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S-I. THE MODEL

The total Hamiltonian is H = ﬁdqd + Hieaas + Hy. The first term is the Hamiltonian for the double quantum dot
[Eg. (1) in the main text]:

Haga =Y _cafia + Upiiy 1| + Uapitaiip. (S1)

(0%

Here, the number operators are fi, = Ysp o, = Egci;gcipp with spin o = {t,]} and A, = dEaL where cfp,g and cia
denote the electron annihilation operators in passive (o = p) and active (o = a) dots with energy e, (we take spinless
electrons for a = a since the spin degree of freedom in the active subsystem does not change the main physics of the
problem). The Hamiltonian of the electrodes is given by
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where ¢, is the annihilation operator for electrons with energy e, and A is the order parameter in the superconducting
lead. The passive dot is coupled to normal (V) and superconductor (S) electrodes. In the drag configuration, these two
electrodes have the same chemical potential p. Without loss of generality, we take the energy reference at uy = pug = 0.
Furthermore, the active dot is attached to two normal electrodes (L and R) through which a symmetric bias voltage

is applied as g, = —pur = €Vhias/2, where e is the electron charge. As a consequence, the tunneling Hamiltonian
becomes
mH=>Y" (tLdLék,L + trdiénr + h.c.) +) (thZ;Uék,Nﬂ +tsd 4Cks.0 + h.c.) , (S3)
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where ¢ are the dot-lead tunnel couplings. In the following, we consider the wide-band approximation, in which
case the tunnel hybridization strength is given by I'g = 27r|t5|2p§ for 8 = L,R, N, S, where pg is the corresponding
electrode’s density of states in its normal state.

S-II. NONEQUILIBRIUM GREEN’S FUNCTIONS METHOD

Here, we give the details of calculating the drag current using the nonequilibrium Green’s functions (NEGF)
formalism [S1]. We consider the Hamiltonian of noninteracting double quantum dots, Hyqa(U, = U, = 0), and
the Hamiltonian of electrodes, flleads7 as the unperturbed Hamiltonian and proceed by considering ﬁt and f[int =
UapTiaty + Upfip 47y, the interaction Hamiltonians. Then, we define the contour-ordered single particle Green’s
function of the system for the active and passive dots, respectively, by

G (r,7) = (Tuda (1) d} (7)) (54)
iGy (1,7) = (¥, (7) ¥} (7)), (S5)

where (...) is the ground state expectation value of the interacting system, T, is the time-ordering operator along the
Keldysh contour and 7 and 7/ are time variables along the Keldysh contour. In Eq. (S5), we represente the Green’s

function of the passive dot in the Nambu basis defined by \il;f, = (d;ﬁ’ cfp’ 1)- Here and in the following, we show the

quantities in the Nambu basis using bold letters such as G and X.



A. Dyson equation for the passive dot

In frequency space, the retarded interacting Green’s function of the passive dot can be obtained from

G @) ={laf @] - S @)} (56)

where glf (w) is the mean-field retarded Green’s function given by

~1
g @) = (WI= Py~ Sfss) (57)
where I is the 2 x 2 identity matrix and h,, is a diagonal matrix with diagonal elements (e, +Usp (f1a) +Up (R 1) , —€p—
Uap (11a)—Up (f1p 1)). Moreover, Egleads (w) = ZiN (w)JrZﬁS (w) is the sum of self-energies due to coupling the passive
dot to the normal and superconducting electrodes. Their respective expressions in the wide-band approximation read
By (w) = =il N, (S8)
and
R 1 -4
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where 8 (w) is given by
w ) w
B() = o0 (] - &)~ 0 Ju), (s10)
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with € (...) the Heaviside step function. Furthermore, in Eq. (S6), Eﬁim (w) is the retarded self-energy of the passive

dot due to interaction with the active dot. Its expression will be given later.
We also need to calculate the interacting lesser and greater Green’s functions of the passive dot, which are given by

Gy (@) = G (@) (B0 @)+ Zpin @) G (@), (s11)
where the advanced Green’s function is obtained as G;‘ (w) = [Gf‘ (w)r and E;i;ds can be calculated from
2;,N/s =—21Im (Ef,zv/s) Inys(w), (S12)
and
2 ns=—2Im (Eﬁzv/s) (1= fnys(w)]. (S13)

Js(w) = {1 +exp[(w — pg)/ksT]|} " is the Fermi distribution function of electrode 3 = N, .S with chemical potential

1g and temperature T'. The expressions for the lesser and greater interacting self-energies, 2;;;, are given below.

