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We study three-terminal thermoelectric transport in a two-dimensional Quantum Point Contact (QPC) connected to left
and right electronic reservoirs, as well as a third one represented by a scanning probe tip. The latter acts as a voltage
probe exchanging heat with the system but no charges on average. The thermoelectric coefficients are calculated
numerically within the Landauer-Büttiker formalism in the low-temperature and linear response regimes. We find tip-
induced oscillations of the local and non-local thermopowers and study their dependence on the QPC opening. If the
latter is tuned on a conductance plateau, the system behaves as a perfect thermoelectric diode: for some tip positions
the charge current through the QPC, driven by a local Seebeck effect, can flow in one direction only.

Progress in scanning probe techniques offers new oppor-
tunities for gaining understanding of energy transfers at the
nanoscale. A major breakthrough was recently achieved in
the field with the realization of high-resolution scanning probe
thermometers,1,2 which allow mapping dissipation in quan-
tum devices. Subsequently, this possibility of measuring lo-
cal temperature on the nanoscale was leveraged to image the
Peltier effect in graphene nanoconstrictions3 and nanowire
heterostructures.4 Spatially-resolved images of the Seebeck
effect were measured as well by engineering local heaters with
scanning tunneling5 or thermal3,4 microscopes, focused laser6

or electron7 beams, or Joule-heated nanowires.8 Contrary to
conventional (longitudinal) thermoelectric measurements that
are performed across two terminals, such experiments involve
a third terminal (e.g. the tip of the microscope) and give ac-
cess to non-local thermoelectric effects.

Three-terminal thermoelectrics has attracted growing in-
terest for a decade,9 leading recently to experimental
implementations.3–6,8,10–14 The prototypical system in this
context consists of a central scattering region attached to
two (say left and right) electronic reservoirs, and to a third
one with which only heat can be exchanged. The third
terminal may be a bosonic reservoir,14–20 or a reservoir of
electrons10–12,21 capacitively coupled to the scattering region.
The essentials of such systems can be captured by a simpli-
fied model, where the third reservoir acts as a voltage probe,
i.e. an electronic reservoir whose electrochemical potential
floats so as to inject heat but no charge (on average) into
the system.22 The voltage probe model23 is routinely em-
ployed to treat inelastic effects in mesoscopic systems.24–27

It was also extensively used in the context of three-terminal
thermoelectricity.28–31

In this paper, we propose non-local and coherent thermo-
electric manipulations in a two-dimensional quantum point
contact (QPC) via the tip of a scanning tunneling microscope.
The tip acts as a floating third terminal –a movable local volt-
age probe– perturbing the phase-coherent electronic propaga-
tion through the conductor in a controlled way.

QPCs are prototypical mesoscopic systems, whose two-
terminal thermoelectric response was the subject of numer-
ous theoretical32–40 and experimental40–45 works. In particu-
lar, the local thermopower of a QPC was recently44 imaged by
scanning gate microscopy (SGM) at low temperature (25 mK).

In the present paper, the presence of the floating tip turns the
basic QPC setup into the three-terminal device sketched in
Fig. 1. We study numerically the local (longitudinal) and non-
local thermoelectric response of the device, for different val-
ues of the intrinsic QPC transmission. The response is char-
acterised by two fundamental features: (i) a charge current
through the QPC can be induced by a non-local Seebeck ef-
fect, i. e. when the probe is heated, even if the QPC has
no intrinsic thermoelectric response of its own; (ii) the probe
can rectify a charge current driven by the local Seebeck ef-
fect, i. e. by heating the left (or right) terminal. We em-
phasise that both features are extrinsic, non-local and quan-
tum interference-driven, as they require a third terminal and
phase-coherent electronic propagation.

