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S-I. DETAILS ON NUMERICAL CALCULATIONS

A. Self-energies

From Eq. (8) in the main text, the zero order GFs in time
representation are given by
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where λ1,2 = i(γ/2 ± ω1), and ννn = 2n/βν are the Matsubara
frequencies.

By introducing these analytical expressions for the propa-
gators in time representation into Eqs. (12) in the main text
and performing their Fourier transform numerically, we ob-
tain the results shown in Fig. 2 for the different self-energies
in frequency space. For comparison we show the correspond-
ing results for the series configuration.

In Fig. S2 we show the inelastic contribution to the heat
current in the series configurations for the same parameters
as in Fig. 3(a) in the main text. As can be observed, this
contribution is positive so that it tends to increase the total
heat current when added to the elastic contribution.

S-II. ANALYTICAL APPROXIMATIONS

Here we give details on the approximations used to ob-
tain the analytic behaviour of the self-energies Σr(2)(ω) and
ΣK(2)(ω) in the parallel configuration.

A. Retarded self-energy

We start with the time-dependent retarded selfenergy as ex-
pressed in Eq. (12) in the main text:
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J sin
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2
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−Bδ(t), (S3)

FIG. S1. Self-energies in frequency representation obtained numer-
ically from Eqs. (12) in the main text. Energies in units of Ec. The
corresponding parameters are indicated in the figure title. The dashed
lines correspond to the self-energies in the series configuration for the
same set of parameters.

FIG. S2. Inelastic contribution to the heat current in the series con-
figuration for the same parameters as in Fig. 3(a) in the main text.

of which we want to obtain the Fourier transform. For this,
we consider the first term:
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The second term, proportional to B will be cancelled out
with Σ̃(0). We can simplify it by writing Dr

0(t) = Da
0(−t) =

−θ(t)(1 − exp[−γt])/mγ, and using the approximation
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for |γt| ≫ 1 and kBT ≪ γ [S1]. Doing so, we get:
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where ηµ = RQ/2πRµ, m = ℏ/EC and γ =

∑
µ ηµ/m, as defined

in the main text. We need to solve its Fourier transform:
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where we have defined the prefactor
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To reach the low frequency limit T j ≫ ω, we approximate
sinh(π|t|/βµ) ≈ eπ|t|/βµ/2. Then, performing the change of vari-
ables u = e−γt we get:
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0
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)
uc−1, (S9)

with
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The integral in Eq. (S9) has an analytical solution if Re(c) > 0:∫ 1

0
du sin[a(u−1)]uc−1 = g1(a, c) + g2(a, c), (S11)
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and where 1F2(a1; b1, b2; z) is a “generalized hypergeometric
function”. Formally, this then gives an analytical solution:
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, c
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(
1

2mγ
, c

)]
, (S13)

but it is not very informative until we plot its real and imagi-
nary parts, which is done in Fig. S3.

In a linear expansion, the constant term is real, giving the
value of B in Eq. (S3), and the linear term is pure imaginary,
so the linear expansion simplifies to:

Σ̃(ω) = iAIm
[
(g′1 + g′2)

∣∣∣
ω=0

]
ω. (S14)
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FIG. S3. Self-energies for different temperatures Tµ = (TL,TR) and
damping parameters ηµ = (ηL, ηR). (a) and (b): asymmetric case
with ηL = 1/2π and ηR = 1/4π. (c) and (d): symmetric case with
ηL = ηR = 1/4π. Dashed lines show the numerical results. In all
panels, EJ = 0.2, m = 1.
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FIG. S4. Comparison of numeric and analytic selfenergies in the low
impedance regime, Rµ = 0.5RQ, for increasing temperatures. Other
parameters are as in Fig. S3.

B. Keldysh self-energy

Now we consider the time-dependent Keldysh self-energy
in Eq. (12) in the main text:
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We separate the time integral in the Fourier transform in two
terms, with Dr

0(t < 0) = 0 and Da
0(t > 0) = 0:
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where we have again used the approximation in Eq. (S5) [S1].
Doing a change t → −t in the first integral of Eq. (S16), we
can write
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Following the same steps as for the retarded case (u = e−γt),
we arrive to:
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provided Re(c) > 0. We note that g3(1/2mγ, c∗) =
g∗3(1/2mγ, c) and g4(1/2mγ, c∗) = g∗4(1/2mγ, c). Hence, the
Keldysh self-energy is purely imaginary:
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The result is plotted in orange lines in Fig. S3.