B. Dyson equation for the active dot

Next, we will focus on the active dot. Its full retarded Green’s function is given by

R @) = {[f @] - S @} (514)

where the mean-field retarded Green’s function gf* (w) is

1
g(ILz (w) - <w — & — UHPZ <ﬁp,t"> - Etlz?;leads> . (815)

Here, 1) 4 (W) = BE | (w) + £F; (w) is the self-energy due to coupling the active dot to its right and left normal
metal electrodes: Eﬁﬁ (w) = —ilgq g for B = R, L. The lesser Green’s function of the active dot is also given in a
similar manner to the passive dot in Eq. (S11) by replacing subscript p with a and considering the hybridization of

the active dot with two normal metallic electrodes.



C. Interaction self-energies for the passive dot

We obtain the interacting lesser and greater self-energies for the passive dot within second-order perturbation
theory [S2]. We generalize the results of Ref. [S3] to include the nonlocal capacitive interaction between the passive
and active dots:

2
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where 6, and &, are the second and third Pauli matrices, @, reads

Q5 (@) = [ don G555 (@) G (0 = wn) = G (1) Gy (w = )], (517)
and W, is given by

WE™ @) = [ dnGE () 6% w1 - ). (s18)

The interacting retarded self-energy of the passive dot is

S = (2) [ 05 @67 -] o+ QF @15, 65 ()" 5]

N (Uap>2/dm [6:G5 (@) 0. W (= w1) + 6.GE (1) 8. [WE (@ —wn) + WE (w—w)] ], (819)
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where
QF ) = [ dor [G51y (1) Gy (0= 1) = G (1) Gty (w0 — )
+ Gf,ll (w1) Gyog (W —wi) — Gf;m (W1) Gy (w—wr)
JFG;?,M (w1) G£22 (w—w1) — Gﬁu (w1) Gim (w—w1)], (520)
and
Wk (w) = /dwl (G (w1) G2 (w1 — w) + GE (w1) G (w1 —w)] . (S21)

D. Interacting self-energies for the active dot

The interacting lesser and greater self-energies for the active dot are given by

Vi (@) = (;)2 / duwn G5~ (wi) W~ (w — ), (S22)
where the W, functions are
Wy~ (w) = /dwlTr [6:Gy” (w1)6.G, " (w1 —w)], (523)
WE (w) = / dnTe [5G (@) 0.6} (&n — ) +6.G2 (1) 6.G5 (e — )] (524)
Tr[...] being the trace over the Nambu matrices. The interacting retarded self-energy of the active dot is given by

2
SR (@) = (U) / duoy [GF (1) W (w = wr) + G (wn) Wi (w =) + WE@—wp)]]. ($25)
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E. Expression for the current

The above discussion provides a complete description of the required equations to calculate the interacting Green’s
functions of both active and passive dots in the nonequilibrium steady state. In our numerical calculations, we have
performed self-consistent calculations to obtain the self-consistent Green’s functions and self-energies of the system.
Once the NEGFs are obtained the electric current through the active dot to the lead 5 = L, R can be calculated
as [S1]

Ip= %/‘QL‘: (G5 (@) 35 (@) = 67 (@) 255 @) - (S26)

On the other hand, the electric current through the passive dot to the lead 8 = N, S can be evaluated from I, g =
J dwZs(w), where Zg(w) is the energy resolved current density [S4]

Ts(w) = %Tr [&Z(G;j (@) 355 (W) + G5 (W) 225 (@) — B84 (w) GF (w) — 254 () G2 (w)} : (S27)

This expression for the electric current of the passive dot has the advantage that by taking appropriate integration
limits we can quantitatively distinguish between the current in the subgap domain (I4), which is mainly due to
pair tunneling accompanied by Andreev reflection, and the current outside the superconductor gap (Iy,), which is
dominated by quasiparticle tunneling into the superconductor continuum. It is thus clear that the total current
flowing through the passive dot can be rewritten as I, = I4 + I, where

4= / AA I(w) dov, (S28)

and

I, - ( /_ ;A + /A Oo) () dov. (529)

S-III. RATE EQUATION METHOD

The rate equation method can be employed in the kT > I'g regime to calculate the electric current using the
eigenstates and eigenenergies of Hgyqq as follows [S5)

€ (0% «
Lo =33 (8 —TS) P (k). (S30)
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where a = p, a as before and

5 = Dl (ML IR) [ fs (B — Ei) (S31)
o B 2

352 = Tl (AIS <) s = 5 (B~ B0 (832
are the tunneling rates in and out of the dot «, from and into electrode 8 = N,L,R,S, respectively. In the

above equations, 0, = d, and 8, = ) _dp,. Moreover, |\) is the eigenstate of Hyqqa with energy E). In Eq.
(S30), P () is the occupation probability for state |A) which is calculated by solving the system of equations

0=>"0snx (F?fP A — ’yi‘fP (Ii)) together with the normalization condition ), P (k) = 1.