Our model is as follows. We introduce first a translation-
invariant ribbon of width W discretized on a square lattice
(with lattice parameter a) and modeling the 2DEG in the limit
of large W . Its tight-binding Hamiltonian reads

H2DEG =−t ∑
〈i, j〉

c†
i c j +4t ∑

i
c†

i ci (1)

where c†
i creates a (spinless) electron on site i at position ri =

(xi,yi), the sum ∑〈i, j〉 is restricted to nearest neighbors, and t
is the hopping parameter. The uniform potential 4t in Eq. (1)
is included to set the bottom of the ribbon conduction band at
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FIG. 1. (a) Sketch of our system. A ribbon of width W is attached to
two left (L) and right (R) electronic reservoirs. The onsite confining
potential Vqpc(x,y) of characteristic length Lx and spatial opening Ly
is shown in grayscale. A scanning tip at position (xT ,yT ) is attached
to a third electronic reservoir (T ). (b) QPC transmission τ0 without
tip, as a function of µ , in the limit of large W . The red dots indicate
the values of µ considered in the top panels of Fig. 2.
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zero energy. We model the QPC with a smooth (symmetric)
confining onsite potential Vqpc defined by

Vqpc(x,y) =
(

y
Ly

)2
[

1−3
(

2x
Lx

)2

+2
∣∣∣∣2x
Lx

∣∣∣∣3
]2

(2)

if |x| < Lx/2 and Vqpc(x,y) = 0 elsewhere (Lx and Ly con-
trolling respectively the length and the width of the QPC, as
illustrated in Fig.1(a)). This defines the QPC Hamiltonian
HQPC = ∑i Vqpc(ri)c

†
i ci. Finally, the tip is modeled as a semi-

infinite one-dimensional chain (with lattice parameter a) di-
rected along the axis z > 0 perpendicular to the 2DEG. Its
Hamiltonian reads

Htip =−t ∑
〈i, j〉

c†
i c j +2t ∑

i
c†

i ci (3)

where ci and c†
i now operate along z > 0. The site A at the

extremity of the tip (of coordinates (xT ,yT ,a)) is coupled with
the hopping term tT to a single site B of the 2DEG [located at
(xT ,yT ,0)] below the tip. We denote by Hc =−tT c†

AcB +h.c.
the tunneling Hamiltonian between the tip and the ribbon.

In the following, we investigate three-terminal thermoelec-
tric transport through the system defined by the Hamiltonian
H = H2DEG +HQPC +Htip +Hc. The three electronic reser-
voirs L, R, and T are formally attached respectively at the left
and right extremities of the ribbon and at the end of the tip.
They are kept at temperatures θα and electrochemical poten-
tials µα (α = L, R, or T ). Within the Landauer-Büttiker for-
malism, the average charge (Ie

α ) and heat (Ih
α ) currents flowing

from the reservoir α to the scattering region are given by

Ie
α =

e
h ∑

β 6=α

∫
dEταβ (E)[ fα(E)− fβ (E)] (4a)

Ih
α =

1
h ∑

β 6=α

∫
dE(E−µα)ταβ (E)[ fα(E)− fβ (E)] (4b)

where the sum runs over all reservoirs β 6= α , fα(E) =
{1+exp[(E−µα)/kBθα ]}−1 is the Fermi-Dirac distribution,
e is the electron charge, h and kB the Planck and Boltzmann
constants, and ταβ (E) is the probability for an electron to be
transmitted from β to α at the energy E. Hereafter, we take
the right reservoir as the reference and set µR = µ , θR = θ .
We define ∆µα = µα − µ , ∆θα = θα − θ for α = L and T ,
and assume that ∆µα and ∆θα are small enough so as to be
in the linear response regime. By expanding the dimension-
less currents Īe

α = Ie
α/(ekBθ/h) and Īh

α = Ih
α/(k

2
Bθ 2/h) to first

order in ∆µα/kBθ and ∆θα/θ , one obtains (for σ = e,h)

Īσ
α = ∑

β=L,T

(
Lσe

αβ

∆µβ

kBθ
+Lσh

αβ

∆θβ

θ

)
(5)

in terms of the Onsager coefficients Lσσ ′
αβ

. Time reversal sym-

metry implies Lσσ ′
αβ

= Lσ ′σ
βα

and in the low temperature limit

(θ → 0, to leading order in the Sommerfeld expansion),9

Lee
αβ

=−ταβ (E = µ) if α 6= β (6a)

Lhh
αβ

=−π2

3 ταβ (E = µ) if α 6= β (6b)

Leh
αβ

= Lhe
αβ

=−π2

3 kBθ∂Eταβ (E = µ) if α 6= β (6c)

Lσσ ′
αα =− ∑

β 6=α

Lσσ ′
αβ

. (6d)

In Eq. (6d), the sum runs over all reservoirs β 6= α including
R. Note also that Eq. (6d) resulting from charge and energy
conservation is not restricted to low temperatures.

