischi, M. Carrega, A. Braggio, F. Paolucci, F. Bianco, S. Roddaro,
F. Giazotto, Phys. Rev. Appl. 2020, 13, 054006.

N. Xu, Y. Xu, J. Zhu, npj Quantum Mater. 2017, 2, 51.

C. Fu, Y. Sun, C. Felser, APL Mater. 2020, 8, 040913.

J. Témara-lsaza, P. Burset, W. J. Herrera, Phys. Rev. B 2024, 109,
195405.

J. Linder, A. Sudbg, Phys. Rev. B 2008, 77, 064507.

W. ). Herrera, P. Burset, A. L. Yeyati, J. Phys.: Condens. Matter 2010,
22, 275304.

P. Burset, B. Lu, G. Tkachov, Y. Tanaka, E. M. Hankiewicz, B.
Trauzettel, Phys. Rev. B 2015, 92, 205424.

A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, A. K.
Geim, Rev. Mod. Phys. 2009, 81, 109.

D. Bercioux, P. Lucignano, Eur. Phys. J. Spec. Top. 2018, 227,
1361.

M. Titov, A. Ossipov, C. W. |. Beenakker, Phys. Rev. B 2007, 75,
045417.

P.-Y. Liu, Y. Mao, Q.-F. Sun, Phys. Rev. Appl. 2024, 21, 024001.

P. E. Allain, ). N. Fuchs, Eur. Phys. J. B 2011, 83, 301.

T. Yokoyama, . Linder, A. Sudbg, Phys. Rev. B 2008, 77, 132503.

X. Zhou, Z. Zhang, J. Appl. Phys. 2016, 119, 175107.

T.-M. Liu, Y.-J. Wei, Y. Tao, Appl. Phys. Express 2020, 13, 083004.

B. Li, L. Wang, G. Casati, Appl. Phys. Lett. 2006, 88, 143501.

M. Salehi, M. Alidoust, Y. Rahnavard, G. Rashedi, J. Appl. Phys. 2010,
107, 123916.

M. Salehi, M. Alidoust, G. Rashedi, J. Appl. Phys. 2010, 108, 083917.
M. Zargar Shoushtari, Y. Hajati, B. Jafari Zadeh, Solid State Commun.
2014, 200, 42.

G. C. Paul, S. Sarkar, A. Saha, Phys. Rev. B 2016, 94, 155453.

M. Zare, Supercond. Sci. Technol. 2019, 32, 115002.

L. Majidi, R. Asgari, Phys. Rev. B 2014, 90, 165440.

L. Majidi, R. Asgari, Phys. Rev. B 2022, 106, 045406.

Y.-H. Zhuo, B. Wu, G. Ouyang, H. Li, Phys. Rev. B 2023, 108, 115417.
M. M. Wysokinski, |. Spatek, J. Appl. Phys. 2013, 113, 163905.

R. Beiranvand, H. Hamzehpour, J. Appl. Phys. 2017, 121, 063903.
M. Z. Hasan, C. L. Kane, Rev. Mod. Phys. 2010, 82, 3045.

A. Bardas, D. Averin, Phys. Rev. B 1995, 52, 12873.

J. Ren, J.-X. Zhu, Phys. Rev. B 2013, 87, 165121.

H. Li, Y. Y. Zhao, J. Phys.: Condens. Matter 2017, 29, 465001.

N. P. Armitage, E. ]. Mele, A. Vishwanath, Rev. Mod. Phys. 2018, 90,
015001.

R. Saxena, N. Basak, P. Chatterjee, S. Rao, A. Saha, Phys. Rev. B 2023,
107, 195426.

P. Chatterjee, P. Dutta, New J. Phys. 2024, 26, 073035.

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U SUOWWOD dARERID 3|qedtidde auy Ag pausencd e sap e YO ‘88N JO S9N 104 ARIQIT UIIUO AB]IM UO (SUORIPUOD-PUB-SLLLBYWOY B 1M"AzeIq 1 [Bu1]UO//SARY) SUORIPUOD PUE SWW L 83 885 *[5202/60/0€] U0 A%eiq1T8ulluO A3|IM ‘(PepILES 8P OLIBISIUIN) UOKIAOL] [UO BN LILR0D USIUedS AQ 26T00520Z dPLe/Z00T OT/I0PALI0D A8 |1m AReq 1 Ul |uo//Sdiy Wo.y papeojumoq ‘0 ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