A. Current carried by Cooper pairs

To investigate the drag current corresponding to the subgap electron transport in the passive dot, it is useful to
take the infinite-gap approximation. This approach is equivalent to taking the superconductor energy gap to be the
largest energy scale in the system. Hence, the coupling between the superconducting electrode and the passive dot



can be replaced with an effective pairing term Fs(d;,rd; , +h.c.) in the Hamiltonian of the passive dot [S6, S7]. As
a consequence, the Hamiltonian of the isolated double quantum dot can be exactly diagonalized as

loym) Eon =¢ep+n(eq + Usp),

£.0) = NTL(Apn[0,1) s [2,0), B p = nea+ Agn, (533)

where the first argument in the kets (0, o or 2) represents the state of the passive dot while the second (n = 0,1) is
the occupation of the active dot. Moreover, Ny ,, is a normalization factor and

Ay =8, £1/(En)? + T2, (S34)

where &, = €, +U,/2+nU,,. The above eigensystem is composed of eight states which allows us to employ Eq. (S30)
to calculate the electric current through the passive and active dots in the infinite gap approximation.

1. Tunneling rates and electron-hole symmetry

The number of electrons in the passive dot is not well defined when it is in one of the superposition states |+, n).
Then, transitions to odd states |o, n) may involve an electron either tunneling in or out of the dot. Their probabilities
are determined by the tunneling rates Fif = gA/’ fa(Ex—E,) for transitions involving an electron tunneling from
terminal 8 into quantum dot «, and 'yf =Jy of ""[1 — fg(Ex—E))] for those involving an electron tunneling out of the
dot. Here, G27 = T's|(\[6] |K)[? and T2 = r5\<A|5a|ﬁ>\2.

For the transition |o,n) — |+,n), we have

Pon = NN (S35)

+n,on

2
-11-);1 on — FNN—HL <5n + \/ 5% + F%) . (836)

Whether this transition is more likely to happen with an electron tunneling in or out of the passive dot depends on
the sign of €,. The two rates are equal at &, = 0.

For |—,n) — |o,n), we have
2
Ghn = TNNZ (—én +/E+ Fé) (837)
TEN = TyNTT. (S38)

Note that at the point £y 4+ &7 = 0, the electron-hole symmetry is established by having Qi’f\f o1 =JIN jFO Hence, at
this point, sequences of the form |o,0) — |4,0) — |—,1) — |o,1) contribute on average to the transport of an electron
and of a hole. The same (though with opposite contributions) is valid for the cycle |o,1) — |+,1) — |—,0) — |o,0),
resulting in no drag current.

2. NEGF vs. rate equation results

Our NEGF formalism is capable of considering the coupling between the passive dot and the leads nonperturbatively.
However, it is expected that in the weak tunneling regime, where kgT > I'g, the NEGF results reproduce the results
of the rate equation method.

The infinite-gap approximation which we discussed earlier in this section can be explored within the NEGF formalism
by setting a large value to A in Eq. (S9). In Fig. S1, we compare the results obtained from both methods. In Fig. S1(a),
we consider a large bias voltage on the active dot and plot the drag current as a function of €,. We can see that the
NEGF results are in good agreement with those of the rate equation method, especially the sign of the drag current
as a function of ¢,, and the inversion of the drag current at the point €, = —(Uyp + U,)/2 = —Uotal/2. In Fig. S1(b),
we take £, = —0.7Usqta1, and plot the drag current as a function of bias voltage on the active dot, where we find good
agreement between the results obtained from both methods. The insets in both panels show the corresponding results
for the case where kT ~ I'y. We can see that by decreasing the temperature the rate equation results depart from
the NEGF ones, which is an indication that in this parameter regime the results from rate equation method are not
quantitatively correct, though they still give a proper qualitative behaviour.
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FIG. S1. Comparison of NEGF results with the results obtained from rate equation method in the infinite gap approximation.
Left panels show drag current as a function of ¢, for a large Vhias while right panels show drag current as a function of Viias for
ep = —0.7Uota1. In (a) and (b) we take kT = 1 meV whereas in (c) and (d) kT = 0.03 meV. Here, A in the NEGF calculations
is set to a large value (A = 10 meV). Additional parameters: U, = 5Uup = 0.5 meV and I', =T'r = 'y =I's/3 = 0.05 meV.

B. Current carried by quasiparticles

Let us now consider the case when the contribution of Cooper pairs is negligible. The only effect of the supercon-
ductor is then introduced by the presence of a gap in the density of states. Tunneling through the S barrier is only
possible for electrons with energy falling outside the gap region.