The transmission probabilities ταβ (E) and their deriva-
tives ∂Eταβ (E) are computed using the KWANT software.46

Throughout the paper, we take Lx = 100a0, Ly = 5a0, a =

0.5a0, and t = t0(a0/a)2, the parameters a0 ≡ 1 and t0 ≡ 1
defining our space and energy units. The choice a = 0.5a0
allows us to capture the 2DEG continuum limit a→ 0 at low
energies 0 < µ . t0, yet keeping a tractable computation time.
Finally, we introduce the notation τ0 for the QPC transmis-
sion τRL(E=µ) without tip (tT = 0). With the chosen val-
ues of Lx and Ly, τ0 shows well-defined quantized plateaus (at
τ0 = 0,1,2, ...), see Fig. 1(b).

We assume in what follows that the tip acts as a voltage
probe, i.e. ∆µT adjusts in such a way that Ie

T = 0. Due to the
Seebeck effect, a temperature bias ∆θα generates a finite con-
tribution to the charge current Ie

L =−Ie
R through the 2DEG that

can be cancelled out by tuning the value of ∆µL. This value is
determined by the thermopower29 SLα = −∆µL/(e∆θα) that
has to be calculated under the conditions Ie

L = Ie
T = 0 and

∆θα ′ = 0 for α ′ 6= α . From Eq. (5), we get

SLα =
kB

e
Lee

T T Leh
Lα
−Lee

LT Leh
αT

Lee
LLLee

T T −Lee
LT Lee

LT
. (7)

A non-local response appears when the left and right reser-
voirs are in equilibrium at the same θ (∆θL = 0), while the tip
reservoir is not (∆θT > 0). At low temperatures, it gives

SLT =
π2

3
kB

e
kBθ

τLT ∂EτT R− τT R∂EτLT

τLT τT R + τLRτLT + τLRτT R
, (8)

where the transmissions and their derivatives are evaluated
at µ . Hereafter, we study how SLT depends on the position
(xT ,yT ) of the tip, for different values of µ corresponding to
different values of the QPC transmission τ0. We introduce
S̄LT = SLT/(π

2k2
Bθ/3e) which does not depend on the temper-

ature θ (as long as the Sommerfeld expansion (8) is valid47).
Our results are summarized in Fig. 2. Data of S̄LT are shown
near the QPC center where finite-width effects in W are neg-
ligible and the 2DEG limit is reached. This is illustrated by
the superposition of dots (obtained with W = 2000) on lines
(obtained with W = 200) in the top panels of Fig. 2. Note
that when W is varied from 200 to 2000, the lattice spacing a
is kept fixed while the ribbon width is increased. Moreover,
tT = 0.1t was used in Fig. 2 but we have found that SLT/t2

T
is independent of tT for small tT . 0.2t i.e. in the limit of
a weakly coupled probe (see Supplementary Material).Thus,
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FIG. 2. Non-local thermopower S̄LT in the low temperature limit, as a function of the tip position (xT ,yT ), when the QPC is tuned to the first
step (first column), first plateau (second column), second step (third column) and second plateau (last column) of conductance. (Top panels)
S̄LT (xT ,yT=0) [(a) and (d)] and S̄LT (xT ,yT=3) [(b) and (c)] for different values of µ (indicated by red dots in Fig.1(b)). In all panels, data are
shown for W = 200 (full lines) and W = 2000 (dots). (Bottom panels) S̄LT (xT ,yT ) for µ = 0.2 (e), 0.4 (f), 0.595 (g), and 0.8 (h) with W = 200.
Data on the grid are locally smoothed for better visibility. Regions where Vqpc(xT ,yT )≥ 4 are shown in gray. In all panels, tT = 0.1t.

the choice of the parameters θ , W , and tT in Fig. 2 is irrele-
vant for the discussion hereafter as long as θ → 0, W & 200
and tT . 0.2t.