C. Frequency expansion

We can expand on the integrand of Eqs. (S9) and (S19) for
low frequencies, getting:
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These integrals again have analytical solutions in terms of hy-
pergeometric functions of higher order. For this, we define:
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where 1n is a list of n units.With these, we write:
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For the Keldysh self-energy, it is sufficient to look at the value
at the origin, ΣK(2)(ω) = ΣK(2)

0 + O(ω2):
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1. Low temperature scaling

The linear coefficient of the retarded self-energy corre-
sponds to the damping parameter correction, δη, defined in
the main text. Taking the low temperature limit in the above
expressions it is straightforward to show that for TL,R ≪ γ and
mγ ∼ 1/(2π)
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FIG. S5. Rectification effect as a function of the temperature dif-
ference using the approximation of Eq. (S36), for different tem-
peratures. Thin solid lines correspond to the linear expansion of
Eq. (S38). Parameters: EJ = 0.2, m = 1, ηL = 1/π, ηR = 1/4π.
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In the limit TL = TR = T the scaling reduces to δη ∼ T 2/α−2,
where α = 2π(ηL + ηR) is the inverse of the total resistance in
units of RQ, which signals the SB transition at α = 1 [S1].

Based on this scaling it is possible to determine the transi-
tion point T ∗ for heat transport indicated in Figs. 2(c) and 3(c)
of the main text. For that purpose remind that at low frequency
the heat transmission coefficient scales as η/η̄ for a symmetric
case with ηL = ηR = η (see Eq. (14) in main text). Thus, in
order to get the same heat current for two cases with different
resistances at the same mean temperature we need

η̄1

η1
=
η̄2

η2
−→

T 2/α1−2

γ2/α1+1
1

=
T 2/α2−2

γ2/α2+1
2

. (S34)

Setting α1 = 1 in the limit α2 → 1 we obtain T = T ∗ =
1/(2πe3/2) ≃ 0.036, in agreement with the numerical results
in Figs. 2(c) and 3(c) of the main text.

S-III. RECTIFICATION

The term Σr(2)
1 modifies the damping parameter Σr(2)

1 =

−iδη, which affects the transmission probability. If the re-
sistances are different, the response is different depending on
their temperature. Linearizing Eq. (14) in the main text at
ω = 0:

τ±eff ≈
4ηLηR

(ηL + ηR)2

(
1 −

δη±

ηL + ηR

)
. (S35)

A rectification effect appears when δτeff
parallel = τ

+
eff − τ

−
eff , 0:

δτeff
parallel ≈

4ηLηR

(ηL + ηR)3

(
δη− − δη+

)
. (S36)

We hence need

δη− − δη+ = i
[
Σ

r(2)
1,L − Σ

r(2)
1,R

]
(S37)

to be finite, where Σr(2)
1,µ is defined as the linear coefficient Σr(2)

1
when terminal µ is at temperature T + δT and the other one
is at T . They are obtained using Eqs. (S24) and (S31). The
result is plotted in Fig. S5 as a function of the temperature
difference δT .

We gain further insight by assuming a small temperature
difference δT , so we can linearize use the scaling of Eq. (S33),
getting

δη− − δη+ ≈ (mEJ)2 ηR − ηL

ηL + ηR

(
2
α
− 2

)
T

2
α−2 δT

T
, (S38)

see Fig. S5. This expression gives the scaling of the rectifica-
tion coefficient:

R − 1 ∼ (mEJ)2 ηR − ηL

ηL + ηR

(
2
α
− 2

)
T

2
α−2 δT

T
(S39)

given in the main text.

A. Current-voltage characteristics

In the case of the current-voltage characteristics, the pertur-
bative analysis carried out in this work leads to the well known
result [S2]

I(V) =
πeE2

J

ℏ
[P(2eV) − P(−2EV)] , (S40)

with the function

P(ω) =
1

2πℏ

∫ ∞

−∞

dt exp [J(t) + iωt] ,

and where

J(t) = 2
∫ ∞

−∞

dω
ω

Re[Zt(ω)]
RQ

e−iωt − 1
1 − e−βω

is the phase correlation function, with Zt(ω) = ZL(ω)+ZR(ω).
This expression was used to fit the current-voltage character-
istic in Ref. [S3].

B. Evidence of insulating behavior in the data of Ref. [S3]

According to Fig. 3(c) in the main text, a junction in the
insulating side of the SB transition should exhibit decreasing
heat conductance for T̄ → 0, while it should saturate to a finite
value on the superconducting side. The data shown in Fig. S6,
taken from Ref. [S3], would be thus compatible insulating
behavior. A detailed comparison with theory would require,
however, measurements in a extended temperature range.
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FIG. S6. Thermal conductance obtained from the data in Ref. [S3]
normalized to the maximum thermal conductance for a quantum
channel. The full dots correspond to zero flux (maximum EJ) while
the open symbols corresponds to half flux quantum through the
SQUID where EJ → 0.
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