Assuming strong on-site Coulomb interactions, there are only four relevant charge states, described in terms of the
charge occupations: |n,,n,), with ny = 0,1. We ignore the spin degree of freedom here, for simplicity. The different
tunneling rates in the passive dot are:

N
Ty on = N v, (S39)
for electrons tunneling in from terminal N with the active dot having n electrons, and
lej;zS,On = Fg’%fSn = FSanSna (840)

for electrons tunneling in from terminal S. For transitions into the active dot, we have I‘Z’f no = L'afan. Here,

fan = fa(ep + nUqp), when = N, S, and fg, = fz(eq + nUap), when 8 = L, R. For electrons tunneling out to the
respective terminals, we need to make the replacement fg, — 1— f3,. Since the passive system is unbiased, we define
fn = fnn = fsn- This way, tunneling events involving the superconductor depend on the occupation of the active
dot. Note that we are assuming the simplest case where I'y and I'g are energy-independent, which emphasizes the
key role of the gap.

Writing down a rate equation for these states [S8], we find the drag current

I'nT's

Larag = —e(vo — V]-)T,.}/S > AspTsls, (541)
8,8’=L,R
with the prefactor 42 > 0 setting the normalization of the steady-state density matrix, and
1
Ags = fofpi (1= fpo) = fifso(1 = forr) + 5 (fao + foro = for = for)- (542)

Remarkably, the presence of a drag current only relies on the asymmetry introduced by the gap, vy — v1.
We obtain a simpler expression in the high bias limit, where fr,, — 1 and fg, — 0, hence tunneling is unidirectional
in the active system and:

(vo —v1)(fo — fi)LNDsTL TR
(TL +TrR){TN[CN + (vo +v1)Ts + T +Tr] + Ts(voril's + 1 TL + vl'R)}

Idrag = —€ (843)
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FIG. S2. Drag current as a function of €, calculated using the NEGF (solid line) and the rate equation (dashed line) methods,
when the superconductor lead is replaced by a normal metal with a modified density of states, vs(w). We take in (a) a flat
pseudo-gap and in (b) a Dynes density of states with n = A/6 for the normal lead. Additional parameters: A = 1 meV,
I't =Tpr=In=Ts=0.0016 meV, U, =0 and U,p = kT = 0.5 meV.

We find a simple interpretation from the above expression for the drag current by introducing a hard gap in the
density of states v, = g(gp + nUqp)0 (Jep + nUgp| — A). For the moment, we ignore the explicit energy dependence
of the function g(E). Now, consider for example that the passive dot level lies in the gap of the superconductor,
—A <ep <A, but €y +Uyp > A. Then, vy =0 and 11 = 1. Further, consider for simplicity that kg1 < Uy, thereby
we can approximate fo — 1 and f; — 0. Then, the only possible way to charge the passive dot is by an electron
tunneling from N when the active dot is empty. Due to the gap, this electron cannot tunnel out until the active dot
becomes charged, in which case it can tunnel over the gap into the superconductor. This sequence is completed when
the active dot returns to its empty state, hence generating the drag effect. Note that the electron in the passive dot
might also tunnel back to N, in this case not contributing to the current. For finite temperatures, this sequence is
still the dominant process as fy — f1 > 0. Therefore, the drag current is positive.

The level position with respect to the gap changes the sign of the current. In the opposite case when —A <
ep+ Usp < A and g, < —A (ie., vy # 0 and vy = 0), the passive dot can be charged both from N and S, but it can
only tunnel out to IV, hence leading to a negative drag current. If both energies lie in the gap, then vy = v; = 0 and
there is no drag current.

Thus, for levels close to the Fermi energy the direction of the current is strongly dominated by the gap. Only in
the case where both energies fall outside the gap will the sign of the current depend on details of the density of states
through the function g(E).

1. NEGF vs. rate equation results

We can also compare the quasiparticle drag current obtained from the rate equation formalism with the NEGF
results. To this end, we replace the superconductor lead self-energy in Eq. (S9) with a normal lead self-energy as in
Eq. (S8) multiplied by an energy dependent density of states, vg(w).

In Fig. S2(a), we show the results obtained from both NEGF and rate equation methods for a hard gap density
of states vg(w) = © (Jw| — A). In this case, the rate equation expression calculated from Eq. (S43) is able to predict
the correct sign of the drag current as a function of €, as compared to the NEGF result. However, the rate equation
results show features with sharp edges, which differ from the smooth NEGF curves. We can understand this because
the rate equation method neglects quantum dot level broadenings due to tunneling. Hence, for piecewise constant
pseudo-gap conditions, the drag current is conditioned on ¢, and €, + Uy, laying on different parts of the v(E) profile
(one in and one out of the gap).

In order to correct this and introduce finite quasiparticle lifetimes, one typically considers the Dynes density of



states [S9, S10] which is given by

Re

V(w) = : (S44)

w +in ]

where 7 is a positive constant. Figure S2(b) shows the drag current obtained from both methods using Eq. (S44). We
observe that the sign of the drag current is again correctly reproduced by both methods while the broadening of the
drag current is much better in this case. We remark the additional drag current sign change outside the gap due to
the energy dependence of the Dynes density of states near the gap edges.
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