Let us now proceed with the analysis of the oscillations
of SLT (xT ,yT ) shown in Fig. 2. They correspond to fringes
of the interferometer formed by the QPC and the tip.48 We
find that SLT (−xT ,−yT ) =−SLT (xT ,yT ) and SLT (xT ,−yT ) =
SLT (xT ,yT ). This is a direct consequence of the QPC reflec-
tion symmetries about the axis x=0 and y=0. In particular,
SLT = 0 when the tip is located at the QPC center (0,0) and
preserves the QPC spatial symmetries. Moreover, the oscil-
lations decay and eventually vanish when the tip is moved
away from the QPC (i.e. SLT → 0 when |xT | → ∞, see Sup-
plementary Material for data at larger xT ). Another important
result illustrated in Fig. 2 is the strong dependence on µ of
the non-local thermopower. The amplitude of SLT is much
larger on the first QPC transmission step (0 < τ0 < 1, left col-
umn in Fig. 2) than on higher steps and plateaus (τ0 ≥ 1).49

The same behavior is known for the local thermopower S0
LL =

− ∆µL/(e∆θL)|Ie
L=0 of a QPC without tip40 and can be under-

stood in the non-local configuration from the analysis of the
different terms in Eq.(8) (see Supplementary Material).

A striking difference between the QPC thermoelectric re-
sponses with or without tip appears when µ is tuned to one
transmission plateau. Without tip, electron-hole symmetry
around µ is preserved in the 2DEG, hence S0

LL = 0 at low
temperature: it is not possible to generate a finite charge cur-
rent Ie

L 6= 0 through the QPC by Seebeck effect (i.e. with
∆θL 6= 0 but ∆µL = 0). On the contrary, in the tip presence
there appear small but finite oscillations around zero of the
non-local thermopower SLT . This is because the tip breaks
both electron-hole and left-right symmetries (see the second
and fourth columns in Fig. 2 corresponding to τ0(µ) = 1 and
2 respectively). Thus, a finite charge current Ie

L 6= 0 can be
generated by non-local Seebeck effect (i.e. with ∆θT 6= 0 but
∆θL = 0 and ∆µL = 0) though the intrinsic thermoelectric re-
sponse of the QPC vanishes.

Let us now discuss the colormaps of SLT (xT ,yT ) shown in
the lower panels of Fig. 2. We find a non-trivial dependence
on yT which evolves when µ is varied : When the QPC is

tuned to its first transmission step, SLT (xT ,yT ) has a single-
lobe pattern around yT = 0 [panel (e)] while two lobes ap-
pear near the QPC center on the first plateau [panel (f)] which
evolve into two distinct branches on the second QPC step
[panel (g)], and eventually a three-lobe pattern emerges on the
second plateau [panel (h)]. The fact that the number of lobes
depends on the opening of the QPC is reminiscent of the be-
haviour of conductance fringes imaged by SGM,50,51 yet this
dependence is different in both cases. Indeed, on the n-th QPC
plateau, n+1 lobes are visible in Figs. 2(f) and 2(h) while the
SGM conductance interference fringes show n lobes.50,51

We will now explore the longitudinal Seebeck effect and
see how it can be leveraged in our system to implement a ther-
moelectric diode. We assume the temperature bias is now fi-
nite in the left lead while ∆θT = 0. The tip still plays the role
of a voltage probe i.e. ∆µT is determined by imposing Ie

T = 0.
However, Ih

T 6= 0 in general. In that configuration, the linear
response charge current flowing through the QPC reduces to

Ie
L = GLL

(
∆µL

e
+SLL∆θL

)
, (9)

where the effective two-terminal conductance is given by

GLL =
e2

h

[
Lee

LL−
(Lee

LT )
2

Lee
T T

]
, (10)

and the local thermopower SLL is obtained by taking α = L in
Eq. (7). At low temperatures:

GLL =
e2

h

[
τLR +

τLT τT R

τLT + τT R

]
(11)

SLL =
π2

3
kB

e
kBθ

τLT ∂EτLR + τT R∂EτLT + τT R∂EτLR

τLT τT R + τLRτLT + τLRτT R
. (12)

The (dimensionless) transport coefficients ḠLL = GLL/(e2/h)
and S̄LL = SLL/(π

2k2
Bθ/3e) given by Eqs. (11) and (12) are

plotted in Fig. 3 as functions of the tip position, for the same
(four) values of µ considered in the lower panels of Fig. 2. As
in Fig. 2, the 2DEG limit W →∞ is reached in the investigated
region (near the QPC center). Also, defining Ḡ0

LL and S̄0
LL in
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FIG. 3. Effective conductance ḠLL (first row), local thermopower S̄LL (second row), and rectification parameter R (third row) in the low
temperature limit, as a function of the tip position (xT ,yT ), for µ = 0.2 (first column), 0.4 (second column), 0.595 (third column), and 0.8 (last
column). In the top and middle panels, the colormaps are chosen so as the white color corresponds to the values of Ḡ0

LL and S̄0
LL respectively.

In the bottom panels, data for R with vanishingly small rectified currents ((|I→|+ |I←|)/(π2ek2
Bθ∆θ/3h)< 0.001) are shown in black. In all

panels, W = 200, tT = 0.1t and regions where Vqpc(x,y)≥ 4 are shown in gray.

the absence of the tip [Ḡ0
LL = τ0 and S̄0

LL = (∂Eτ0)/τ0 at low
temperature], we find that (ḠLL− Ḡ0

LL)/t2
T and (S̄LL− S̄0

LL)/t2
T

are independent of tT in the weak coupling limit (tT . 0.2t),
see Supplementary Material. When the QPC transmission is
tuned on a step, ḠLL oscillates around Ḡ0

LL [Figs. 3(a) and
(c)]. On the plateaus, the tip-induced corrections to Ḡ0

LL
are of smaller amplitude and always negative [Figs. 3(b) and
(d)]. In both cases,52 ḠLL → Ḡ0

LL when |xT | → ∞. We
notice that the behaviour of GLL described above is simi-
lar to the one of the two-terminal conductance of a QPC in
a SGM configuration.50,51,53,54 Furthermore, we check that
ḠLL(xT ,yT ) is symmetric with respect to the axis xT = 0. In-
deed, when (xT ,yT )→ (−xT ,yT ), exchanging indices L↔ R
in Eq. (11) and using ταβ = τβα , ḠLL remains invariant. On
the contrary, S̄LL is asymmetric with respect to xT = 0. This
can be understood from Eq. (12) likewise and stems from the
fact that τT R∂EτLT 6= τT L∂EτRT in general (see Supplemen-
tary Material for more details). While the asymmetry is small
when the QPC is tuned to a transmission step [Figs. 3(e) and
(g)], it becomes prominent on the plateaus: then the oscilla-
tions are strongly suppressed if the tip and the hot terminal are
separated by the QPC [Figs. 3(f) and (h)]. In both cases, S̄LL
oscillates around (and converges toward) the intrinsic QPC
thermopower S̄0

LL, as the tip is moved away from the QPC.
The asymmetry of the local thermopower patterns gives rise

to current rectification effects. To make it clear, let us compare
for a fixed position of the tip the (forward) current I→ = Ie

L
when θL = θ +∆θ and θR = θT = θ , to the (backward) current
I← = Ie

R when θR = θ +∆θ and θL = θT = θ (with otherwise
µL = µR = µ). We calculate I→ = SLL GLL ∆θ from Eqs. (11)
and (12), while I← can be computed as well by reproducing
the calculations from Eq. (4) with the left lead L (instead of
R) as the reference. We check that I←(xT ,yT ) = I→(−xT ,yT )
as imposed by the symmetry of the system. In general,
I→(xT ,yT ) 6= I←(xT ,yT ) [since SLL(xT ,yT ) 6= SLL(−xT ,yT )].
To quantify the effect, we introduce the rectification param-
eter R = |I→ − I←|/(|I→|+ |I←|). Obviously, R(xT ,yT ) =

R(−xT ,yT ) and55

R(xT ,yT ) =
|SLL(xT ,yT )−SLL(−xT ,yT )|
|SLL(xT ,yT )|+ |SLL(−xT ,yT )|

. (13)

When the QPC is tuned to a transmission step, the asymmetry
of SLL is weak in comparison to the amplitude of SLL (i.e. the
numerator in Eq. (13) is negligible compared to the denomi-
nator) and hence, R is tiny [R ≤ 0.002 in Figs. 3(i) and (k)].
On the contrary, the strong asymmetry on the QPC plateaus
leads to high rectification coefficients, R ≈ 1, and the system
behaves as an efficient thermoelectric diode [see Figs. 3(j) and
(l)]. In other words, for xT > 0 sufficiently far from the QPC,
it is possible to generate a finite I← by heating up the right
reservoir, but not to generate a current I→ by heating up the
left one (or conversely if xT < 0). The rectification effect is
perfect, however the generated currents ∝ S̄LLḠLL are small
at the plateaus (compared to those generated at the steps),
but in principle measurable. Note that other thermoelectric
diodes were studied in the literature in various contexts.56–60

In our case, the optimal rectification effect exists within lin-
ear response and results from the simultaneous interference-
induced broken left-right symmetry and the fact that the tip
is allowed to exchange heat with the 2DEG (if Ih

T = 0 is im-
posed, R = 0). We note also that a dual rectification effect of
the heat current through the QPC is obtained if a voltage bias
with respect to µ is applied between the left and right leads
(instead of a temperature bias) and the tip plays the role of a
thermal probe (with Ih

T = 0 and µT = µ) instead of a voltage
probe. Within linear response and up to the lowest order of the
Sommerfeld expansion (6), both rectification effects are con-
trolled by the same rectification parameter given by Eqs. (13)
and (12).

In conclusion, we studied low-temperature non-local ther-
moelectric effects in a QPC coupled to a scanning voltage
probe, in linear response to small thermal/voltage biases. The
probe is floating, i. e. it exchanges heat but no (average)
charge with the 2DEG. However it affects the thermoelectric
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response of the three-terminal device, by two main features.
First, a finite non-local thermopower oscillates as a function
of the probe position, even when the QPC is open on a con-
ductance plateau – and thus its intrinsic (without probe) low-
temperature thermopower vanishes. The oscillations are sig-
natures of the electronic interferometer formed by the QPC
and the probe: When the latter is heated, it injects (neutral)
electron-hole excitations into the 2DEG, which induce a net
charge current through the QPC as the interferometer breaks
both left-right and electron-hole symmetries. Second, the lo-
cal thermopower oscillates as a function of the probe position
as well, around its intrinsic value. When the QPC is open on a
conductance plateau, such oscillations are visible if the tip is
on the hot reservoir side, but quickly die out otherwise. This
asymmetric quantum interference pattern leads to potentially
perfect current rectification. Such a rectification is enabled by
the presence of the tip, thus bypassing the fundamental limi-
tations of standard (two-terminal) linear response theory.

Our results are proof-of-principle and concern small cur-
rents in a bare-bone QPC interferometer. We hope that they
will motivate further (experimental) investigations of the ther-
moelectric response of nanostructures with scanning probe
techniques.
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SUPPLEMENTAL MATERIAL

In the Supplementary Material, we show additional data for
various W and tT , and additional plots of the transmissions
ταβ and their derivatives ∂Eταβ entering Eqs.(8) and (12). The
effect of auxiliary fictitious probes playing the role of (inva-
sive) local thermometers is also investigated.
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from the corresponding author upon reasonable request.
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